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Abstract: For the estimation of finite population variance in double sampling, an extended generalized class of 

estimators is proposed. After obtaining the bias and mean square error of the proposed estimator, it is 

compared with the usual conventional estimator of the finite population variance in the sense of having lesser 

mean square error. A subclass of estimators relying on optimum values for which the subclass achieves the 

minimum mean square error is investigated and further a subclass of estimators depending upon estimated 

optimum value is also explored and its properties are studied. 
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I. Introduction 

Let a first phase simple random sample without replacement be drawn from a population of size N , 

and a second phase simple random sample of size n without replacement be drawn from the first phase sample 

of size 'n . At first phase sample of size 'n , only the auxiliary character x is observed and at the second phase 

subsample of size n , both the study variable y and the auxiliary character x are observed. 

Let  X,Y  be the population means of  x,y  respectively and 
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 where  Yi , Xi  are the population values on  x,y  respectively, for the ith  unit 

 i = 1,2,… , N  of the population. Also, let  y , x   based on second phase sample of size n be the sample means 

of  x,y , x ′ be the sample mean of the first phase n′ sample values on the auxiliary character x. 
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based on thesecond phase sample 

observations  ny,...,y,y 21  on y be the conventional estimator of the finite population variance 
2
y of the 

study variable y . 

For estimating  
2
y  , Rizvi, S.A.M and Rizvi S.A.H. (2017) proposed the following generalized double 

sampling estimator: 

 xxsg yd
 ,,ˆ 22        (1.1) 
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where  x,x,sg y 2
 satisfying the validity conditions of Taylor’s series expansion is a bounded function of  

 x,x,sy 2
 such that at the point  X,X,Q y

2  , 

(i)     22
yy X,X,g    ;      (1.2) 

(ii)  first order partial derivative of   x,x,sg y 2
  with respect to 

2
ys  at the point Q  is unity, that is, 
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(iii) 21 gg          (1.4) 

 for first order partial derivatives 
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(iv) second order partial derivative 
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and the minimum mean square error is  
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The optimum value D in (1.7)  may not be known always in practice, hence the alternative is to replace the 

parameters involved in the optimum value by their unbiased or consistent estimators to get the estimated 

optimum value depending upon sample observations as 
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Ĉ

xsm
ˆ

x

x

y
   . 

Using the estimated optimum value in (1.9), the estimator depending upon estimated optimum value is given as 

a function  

 D̂,x,x,sg y
* 2

 
     (1.10) 

attains the minimum mean square error given by (1.8). 
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Proposed Extended Generalized Estimator 

For estimating σy
2, the proposed extended generalized double sampling estimator is: 

 2222
xxygd s,s,x,x,sgˆ               (1.11) 

where  222
xxy s,s,x,x,sg  satisfying the validity conditions of Taylor’s series expansion is a bounded 

function of  222
xxy s,s,x,x,s  such that at the point  222

xxy S,S,X,X,Q   , 
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yxxy S,S,X,X,g    ;    (1.12) 

(ii)  first order partial derivative of   222
xxy s,s,x,x,sg   with respect to 

2
ys  at the point Q  is unity, 

that is, 
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(iii) 21 gg  for first order partial derivatives   (1.14) 
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(v) second order partial derivative 
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(vi) 0201 gg   for         (1.17) 
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and (vii) 0403 gg   for              (1.18) 
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Some particular members belonging to the class of estimators represented by the generalized estimator 
2
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where 1k  and 2k  are the characterizing scalars to be chosen suitably. It may be easily checked that the 

regularity conditions mentioned for the generalized estimator 
2
gd̂  are satisfied for all the four estimators 

2
1̂ , 

2
2̂ , 

2
3̂  and 

2
4̂  . 

 

II. Bias And Mean Square Error 
Let 
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Expanding  222
xxy s,s,x,x,sg   about the point  222

xxy S,S,X,X,Q  in third order Taylor’s series, 

we have 
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  XxXx*    ,  2222
xxx*x SsSs    , 

  2222
xxx*x SsSs     for  10  .  

 Employing regularity conditions   2222
yxxy S,S,X,X,g   , 

43020121000 01 gg,gg,gg,g,g  and 0403 gg   from (1.12) to (1.18) 

in (2.1), wehave 

       11
2222 gXxgXxSsˆ yyygd      

 

      

      44

222
33

222
22

2

11
2

3
22

3
22

2

1

gSsgSsgXx

gXx
!

gSsgSs

xxxx

xxxx




 

     

      03
2222

03
2222

01
22

01
22

22

22

gSsSsgSsSs

gXxSsgXxSs

xxyyxxyy

yyyy





 

     
     

     

     































x
Xx

x
Xx

s
Ss

!

gSsSsgSsXx

gSsXxgSsXx

gSsXxgXxXx

y

yy

xxxxxx

xxxx

xx

2

22

34
2222

24
22

23
22

14
22

13
22

12

3

1

22

22

22

      222

3

2

22

2

22
*x*x***y

x

xx

x

xx s,s,x,x,sg
s

Ss
s

Ss 













   

or      22
2

111
2

13331112
22

2

1
gege

!
geegeeeˆ ygd   

    01212144
2

333
2

3 2 geeeegege   

     13311211033232 222 geegeegeeee   

   3433243123311431 2222 geegeegeegee   

        





















x
Xx

x
Xx

s
Ss

!
y

yy 2

22

3

1
 

        222

3

2

22

2

22
*x*x***y

x

xx

x

xx s,s,x,x,sg
s

Ss
s

Ss 













 . (2.2) 

 Taking expectation on both the sides of (2.2), to the first degree of approximation, we have 
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Squaring both the sides of (2.2) and taking expectation to the first degree of approximation, we have 
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III. Optimum And Estimated Optimum Values 

From (2.4), we see that the values of 1g and 3g  for which )ˆ(MSE gd
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Practically, the optimum values *g1 and *g3 in (3.1) and (3.2) may not be available always, hence the 

alternative is to replace the parameters involved therein by their unbiased or consistent estimatorsand thus get 
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The generalized double sampling estimator 
2
gd̂  attains the minimum mean square error in (3.4) if the 

conditions from (1.12) to (1.18), (3.1) and (3.2) are satisfied for the estimator
2
gd̂ . 
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This means that the function  2222  xxygd s,s,x,x,sgˆ    as an estimator of 
2
y  should not involve only 
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 Squaring both the sides of (3.8) and taking expectation, we see that the mean square error 
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 B̂,Â,s,s,x,x,sgˆ xxy
*

ge
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square error given by (3.4) if
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 Satisfying the conditions in (3.9), some particular estimators depending on estimated optimum values 

Â , B̂  and attaining the minimum mean square error in (3.4), are given in the following section 4. 

 

IV. Concluding Remarks 
(a) From (3.4), we have 
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 which shows that the estimator 
2
gd̂  being an extended or wider class of estimators than the class 

2
d̂   in (1.1), contains more efficient estimators in the sense of having smaller mean square error. 
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(b) The estimators 
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which may belong to the class 
2
ge̂  and satisfy the conditions in (3.9), and also attain the minimum mean 

square error given by (3.4) or (4.1) to the first degree of approximation. The general result regarding 
2
ge̂  

which attains the minimum mean square error (to the first degree of approximation) given in (3.4) or (4.1). 

(c) Single sampling results may be easily found as the special cases of this study for Nn  . 
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