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Abstract: For the estimation of finite population variance in double sampling, an extended generalized class of
estimators is proposed. After obtaining the bias and mean square error of the proposed estimator, it is
compared with the usual conventional estimator of the finite population variance in the sense of having lesser
mean square error. A subclass of estimators relying on optimum values for which the subclass achieves the
minimum mean square error is investigated and further a subclass of estimators depending upon estimated
optimum value is also explored and its properties are studied.
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. Introduction
Let a first phase simple random sample without replacement be drawn from a population of size N,
and a second phase simple random sample of size N without replacement be drawn from the first phase sample

of size N' . At first phase sample of size n', only the auxiliary character X is observed and at the second phase
subsample of size N, both the study variable Y and the auxiliary character X are observed.

_ 1 N —\2
Let (Y X ) be the population means of (y,x) respectively and 85 = (N—l)Z(Yi —Y) ,
—41)i=a
2 1 N —\2 R R .
S, = mZ:(Xi — X) where (Y;, X;) are the population values on (y,x) respectively, for the i unit
—41)ia
(i=1,2,..,N) of the population. Also, let (y,%) based on second phase sample of size n be the sample means

of (y,x), % be the sample mean of the first phase n" sample values on the auxiliary character x.

1 & o2
Let S;(Z :(I’]'—].)Z(XI, - X') based on the first phase sample observations (Xi,X'Z ,...,X;]r),
—+Ji=l
2_ 1 9 2
X = Z(Xi - )_() based on the second phase sample observations (Xl 1 X9 ey Xpy )on X be the
(n-1)3
2_ N 5 : 2
unbiased estimator of Sx =——0yand Sy = Z(yi - )7) based on thesecond phase sample
N -1 (h-1)i5

observations (yl Y2, Y ) on Y be the conventional estimator of the finite population variance 05 of the

study variable Y .

For estimating O'f, , Rizvi, SSAAM and Rizvi S.A.H. (2017) proposed the following generalized double
sampling estimator:
62 = g(s§,>‘<, >‘<') (1.1)
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where g(S§ ,)_(,)_(') satisfying the validity conditions of Taylor’s series expansion is a bounded function of

(532, ,)_(,)_(') such that at the point Q = (65 ,)?,)?),

0 glc2.X.X)=02 . (12)
2

(i) first order partial derivative of g(sy ,)_(,)_(') with respect to S§ at the point Q is unity, that is,

Jdo = =1 , (1.3)
os;
Q
(i)  91=-0 (1.4)
for first order partial derivatives
8g(s§,>‘<,>‘<’) 8g(s§,>‘<,>‘<’)
gl - 8)_( ) g2 - a)—(l !
Q Q

(iv) second order partial derivative

829(52 >‘<,>‘<’)

Joo = ( yz’)z =0 (L5)
o\s
Y Q
v) Jo1 =902 (1.6)
azg(si,i,x') 829(532,,7(,)‘(’)
for Jg1=———— , Jpp=—"—"72——"
b as2x 2T aslox
Q Q
The optimum value of {; minimizing MSE (&7) is
2 2y
_ M Gy ﬂZl/o'yX D
gp=——t=——=2 > |= )
Ho2 X Cx
and the minimum mean square error is
. 1 1)\ s
MSE(ag )min = MSE(syZ)— (— - —,j@ . (L8)
N nJty

The optimum value D in (1.7) may not be known always in practice, hence the alternative is to replace the
parameters involved in the optimum value by their unbiased or consistent estimators to get the estimated
optimum value depending upon sample observations as

2
A Sy A
D=-—41 (1.9)
X
m /52)_( m
A 21 A
where ﬂ,z—y ) Cf =0 .

C2 X°
Using the estimated optimum value in (1.9), the estimator depending upon estimated optimum value is given as
a function
a2 o o N
g \sy.x.x',D (1.10)
attains the minimum mean square error given by (1.8).
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Proposed Extended Generalized Estimator
For estimating o2, the proposed extended generalized double sampling estimator is:

y
6o = g(sf,,i,i’,s)f,s;z) (1.11)

where g(sf, ,)_(,)_(',S)% ,S;(z )satisfying the validity conditions of Taylor’s series expansion is a bounded

function of (55 ,)_(,)_(',S)% ,S;(Z )such that at the point Q = (65 ,)?,)?,S)% ,Sf) ,

Q) g(oi,)?,)?,sf,sf):af, : (1.12)
.. . . L 2 G ol 2 12 . 2 . . .
(i) first order partial derivative of g(sy y X, X', Sy, Sy ) with respect to Sy at the point Q is unity,
that is,
2 G g a2 12
8g(sy,x,x Sy +Sy )

Jo = =1 (1.13)
os;
Q

(iii) g1 = —Q, for first order partial derivatives (1.14)

. _6g(s§,>‘<,>‘<’,sf,s;(2) . _8g(s§,>‘<,>‘<’,s§,s;(2) |

1 a)—( 1 Y2 8)—(( ’
Q Q
(iv) and J3 =—(4 for (1.15)
829(55,7(,2’,35 ,s;(z) 82g(s§,x,>?',s§,s;2)

g3 = 2 ! g4 = ,2 ’

0Sy, 0 0S, 0
(v) second order partial derivative

829(53 ,X,X',sf,s’xz)
Qoo = 5 =0, (1.16)
ols?)
Q
(VI) gOl = —902 for (1 17)
82g(s§,>‘< X',s)f,s;f) azg(sf,,x,x',sf,s;z)

Jo1= v Oo2 = :

0s;0X Osox’
and (vii) 903 = —g04 for (1.18)

] _azg(si,x,i’,sf,s;z) ] _azg(sf,,x,i',s)f,s;z)
03— 2.2 r 904 T 2 Aat2
05,084 0 0sy,05y 0

. . . . . ~2
Some particular members belonging to the class of estimators represented by the generalized estimator O-gd

are listed below:

- 2

. 22 2 X Sy
(0 O-l =S —

y X' S;(Z
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—\k ko
y 2 o X\ 35
(i) o —Sy — 5
X)+ kz(sg(z —sf)
2

B X S
ad (v Gp=(—K —ky)ss+ klsi(?,] + ko8| =%
X

i) 62 =52 +k(X' -
s/2

where kl and k2 are the characterizing scalars to be chosen suitably. It may be easily checked that the

regularity conditions mentioned for the generalized estimator &Sd are satisfied for all the four estimators &12 ,

55 , 6'33 and (ﬁ .

I1.  Bias And Mean Square Error
Let

s =3y 204 =Y (%, =X

where (Yi , X ) are the values on the characters(y,X) respectively for the i (i =1,2,...,N) unit of the

population.

Further, let
g =X-— X, e1=>‘<’—)7, €5 =S§ —83, €3 =S§ —Sf, e; :s;(z —sto that(for large
N)

Ele, )=% Ele2)=Ho2.
2 2
clg?) 0| 01 |- (5, 1) gy, =0
"\ k20 n Hao
2 2
E(e32) @ ﬂ_g‘l_l :@(IBZX ) ﬁZx IUO4,
N\ oz 10
Eles?)= 0 (1) Elesel) =122, Elere,)="2, Elefe,)="2
E(esey) =2, E(eleé):'L;O,S, E(eieg)—?,g, E(ejes)= ’u0'3,

2
Elets) =2 (3, 1)

Expanding g(s X )_(',S)% ,S;( )about the point Q = (0'32, ,)?,)?,Sf ,Sz)in third order Taylor’s series,
we have
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644 :g(ai,)?,)?,sf,sfﬁ(sz —82)90 +(x - X)g; + (X' = X)g,

+(sf—Sf)g3+(s;2 S )g4+%{ (53—33)2900

+ 1

+2(s§ —S§X>_( X 901+2( -3 XX 902
+2[s2 52|52 - 82 Jgg, + 2(s2 - 5252 — 2 Jgs
+2(x = X)x' - )glz+2x X)(S )913
+2

(
(x - )T)(s’2 )914 +2(x X)(s )923
0 52 252 52 |

Jo - X) 2 - %)

} g(si*,x*,ﬂ,si*,s;i)(z.l)

where second order partial derivatives §11, J22, U33, 944,912, Y13, 914, U23, Jps and
J34 are given by

11 = a)_(z
o?glss X% 52.57)] o?gls2 %5257
933 = >V v Oag = oV
a(SX) _Q a(SX ) Q
. _529(55 X,X',Sg 8;2)_ . zﬁzg(si,i,i’,sf s;(z)
Q -Q
. 529(532,,7(,)_(',53 S;Z) : 829(55,7(,)‘(’,53 s;(z)
o 8)‘(88;2 ' 92 5)—('533
Jo Jo
g _azg(S§ )_(,)_(' S)% S;(Z) g _azg(si X,)_(’,S)% S;(Z)
24— ! A’ ! 34 — ,
OX 85X2 0 as)% aSXZ .
Jos» 91, 92, 93, 94, 900: Yo1s Yoo, Ygz and Jgg are already defined and
2 2 2 2 o
Sy*:0y+9(5y—3y) , x*=X+z9(x—X),
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X=X+0x-X) . si=s2+0(s2-s2)
s, =2 +0s? - ?) for 0<O <1
Employing regularity conditions g(G)Z, ,)?,)?,S)% ,S)%): 0)2,,

9o =1 900 =0, 91=-02, Go1 =902, 93 =—Ysand Joz =—Yoq from (1.12) to (1.18)
in (2.1), wehave

63y =0p +(s2 - 82 )+ (x= X)a, - (x - X,
+(S>% _53)93_(5;2 )93+£{ ()_(_X)Zgll

21

+()_('_ )922+( -3 )2933+('2 S )2944

+2(82—32XX X 901 — 2(532,—5% X )gos

(3‘5 XS =S )903 2( Z—SZXS'Z 2)903
( XX = X)gy, +2(x - X )(S )913
)( )914 +2(x X)(S )923

+2(>‘('—)?)(S'2 S )924+2( —Sfxs§2—55)934}

A

2 1(» 2
or Ogq —Oy =€ +(e, —ef)g; +(e3 —€3)9, +§{‘91 11 +€ 92
2 12 ;
+€3 033 +€3 Jys + Z(eleZ — 68 )901
+ 2(9293 — €,€3 )903 + 26,6101, + 26,6303

+ 26163014 + 26183093 + 26163054+ 28363034 }

X'

s % e -s). } g2, % 2 52 ) @2

X X

Taking expectation on both the sides of (2.2), to the first degree of approximation, we have
& 2 e,2
~2 2 '
E(Ugd—ay)zE e, +(e —ef)ay +(e3 - 93)93+ Juit—- > 922
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2 2

eS 3 ; '
+ T3 Os33 E3 Qug + (9192 — €€ )901 + (9293 — €563 )903

+€16101, +€183013 + €,€304 + €830 3 + €1€30 4 + 363034 }

2 2
Bias(g2. |2 202 oy Ho2 o L H02 (5 1\q.. 4 H02 1
or ( gd) on J11 on’ J22 on (Box —1)033 on’ (Box —1)0as
1 1 1 1 Ll
+| === + == — + 2802
(n n,jﬂzlgm (n n,j(ﬂzz ﬂzoﬂoz)gos 0 J12
Ho3 Ho3 Ho3 Ho3
+ + + +
0 013 o 014 " J23 " J24
2
g ) e

Squaring both the sides of (2.2) and taking expectation to the first degree of approximation, we have
a2 2 2 2 12 1y 2 2 2 ' 2
E(o-gd— o-y)2 = E{e2 + (el +€" - 2e1e1)g1 + (e3 +e3" — 2e3e3)g3
+2(e1, —e1e, )91 + 2(e83 —€,€3)95

+ 2(9193 — €183 — €163 + €1€3 )9193 }

2
or MSE(&gd ): %(ﬁzy ~1)+ (”r‘:z + ‘;0,2 _ 2’:10,2jg12

2 2 2
A -2 1 5 -2

+ 2(@—”—‘{3)9193 + 2(@—”—2,1)91
n n n n

(Bax —1)}932

!

n 2{ (ﬂzz — ﬂzoﬂoz) (ﬂzz — HaoHo2 )}93
n n

. 1 1
or MSE(Géd )= MSE(5§ )+ (ﬁ - ﬁ){ HoO1” + 5o (Box —1)05°
+ 241039193 + 2142191 + 2120 — Hpokin7 )03 } (2.4)

I11.  Optimum And Estimated Optimum Values
From (2.4), we see that the values of J;and {3 for which MSE( éSd )is minimized, are given by

ARo =

DOI: 10.9790/5728-1601045869 www.iosrjournals.org 64 | Page



An Extended Generalized Estimator In Double Sampling For The Estimation ...

2
%A
X
2
and O3 = oy 7/15 — (0( _1) (3.2)
05 (ﬂZX _ﬁlx _1)
2
%q
oy
where A= (@ —1)-5(B ~1) B= 716 —(a-1) ’ = Hos
(ﬁZx — Pix _1) (ﬂZx — Pix _1) /Ug/zz
o= L and 0= :U—211/2 and the minimum mean square error s
HaoHo2 HaoHo2
2 oMy —(a -1
MSE(&ga Imin =MSE(S§)—(1—1, o, GZZ ! ﬂ(a 1))} (33)
n nj oy 2x — Mix T

1 15 (1 1
= MSE(Si)—(n—szzl—(n—n. (Box = Bix —oyB?. 34
X

Practically, the optimum values Jqxand (3« in (3.1) and (3.2) may not be available always, hence the
alternative is to replace the parameters involved therein by their unbiased or consistent estimatorsand thus get

1 Q0 _ -
the estimated optimum values. Defining M =( 1)Z(yi — y)r(xi - X)S ,  replacing
n—-Ll)ia
5 2 o~ _ Moz . My
Oy, 7N, &, 6, Pox and Pix by Sy» /1= 32 o= 2m
Mo3 SyMop2
2
A m A m ~ m ~ -
5:2—2]1/2, Loy :% and Sy, :%,we get the estimated optimum values {1 and J5 to be
SyMay Mp2 Moz
Sh
h=—1p A (3.5)
Moz
st
and g;=——2=B (3.6)
Moz
< [7a-1)-8(B -1)] 5 [ #S-(a-1
where A= 7/1( ] ) ¢ Pax B= 71 ( ) _
(,BZX _:le _1) (:BZX - ﬂlx _1)

The generalized double sampling estimator &gd attains the minimum mean square error in (3.4) if the

conditions from (1.12) to (1.18), (3.1) and (3.2) are satisfied for the estimator 65(1 .
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This means that the function &gd = 9(832/ ,)_(,)_(',S)% ,S;(z) as an estimator of 0'32,

(832/ ,)_(,)_(',S)% ,S;(z )but also Jy» and g3« for the conditions (3.1) and (3.2) to be satisfied. Thus, we get the

resulting estimator as a function g(s§ ,)_(,)_(',S)?Z ,S;(Z yJp* ,93*) satisfying the conditions (1.12) to (1.18)
along with the conditions (3.1) and (3.2) to attain the minimum mean square error in (3.4). Replacing unknowns

should not involve only

g and (g« in gSi,)_(,)_(',S)%,S;(Z,gl*,gy), we get the estimator as a function

A [ — A A A * [ — ~ 2
gge = g(si ,X,X',S)% ,S;(z ,gl,QS)or equivalently the function O'ée =0 (83 ,X,X',S)% ,S;(Z ,A,B)
as an estimator depending upon estimated optimum values.Now expanding ( (85 ,)_(,)_(',S)% ,S;(Z ,A,B)

* _
about the point Q = (0'3 X, X ’,S)% ,S)'(z A, B) in Taylor’sseries,wehave

g*(sf, X,X',52 5! ,A,é)z g*(Q*)+ (s)z, - o-f,)gg—: +(X = X)a;
y Q*

+(I§—B)gg + 3.7)
x [ ~ 09 ~ 09 ~ 09
where  ( (Q )=O')2,, 912% =4, 92—% ) gg—agz )
Q* Q* SX Q*
_l ~ 09 ~ 09
94289’2 » U5 = agA and Jg = ag|_5,
> Jo* Q' Q
or g*(sf,,x,x’,s)f,sf,A,é)—ai:(si a§)+(x—>?)gl

X'— X)g; + (85; sZ o

(B — B)g6 + ... (3.9)

Squaring both the sides of (3.8) and taking expectation, we see that the mean square error

2
E[g (si,i,i’,si,s;Z,A,B)—ai] to the first degree of approximation, becomes equal to

MSE(&Sd )min given by (34) if O =0g =0, and thus the estimator taken as a function
A * j— j— N 2
Gée =0 (532/ ,X,X',S)% ,S;(Z A, B) depending upon estimated optimum values attains the minimum mean
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square error given by (3.4) if
g*(si,i,i’,sf,s;z,A,é)]Q* =0o}, 6g_2 =1,
sy | »
Q
* 5 * a * *
Q Q
. ag* ag* . azg*
95="2 - ,2} =94, > =0
aSx Q" aSx Q" 5(532/) o'
* 829 azg* *
g = = — = — , 39
astox | L estox'| . (89)
Q Q
* 82 - 82 * *
903=% Z—% =—0o4>
05,08y o 0sy,05y o
X o asx o
gs =0 and gg=0.

Satisfying the conditions in (3.9), some particular estimators depending on estimated optimum values
A, B and attaining the minimum mean square error in (3.4), are given in the following section 4.

IV.  Concluding Remarks
@ From (3.4), we have

2
.2 2y (1 1ywy; (1 1 4n2
MSE (62, )min = MSE(sy)—(n _n'ja? —(n e (Box = Bix = Doy B
X
and from (1.8), the minimum mean square error of the generalized double sampling estimator proposed by
Rizvi, S.A.M and Rizvi S.AH. (2017) &5 = g(sj X, >‘<')in (1.1) is given by

2
MSE(&S )min = MSE(SyZ)_(l _lj@ :
N nJ iy
which gives

1 1

.2 A2 42

MSE(O'gd )min = MSE(O'd )min - [n - n.j(ﬁzx — P —1)O'y B (“1)

which shows that the estimator &gd being an extended or wider class of estimators than the class

2 . . . . . .
O in(1.1), contains more efficient estimators in the sense of having smaller mean square error.
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(b) The estimators 6‘% = Si 3 S’XZ and 6‘§ = Sf, + kl()_(' — )_()+ Ko (S;(Z — S)%)
X

belonging to the class &Sd of estimators and having the values of (gl P ) to be

oy Oy

X S
respectively, will attain the minimum mean square error given in (3.4) or (4.1) for the optimum values of

AX oy oy
(kl,kz) equal to | — ,B | and | ——A, __ZB obtained by equating each of (4.2) to the
Oy Oy Oy
oy, Oy
optimum  values —=A, _ZB , that is, the mean square error of the estimators
Oy Oy
AX B
- 2 2 2

X' \o S o ., o

82 — | X and 82 ——yA(X'—X)——yB(S'2 —52) to the first degree of
y X 12 y o 2 X X
Sx X X
2 2

o y Oy .

approximation will be equal to that of (4.1). But —— Aor — B may be rarely known, hence replacing

Oy Oy
H20 A or Hoo
(,Uoz )% Ho2

estimated optimum values to be

B by consistent estimators from sample values, we get the estimators depending upon

B A
N——— 2 12 2
. X'\, - S . A, . slsc—5s
62, =52 X |(a02) 2 | Sx and 62, =s241- 2 (¢ - x)— B2 Sl
X S;<2 Sx 55

which may belong to the class OA_ée and satisfy the conditions in (3.9), and also attain the minimum mean

square error given by (3.4) or (4.1) to the first degree of approximation. The general result regarding &se

which attains the minimum mean square error (to the first degree of approximation) given in (3.4) or (4.1).
(© Single sampling results may be easily found as the special cases of this study for nN=N.
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