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Abstract:

In this paper, we investigate the existence of periodic solutions for the first order neutral functional differential
equation. Some new results are established by employing the Schauder fixed-point theorem and Compression
mapping theorem.
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I. Introduction
In this paper we consider the existence of periodic solutions for the following first order neutral
functional differential equation(NFDE)

(X(®) —ex(t—1))" =—-at)x(t) + f (t,x(t—5), - x(t = 35,)) (1.1)
where c,7,0,,---0,, € R, and
(H1) |c|<1/2,aeC(R,R), @=0 or a<Owith a are not equivalent to zero.

(H2) f eC(R™*, R)with f(-,0,---0) are not equivalent to zero.
(H3)a(-)and f(,u,---u,)arew- periodic, W> O is a constant.

In recent years, there has been a few papers written on the existence of periodic solutions of the neutral
functional differential equation, which arise from a number of mathematical ecological models, economical and
control models, population models and other models. In [1], by using Krasnoselskii fixed-point theorem,
author(s) discussed the existence of positive periodic solutions of the following neutral functional differential
equation

[Xx(t) —cx(t— r(t))]' =-b(t)x(t) + g(t, x(t — z(t)))
where be C(R, (0,)),7€C(R,R),geC(RxR,R) , and Db(t), z(t), g(t,X) are w- periodic
functions in tand |c| < lare constants. In [2], existence of positive periodic solutions of neutral differential
equations with variable coefficients

[x(®) —c®)x(t-7)] =-bt)x(®)+9(t, x(t-7))

was discussed, where beC(R,(0,)),ceC*(R,R),geC(RxR,R),z>0, and b,C are w- periodic
functions, g is W- periodic with respect to first variable. In the above two papers, in order to apply the fixed
point theorem, author(s) constructed two appropriate operators from the linear term b(t)x(t), one is compact and
the other is compressed, where prerequisite is that delay terms in neutral term and nonlinear term are same.
Hence, this technique is invalid for (1.1). There are also some other papers dealing with periodic solutions of
neutral functional differential equations , see[3-8,10,11]and references therein. For related books, we refer the
reader to [9,12].

The aim of this paper is that according applying the Schauder fixed-point theorem and the
Compression mapping theorem to established some sufficient conditions guaranteeing the existence of w-
periodic solutions of (1.1).

DOI: 10.9790/5728-1602023540 www.iosrjournals.org 35 | Page



Periodic solutions for neutral functional differential equations

I1. Preliminaries

Let X :{XeC(R, R): x(t) = x(t+w),te R} with the norm ||x||:tnBé:1x]|x(t)| Then X is a

Banach space.
Lemma 2.1 (Schauder fixed-point theorem). Let X be a Banach space and €2 X a bounded closed and
convex subset of X . If F :Q — Qs acompact operator, then FX = X has a solution in €.
Lemma 2.2 (Compression mapping theorem). Let X be a Banach space. F: X — X is a compression
mapping, that is, there exists 0<@&<1such that d(Fx, Fy)<@d(x,y) for every pair X,y € X. Then
FX = X has a unique solutionin X .

Define A: X —> X by

(AX)(t) = x(t) —cx(t—7)

Lemma 2.3 If |c|#1, then A has a bounded inverse A on X and forall X € X

Telxt-rj) o<1,
(A0 =1 7

—Z cx(t+7j), lc[>1.

IE

Consider the equation
(x(t) —cx(t—7)) =—a(t)x(t) + p(t), (2.2)
where C,7 € R, a, p € X.
Lemma 2.4 Assume that (H1) is satisfied,then (2.1) has a unique periodic solution )?p with

HXPH < 1—2|C trl[](?z,(] (2.2)
where
o eJ‘tsa(r)dr
h(t):j G(t,s)p(s)|ds  G(t,s)=——
t ejo a(r)dr B

Further, if there are constants & < fsuch thatforall t e R,
[Ic| B+ —|c)a Jja(t)|< p(t)sgna <[ |c|a+(1-[c) B ][a(t)- (2.3)
Then a <X < Bforall teR,
Proof : Define the operator B on X by
(BX)(t) =ox(t—7) + | G, 5)(p(s) —ca(s)x(t — 7))ds.

It is easy to check that the fixed point of T on X is the periodic solution of (2.1) .
ForX,Yy € X, we have

(B0 - (By)()
—[extt =) y(e- )+ [ BES)[(p(s) ~cals)x(s - ) - (p(s) ~ca(s) y(s - )]s

<le(x(t-7)-y(t—7)) + LHWG(t, s)(=ca(s)x(s — ) +ca(s)y(s —r))ds‘

<|c|-|x(t—7) - y(t-7)| +|c|~‘ [ et saE)(x(s-1)-y(s- r))ds‘

<[c]-x=y]+[e|- [ Gt s)a(s)ds-[x~y]|
< 2Jef-{x-y].
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t+
where we use the fact that It WG(t, s)a(s)ds=1.

If ¢ =0, by Lemma 2.2, we obtain that (2.1) has a unique W- periodic solution since Q < 2|c| <1.

t
If c=0 (2.1) has a unique W- periodic solution X (t) = L +WG(t, s) p(s)ds.
On the other hand,

%, = ‘Cf(p(t )+ Gt s)(p(s) - ca(s)x, (s —r))ds‘

<[c||%, (t=2)|+ [ [Gt.s)p(s)|ds +[c]- [ |Gt s)als)x, (s - )l
<[e|-|%, |+ max b +[el- | [G ¢ yae)ds %, |

teOW

<2[c|- Hx H+ max h(t),

te 0, W
which implies that (2.2) holds.
Finally, let (2.3) hold. Define the operator K, S on X by

(Kx)(t) =cx(t —17), (SX)(t) = J':+WG(t, s)(p(s) —ca(s)x(s—7))ds.
Then B=K +S, K: X — X isacompression mapping and S : X — X is a compact operator.
Let Q={Xe X :aSXS,B}.Foranyx,ye X,
ca<Kx<cp if c¢=>0,
cf<Kx<ca if c<0,

—cf < —cJ.:mG(t, s)a(s)y(s—r)ds<—-ca if ¢>0,
—Ca < —CLHMG(t, s)a(s)y(s—r)ds<-cp if c¢<0,

t+o
lc| B+ @—|c])ex < L G(t,s) p(s)ds <|cla + (L—[c|) 5.
Hence, forany X,y € X, <KX+ Sy < f3, thatis, K(Q)+S(Q) Q.
By the Krasnoselskii fixed-point theorem, (2.2) has a solution in Q. Hence, o < )~(p <p.

If (H1) holds,for any p € X, (2.1) has a unique periodic solution )?p.Thus we can define an operator
T:X,=Tp.
Lemma 2.5 The operator T : X — X is compact if (H1) holds.
Proof. Assume D < X is a bounded sunset, it is also known from (2.2) that T (D) is bounded and uniformly
bounded. Let p€ D and X =Tp, then
(X(t) —cx(t—7))" =—a(t)x(t) + p(t)
Let Y =X(t)—cx(t—7), there is a constant > O only dependent of D such that
X<y, Yl<r. |yl=r
UsingLemma 2.3, we have
x(t)=A"y =) cy(t-7j).
>0

Notice that the series ch y(t—7]) is uniform convergence.
>0
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=Xty (t-r))

>0

X)) =|(Ay)|=|(Cyt-7i)y

i~
For Ve >0; 3&=(1—|c|)e/ 7 >0 such that when |t, —t,| <&, for every XD, it follows from the
mean value of Lagrange theorem that

S]/Z‘Cj‘=l_L|(:|

20

Y
X(t)—x(t) < ——|t -t |<Ze.
[X(t) - x(t,)| e [t —ty|
Namely, T is equicontinuous. Therefore T : X — X is compact.
I11. Results
Theorem 1. Let (H1)-(H3) hold. Further assume that 3M > osuch that forany t e R,u, e[-M,M](1<i<m),
| f(tuy,---,u,)| < @—2[cp|a)| M.
Then (1.1) has a nontrivial, W- periodic solutionu : |u| < M.
Proof. Define operator A, F on X by
(AX)(t) =[(T o F)X]®) =T (f (t, Xt =5,),- -, x(t = 35,))),
(P = F(ExX({E—3), -, x(t—5,).
It is not difficult to show that
((AX)(t) —c(Ax)(t — 7)) = —at)(AX) () + f (&, x(t —5)),- -, X(t = 5,)),
which follows that the fixed point of A on X is the periodic solution of (1.1) . Since T : X — X is

relatively compact and F : X — X is continuous, A : X — X is relatively compact.
Let Q:{x e X ||x|| <M } , then Q is a bounded closed and convex set. From Lemma 2.4, we have

max H (t),

te[0,m]

lAX] < 1-2[
where H(t)= [ |G (t,5) f (5, x(s =), X(s—4,))| ds. Forany x e Q,

0<H(®) =jt”w|c;(t,s)f(s, X(s—8,), X(s—3,))|ds
<@-2jc)M [ (Gt )a(s)|ds

~(1-2|c)M I:+WG(t,s)a(s)ds

=(1- 2|C|)M,
which implies that for any x € Q,

max H(t) <M.

te[0,m]

x| <
1-2|c
Hence, A(Q2) =By Lemma 2.1, we obtain that (1.1) has a W- periodic solution u:|u| < M. Moreover, u is

nontrivial since f (t,0,---0) is not equivalent to zero.
Theorem 2. Let (H1-H3) hold. Further assume that there exists constant 0 < 1 <1— 2|C| such that for any
teR,u,v, e RL<i<m),

| (t Uy u) = F (Ve v < wfa®) max{u —v; | 1<i <m.

Then (1.1) has a unique, nontrivial, W- periodic solution.
Proof. Define A, F asin the proof of Theorem 1. Forany U,V € X , we obtain that

|Au—AV|=|(T o F)u—(T o F)v| =[T (Fu—Fv)|

where
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|((Fu)(®) = (F®)[=[f L u(t=&}), - u(t=5,)) = f vt =8, vt = 5,))|-

From Lemma 2.4, we have

max J(t),

te[0, 0]

|Au—Av| <
1-2|c

where

J(t) = LHW|G(t, s)||(Fu)(s) — (Fv)(s)|ds.

Using the assumption, we obtain that

0<3(t) = "[G(L,s)[|(Fu)(s) - (Fv)(s)]ds
< ,uJ.tHW|G(t’ s)||a(t)| max {|u(s —-5)-Vv(s —é‘i)| A<i< m} ds

= u[ "Gt 5)||act)|dsu-v|

o]
Hence,

[Au—Av| <
1—
By Lemma 2.2, we obtain that (1.1) has a unique W- periodic solution.

Theorem 3. Let (H1-H3) hold. Further assume that there are constants & < £ such that for all te R,
u, e[e, BIA<i<m),
[lc| B+@—|cha Jjatt)|< f(t,u,, --,u,)sgna<[|cla+@-|c)B]at).
Then (1.1) has a nontrivial, W- periodic solution X: ¢ < X < f3.
Proof. Define operators A, F on X by
(AX)(®) =[(T o F)x](t) =T (f (t, X(t=5,), -+, X(t = 5,,))),
(PO = F . x(t=5),-, x(t-5,)).
Let Q:{x eX:asx< ﬁ} , then Q is a bounded closed and convex set. From Lemma 2.4, we have

a <AX< B
Hence, A(Q) < Q2.By Lemma 2.1, we obtain that (1.1) has a W- periodic solution u:a <u < g.

Example 1 Consider the equation
(X(t)—0.2x(t — 7))’ = x(t) +%(cost X’ (t+n)X(t-5)) G

where 7,77,0 € R.
Infact, c=0.2, a=—-1, w=2z, f(t,u,v)=(cost—u®v)/4.LetM =1.
Forany te R,u,v,e[-M,M],
| f(t,u,v)|<0.5<(1-2[c])|a(t)|M =0.6.
Hence, by Theorem 1, (3.1) has a nontrivial, W- periodic solutionu :|u| <1.Clearly, the results in [1,2] do not
apply to (3.1).
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