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Abstract:   
In this paper, we investigate the existence of  periodic solutions for the first order neutral functional differential 

equation. Some new results are established by employing the Schauder fixed-point theorem and  Compression 

mapping theorem. 
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I. Introduction  
 In this paper we consider the existence of periodic solutions for the following first order neutral 

functional differential equation(NFDE) 

1( ( ) ( )) ( ) ( ) ( , ( ), ( ))mx t cx t a t x t f t x t x t                                            (1.1) 

where 
1, , , ,mc R    and 

(H1)  1/ 2c  ， ( , )a C R R ， 0a   or  0a  with a  are not equivalent to zero.  
(H2)  

1( , )mf C R R with ( ,0, 0)f   are not equivalent to zero.  

(H3) ( )a  and 1( , , )mf u u  are -w periodic, 0w  is a constant. 

 In recent years, there has been a few papers written on the existence of periodic solutions of the neutral 

functional differential equation, which arise from a number of mathematical ecological models, economical and 

control models, population models and other models. In [1], by using Krasnoselskii fixed-point theorem, 

author(s) discussed the existence of positive periodic solutions of the following neutral functional differential 

equation 

 ( ) ( ( )) ( ) ( ) ( , ( ( )))x t cx t t b t x t g t x t t        

where ,  0,( ( ) ,) , ,( ) ( ),b C R C R R g C R R R     , and ( ) ( ) ( ), , ,t t g tb x are -w periodic 

functions in t and 1c  are constants. In [2], existence of positive periodic solutions of neutral  differential 

equations with variable coefficients 

 ( ) ( ) ( ) ( ) ( ) ( , ( ))x t c t x t b t x t g t x t        

was discussed, where 
1( ,(0, )), ( , ), ( , ), 0,b C R c C R R g C R R R       and ,b c are -w periodic 

functions, g is -w periodic with respect to first variable. In the above two papers, in order to apply the fixed 

point theorem, author(s) constructed two appropriate operators from the linear term ( ) ( )b t x t ，one is compact and 

the other is compressed, where prerequisite is that delay terms in neutral term and nonlinear term are same. 

Hence, this technique is invalid for (1.1). There are also some other papers dealing with periodic solutions of 

neutral functional differential equations , see[3-8,10,11]and references therein. For related books, we refer the 

reader to [9,12]. 

 The aim of  this paper is that according applying the Schauder fixed-point theorem and the 

Compression mapping theorem to established some sufficient conditions guaranteeing the existence of -w
periodic solutions of (1.1). 
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II. Preliminaries 

 Let  ( , ) : ( ) ( ),X x C R R x t x t w t R     with the norm 
 0,

max ( )
t w

x x t


 , Then X is a 

Banach space. 

Lemma 2.1 (Schauder fixed-point theorem). Let X be a Banach space and  X a bounded closed and 

convex subset of X . If :F  is a compact operator, then  Fx x  has a solution in .  

Lemma 2.2 (Compression mapping theorem).  Let X be a Banach space. :F X X  is a compression 

mapping, that is, there exists  0 1  such that ( , ) ( , )d Fx Fy d x y  for every pair , .x y X Then 

Fx x has a unique solution in X . 

Define :A X X  by 
( )( ) ( ) ( )Ax t x t cx t     

Lemma 2.3 If 1,c  then A  has a bounded inverse 
1A

on X and for all x X  

01

1

( ) 1,

( )( )
( ), 1.

j

j

j

j

c x t j c

A x t
c x t j c











   


 
   

，
 

Consider the equation 

( ( ) ( )) ( ) ( ) ( ),x t cx t a t x t p t      (2.1) 

where , ,c R  , .a p X  

Lemma 2.4  Assume that (H1) is satisfied,then  (2.1) has a unique periodic solution px  with  

[0, ]

1
max ( ).

1 2
p

t
x h t

c 



                                                        (2.2) 

where 

0

( )

( )

( ) ( , ) ( ) ( , ) .

1

s

t

w

a r dr
t w

t a r dr

e
h t G t s p s ds G t s

e




 
 

 ，

 
Further, if there are constants   such that for all ，Rt  

(1 ) ( ) ( )sgn (1 ) ( ) .c c a t p t a c c a t                                                (2.3) 

Then  px   for all .Rt  

Proof : Define the operator B  on X  by 

( )( ) ( ) ( , )( ( ) ( ) ( )) .
t w

t
Bx t cx t G t s p s ca s x t ds 



      

It is easy to check that the fixed point of  T  on X is the periodic solution of  (2.1) .   

For , ,x y X  we have   

 

( )( ) ( )( )

( ( ) ( )) ( , ) ( ( ) ( ) ( )) ( ( ) ( ) ( ))

( ( ) ( )) ( , )( ( ) ( ) ( ) ( ))

( ) ( ) ( , ) ( )( ( ) ( ))

t w

t

t w

t

t w

t

Bx t By t

c x t y t G t s p s ca s x s p s ca s y s ds

c x t y t G t s ca s x s ca s y s ds

c x t y t c G t s a s x s y s ds

c x y c

   

   

   









         

        

         

    







( , ) ( )

2 ,

t w

t
G t s a s ds x y

c x y



 

  


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where  we use the fact that ( , ) ( ) =1.
t w

t
G t s a s ds



  
If 0,c  by Lemma 2.2,  we obtain that (2.1) has a unique -w periodic solution since 0 2 1.c 

 

If 0c  ,  (2.1) has a unique -w periodic solution ( ) ( , ) ( ) .
t w

p
t

x t G t s p s ds


   

On the other hand,  

 

 

0,

0,

( ) ( ) ( , )( ( ) ( ) ( ))

( ) ( , ) ( ) ( , ) ( ) ( )

max ( ) ( , ) ( )

2 max ( ),

t w

p p p
t

t w t w

p p
t t

t w

p p
tt w

p
t w

x t cx t G t s p s ca s x s ds

c x t G t s p s ds c G t s a s x s ds

c x h t c G t s a s ds x

c x h t

 

 



 







    

      

     

  



 



  

 

 



 

which implies that (2.2) holds.   

Finally, let (2.3) hold. Define the operator ,K S on X by 

( )( ) ( ) ( )( ) ( , )( ( ) ( ) ( )) .
t w

t
Kx t cx t Sx t G t s p s ca s x s ds 



    ，  

Then ,B K S  :K X X is a compression mapping and :S X X is a compact operator.  

Let  : .x X x      For any , ,x y X  

0,

0,

c Kx c if c

c Kx c if c

 

 

  

    

( , ) ( ) ( ) 0,

( , ) ( ) ( ) 0,

t

t

t

t

c c G t s a s y s ds c if c

c c G t s a s y s ds c if c





  

  





      

      



  

(1 ) ( , ) ( ) (1 ) .
t

t
c c G t s p s ds c c



   


     
 

Hence,  for any , , ,x y X Kx Sy      that is,  )()( SK . 

By the Krasnoselskii fixed-point theorem, (2.2) has a solution in .  Hence,  .px  
 

 

If (H1) holds,for any ,p X   (2.1) has a unique periodic solution .px Thus we  can define an operator 

: .pT x Tp  

Lemma 2.5  The operator :T X X  is  compact if (H1) holds. 

Proof. Assume D X is a bounded sunset, it is also known from (2.2) that ( )T D  is bounded and uniformly 

bounded.  Let p D  and x Tp , then 
( ( ) ( )) ( ) ( ) ( )x t cx t a t x t p t     

 
Let ( ) ( )y x t cx t    ,  there is a constant 0  only dependent of D such that  

, , .x y y      

UsingLemma 2.3, we have  
1

0

( ) ( ).j

j

x t A y c y t j



    

Notice that the series 

0

( )j

j

c y t j


  is uniform convergence. 
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1

0 0 0

( ) ( ) ( ( ( ))) ( )
1

j j j

j j j

x t A y c y t j c y t j c
c


  

  

         


    

For 0, (1 ) / 0c         such that when 
1 2 ,t t    for every x D , it follows from the 

mean value of  Lagrange theorem that 

1 2 1 2( ) ( ) .
1

x t x t t t
c


   


 

Namely, T is equicontinuous. Therefore :T X X is compact.  

 

III. Results 
Theorem 1. Let (H1)-(H3) hold. Further assume that 0M  such that  for any , [ , ](1 ),it R u M M i m      

1( , , , ) (1 2 ) ( ) .mf t u u c a t M 
 Then (1.1) has a nontrivial, -w periodic solution : .u u M  

Proof.  Define operator , F on X by 

1( )( ) [( ) ]( ) ( ( , ( ), , ( ))),mx t T F x t T f t x t x t        

1( )( ) ( , ( ), , ( )).mFx t f t x t x t   
 

It is not difficult to show that 

1(( )( ) ( )( )) ( )( )( ) ( , ( ), , ( )),mx t c x t a t x t f t x t x t             

which  follows that the fixed point of  on X is the periodic solution of  (1.1) . Since :T X X  is 

relatively compact and :F X X  is continuous, : X X   is relatively compact. 

Let  = : ,x X x M   then   is a bounded closed and convex set.  From Lemma 2.4,  we have 

[0, ]

1
max ( ),

1 2 t
x H t

c 
 


 

where 
1( ) ( , ) ( , ( ), , ( )) .

t w

m
t

H t G t s f s x s x s ds 


     For any ,x  

10 ( ) ( , ) ( , ( ), , ( ))

(1 2 ) ( , ) ( )

(1 2 ) ( , ) ( )

(1 2 )

t w

m
t

t w

t

t w

t

H t G t s f s x s x s ds

c M G t s a s ds

c M G t s a s ds

c M

 






   

 

 

 









，

 

which implies that for any ,x  

[0, ]

1
max ( ) .

1 2 t
x H t M

c 
  


 

Hence, .)(  By Lemma 2.1, we obtain that (1.1) has a -w periodic solution : .u u M Moreover,  u  is 

nontrivial since ( ,0, 0)f t   is not equivalent to zero.  

Theorem 2. Let (H1-H3) hold.  Further assume that there exists constant c210    such that for any  

),1(,, miRvuRt ii   

 1 1( , , ) ( , , , ) ( ) max ,1 .m m i if t u u f t v v a t u v i m     ，
 Then (1.1) has a unique,  nontrivial, -w periodic solution. 

Proof.   Define , F  as in the proof of  Theorem 1. For any ,u v X , we obtain that  

( ) ( ) ( )u v T F u T F v T Fu Fv      

 
where 
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1 1( )( ) ( )( ) = ( , ( ), , ( )) ( , ( ), , ( )) .m mFu t Fv t f t u t u t f t v t v t           

From Lemma 2.4, we have 

[0, ]

1
max ( ),

1 2 t
u v J t

c 
  


 

where 

( ) ( , ) ( )( ) ( )( ) .
t w

t
J t G t s Fu s Fv s ds



   

Using the assumption, we obtain that 

 

0 ( ) ( , ) ( )( ) ( )( )

( , ) ( ) max ( ) ( ) ,1

( , ) ( )

.

t w

t

t w

i i
t

t w

t

J t G t s Fu s Fv s ds

G t s a t u s v s i m ds

G t s a t ds u v

u v

  











  

     

 

 







 

Hence, 

.
1 2

u v u v
c


   


 

By Lemma 2.2, we obtain that (1.1) has a unique -w periodic solution. 

 

Theorem 3. Let (H1-H3) hold. Further assume that there are constants   such that for all ，Rt

),1](,[ miui    

1(1 ) ( ) ( , , , )sgn (1 ) ( ) .mc c a t f t u u a c c a t                 

Then (1.1) has a nontrivial, -w periodic solution : .x x    

Proof.   Define operators , F on X by 

1( )( ) [( ) ]( ) ( ( , ( ), , ( ))),mx t T F x t T f t x t x t        

1( )( ) ( , ( ), , ( )).mFx t f t x t x t   
 

Let  = : ,x X x     then   is a bounded closed and convex set.  From Lemma 2.4, we have 

.x     
Hence, .)(  By Lemma 2.1, we obtain that (1.1) has a -w periodic solution : .u u    

 

Example 1 Consider the equation 

 21
( ( ) 0.2 ( )) ( ) cos ( + ) ( )

4
x t x t x t t x t x t              (3.1) 

where , , .R   
 

In fact, 
20.2, 1, 2 , ( , , ) (cos ) / 4.c a w f t u v t u v      Let 1.M   

For any , , [ , ],t R u v M M  ,  

( , , ) 0.5 (1 2 ) ( ) 0.6.f t u v c a t M   

 Hence, by Theorem 1,  (3.1) has a nontrivial, -w periodic solution : 1.u u  Clearly, the results in [1,2] do not 

apply to  (3.1). 
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