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On Beal's Conjecture, the Case
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Abstract
This study presents a special case for Beal's conjecture by giving the exact analytic expression, as well as a
solution suggestion to the general case
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I. Introduction
Beal’s conjecture is a conjecture in number theory, it states that

if A*+ BY =C"

where A, B, U, r, y, and 2 are positive integers with x, y, 2 > 2, then A, B,
and €' have a common prime factor. Equivalently, There are no solutions to the
above equation in positive integers A, B, C, z, y and 2z with A, B and C being
pairwise co-prime and all of x, ¥ and 2 being greater than 2. Billionaire banker
Andrew Beal formulated this conjecture in 1993 while investigating generaliza-
tions of Fermat’s last theorem [2]. Several cases have been proved for n > 2,
such as (z,y,2) = (5,2n,2n) [3], (z,y,2) = (3,n,n) [4]... and many other ones

In this paper, we’ll approve the Beal’s conjecture for the special ease (2,9, 2) =
(n,2n — 1, 2) by giving a formula for it, we’ll also propose a suggestion why A,
B and C' can never be coprimes and their ged(A, B,C) > p,

1. Development
2.1 Theorem

Every odd composite number N > 9 can be written as [1]

P2 4 2ppe=N (pn € Plpp, =3,c€ Z7) (1)

Proof of theorem
Let p, € P such as p, = 3, ¢ and odd number > 3 and k£ € Z7, every odd
number can be written as

pn+2k=q
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By multiplying both sides of the above equation with p,,, we get
p2 +2p,e=N (N =p,N*)

2.2 The case (z,y,z) = (n,2n —1,n)

Let take the case when the odd composite V is a multiple of the prime p,,, and
let N* be another odd composite such as

N=p,N"*
Then (1) can be written as
prz-; + 2pne = 'puN*

Let the following be

Pﬁ + 233'110 = pan pﬁ + Qpnc = PnN* .
(P, +2pac)? = (puN*)? ‘ pa)? +2(2pac)pr + (2pne)® = (paN*)? N
(P +2Pn0)® = (P N7)* | = | (2)* + 3(2pn0)(P7)” + 3(2pn0)*(Ph) + (2Pnc)® = (puN7)?
(P +2Pn0)™ = (PN *)" e (1) (P7)(2Pac)* " = (P, + 2pn0)™ = (paN¥)"

From the Newton binomial theorem we have
(P7)* +2(2pne)ps + (2pnc)® = (paN*)?
By rearranging and factorizing we get
(p2)(2%¢%) + py(de+pn) = (pN7)?

((P)V/(22¢2))* + (Pa /(e + pa))* = (PuNT)? (2)

Equation (2) is of the form A*” + BY = C* with (A = {pn}m; B =
Prv/(dc+pn); C=paN*)and (2 =2 =2,y =3)

By expanding to a general formula we conclude the following theorem 1

3 Theorem 1 (case (z.y,z) = (n,2n —1,n))

itA*+ BY=(C"

where x, y, 2 and C' are positive integers and A, B are either positive in-
tegers or fractional numbers with =, y, 2 > 2; (z = 2;y = 22 — 1);(a, b, ¢, .., €)
are the newton binomial coefficients of (z1 + ¥, )* with the number of coefficient
H=2—-2and x—a =2, then A, B, and C' have a common prime factor defined
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by

(pn ¥/ (27m* + 27~ La.p,m= 1 4+ 25=2p pZm==2 &+ 2=—¢ pamz=—a) ) L(p ¥/ (2mz + p,))¥ = (p.N*)*
(3)

Where N# is an odd composite generated by a prime p, = 3 using the
equation p2 + 2p,m = p,N*
4 Testing examples

4.1 A and B are non-integers

- Announcement:

By using the theorem 1, find the Beal’s equation A* + BY = C*
where A, B and C have the same prime factor p,, = 7 for the odd eomposite
N* =9 when =7

- Solution:
The integers =, y. z are:
From the theorem 3
r=z=1T
and
y=2r—1=13

The constant m is :
By using the equation p? + 2p,m = p,, N* and solving for m we get

m=1

The constant v is :

The binomial coefficients H and a.b, ..., € are :
H=2-2=5
The 5" consecutive Newton binomial coefficients for (z; + ;)7 are

(1 +11)" =27 + 728y + 212°y% + 352%y? + 3523y* + 21229 + Tzy® + 47
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then

a=Tb=21l:¢=35d=35;e =21

As we found all the unknown values, let’s substitute them accordingly with the-
orem 3

(P ¥/ (27m= 4+ 22—la.p,m=—! 4 22—2p p2m=—2 4 22—3¢ p3m=—3) L 2r—4d pime—4) 4 22—5¢ p5 m=—5))”

+
(pn ¥/ (2m2z + pn))? = (puN*)°
After numerical application, the both right and hand side equals to (7x9)7 =
3938980639167

But the terms with the nth roots are fractional numbers (non-integers)
4.2 A is non-integer, B is integer
- Announcement:
By using the theorem 1, find the Beal’s equation A* + BY = C*

where A, B and C' have the same prime factor p,, = 161039 for, m = 2 and
z=3

By following the same process as the previous example, we found B as an integer

B =p, x 11 = 161039 x 11

5 Theorem 2 (case (z,y,z) = (n,2n—1,n))

if A+ BY =C~

Where z, y, 2 and C' are positive integers and A, B are either positive in-
tegers or fractional numbers with =, y, 2 > 2; (z = z;y = 22 — 1);(a, b, c, .., €)
are the newton binomial coefficients of (z; +y;)* with the number of coefficient
H =z2—2and r—a = 2, then A, B and C' will never have different primes factors.

5.1 Proof of theorem 2

It exists a connection between two different primes p,, and p;, when they gen-
erate the same odd composite, its general formula is defined by the periodic
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equation

Pip; + 2papik =N keZ (4)

The proof of the above equation

Start from the trivial odd numbers equation (p,, + 2k = N*,p,, > 3,k > 0) and
multiply both sides with p,p;

E.g.: for the primes 3,5, they always generate the same odd composite

45+ 30k = 45 k=0
45+ 30k = 75 k=1
45 + 30k = 105 k=2

Rearanging and solving equation 4 for p, we get

N 2
Pe= 57 o
P; 2k
Or as
J.NT 31
Pn = p_’j'{ P ) {5}

2-p§k B 2p;k
Similarly for the same prime p,, and a different prime p; # p;, k # k' we have

N p?
— i i 6
p‘n pi(gpfk; Qpik; ) { }

Replacing the equations 5 and 6 in the theorem 1 we get for B and '
N p?
B = (p; - - 2 ' Pn N
ij(?p?k: ijk)%( mz + py)

N p?
O = ilgmr ~5pn

JN*)*
A, B and C seems to have now different prime factors, but actually, they are
not, because

N 2 N Pn
Pn = pj{ﬁp?k - ijk) _p“(ijkpn N Qk’-)

It implies that A, B and C will always have the same prime factor and their
gdc(A, B,C) = p,, and the theorem 2 is then proved
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6 Corollary (proposition to a generalized proof)
if A* 4+ Bvy =(C*=

Where A, B, C, z, y, and 2 are positive integers such as z,y,2 > 2, then
there are no solutions to the above equation if A, B and C' are coprime

6.1 Proof of corollary
Assume that co-primes p,, # p; # p; exists, and (A = p,A’),(B = p,B’) and
(C =p,C") then A" + BY = C* becomes

(PnA")" + (puB)Y = (pnC")*

By using equations 1,5 and 6, the above equation becomes

N v y_ N [P
(0o + (0 = 52 B = e = 5 (7)

Once again, the above equation seems to have different primes factors, but
it is not, we can always factorize by p, to get

Iz N pn y . N Pn vz
(Pnd) +{p”(2pjkpn e Lp“[h}zk’pn )

We can clearly see that, whenever we want to factorize by a different pI‘llI'lC we
always get the same prime factor p,,. Moreover, the equation p,, = pj{

ijk} = is of the form

Pn = pj}‘ (0 <A< 1) {pn < pj)

As a prime number p is positive integer having exactly one positive divisor other
than 1, then A will be always a positive fractional number, that is to say, the
existence of coprimes in Beal’s equation requires their multiples to be fractional
numbers, We conclude

A, B and C being positive integers will never be coprime and their ged(A, B, C') =

Pn

6.2 Testing example

In this numerical example, we’ll see how the attempts to find a counterexample
of Beal’s conjecture always fail

Announcement

Fin and equation of the form A* 4+ BY = C* with prime factors p, = 3, p; = 5,

pi=T
where A, B, C, z, y, and 2 are positive integers such as (z,y,z > 2).
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Solution
By using equation 4, let’s find the values of k, k' and the odd composite N
for which p2 + 2p, ¢ generates the same odd composite

Papj + 2papik = N
Papi + 2pnpik’ = N
By solving the above system of equations and after mumerical application, we get
18 + 42

k=—g—F

We get then the odd composite N = 105 when [k’ = 1; k = 2]
By replacing these values in equation 7

(34") + (5(0,6)B")¥ = (7(0,42857...)C")*

The above equation has fractional numbers, the algorithms made to search for a
Beal’s conjecture counterexample will then always fail by taking in consideration
just the positive integers, moreover even if these algorithms fall into an equation
with positive integers the above equation will always switch back to the same
factor p, =3

(34" + (3B")Y = (3)C")?

VIIl. Conclusion

There is a deep connection between prime numbers which yields to having only
one prime factor, following this path,we gave a general formula for Beal’s con-
jecture for the case (x,y,2) = (n,2n—1,n) and we proved that A, B and (' can
never be co-prime in this special case, we also gave a proposition in (Corollary)
where we showed the connection between 2 primes, which is most likely the
main reason why A, B, C can never be coprime
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