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Abstract:We present here a result on congruent numbers elliptic curves. We construct an isomorphism class of 

elliptic curves associated to congruent numbers. We show that, two elliptic curves defined overQ and associated 

to congruent numbers which are the areas of two congruent right-angled triangles are Q-isomorphic. We prove 

a relation on the discriminants of congruent numbers elliptic curves, and we pose a conjecture on the 

conductors of congruent numbers elliptic curves. 
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I. Introduction 
 The congruent numbers problem has been the concern of many mathematicians over the years. The 

term"Congruent Number" (CN) comes from Fibonacci, who, in his work Liber Quadratorum (Book of 

Squares),defined a congruum to be an integer n such that nx 2
is a square. A positive integer n is called a 

congruentnumber if n is the area of a right-angled triangle with three rational sides. Jerrold Tunell (in [8]) 

associated to a congruent number n an elliptic curve En over the rational field Q, defied by: 

xnxyE
n

232:       (1.1) 

where 0y . An anonymous manuscript [6], written before 972 showed that this problem was proposed by Al-

Karaji (953–1029) wondering what integers nZ by subtracting them from a square give anothersquare? i.e., 
22 bna  , then n is congruent see [8]. It means that, given a positive integer n, the question isto find a rational 

square 
2a })0{\Q( a such that na 2

 are both rational squares. The triangular version saysthat, given a 

positive integer n, find a right-angled triangle such that its sides are rational and its area equalsn. These two 

versions are equivalent by [6]. Else n is called a non-congruent number (non-CN). It is wellknown that n is non-

congruent if and only if, the rank of the rational points group En(Q) ofMordell-Weil iszero (see [12]). It is also 

known that any positive integer n can be written as vun 2 , where v has no squarefactors (v is a 'squarefree 

integer') and Zu , the set of integers. It is clear that n is a congruent number if and only if v is. Awell-known 

conjecture made by Alter, Curtz and Kubota in [1] says that: every square free integer n verifies 

n is congruent if n 5, 6, 7 (mod 8)    (1.2) 

In 1983 Jerrold Tunnel found an easy formula to test if a number is congruent, see [8]. This formula 

usesthe BSD-conjecture. Consequently, a number n is congruent if and only if the associated elliptic curve 

hasmore than the three obvious solutions )0,0( , )0,(n )0,( n , see [11].Hence, the following problem arises: 

"How can we possibly tell whether or not this cubic equation has lotsof solutions or just the three obvious 

ones?"Bryan Birch and Peter Swinnerton-Dyer found a conjectural answer in the 1960s. Their conjecture, 

presentedat the Clay Math Institute, is already solved by Mohamed Sghiar in [14]. In [5, 7], it is known that for 

a congruent number n, the newform  l

l

l
qaf and the L-function associated to theelliptic curve Enhave the 

same coefficients. 

Let n and n be two congruent numbers associated respectively to the Pythagorean triples ),,( cba  and

),,( cba  such that 

}0{\Q








k
c

c

b

b

a

a
    (1.3) 

i.e. the corresponding right-angled triangles are congruent. Then, for any point 
nnnn

EYXM  ),(  thereexists a 

unique point 
nnnn

EYXM ),(  such that 
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nnnn
YkYXkX 32 and  

     (1.4) 

We prove the following results. 

Theorem 1.1. For two congruent numbers n and n associated respectively to the congruent right-

angledtriangles n and n with the corresponding Pythagorean triples ),,( cba  and ),,( cba  such that

}0{\Q








k
c

c

b

b

a

a
, the associated respectivecurves En and En are isomorphic, and the map 

nn
EE : such that ),(),(),( 32

nnnnnn
YkXkYXYX  is a Q-isomorphism of elliptic curves. 

This theorem can be generalized for mnn ,,1  congruent numbers associated to congruentright-angled 

triangles 
mnn  ,,

1
 , wherem is a non-zero natural number ){0}\N( m .Let miiii cba 1),,( be the 

corresponding pythagorean triples such that 11},0{\Q111  
 mik

c

c

b

b

a

a

i

i

i

i

i

i . We have the 

following corollary. 

Corollary 1.2. Let 
m

nn ,
1

){0}\N( m be congruent numbers associated to congruent right-angled triangles

mnn  ,,
1
 with corresponding pythagorean triples miiii cba 1),,( such that }0{\111


  Qk

c

c

b

b

a

a

i

i

i

i

i

i  

for 11  mi . Then for mi ,,1  there exists a sequence of points 
inii EYX ),(  such that

),(),( 32
11 iiii YkXkYX  11  mi .The curves 

mnn EE ,,
1
  associated to congruent numbers 

m
nn ,

1
are 

isomorphic over Q. 

Consider the following table of congruent numbers, obtained by conjectural relation (1.2) above. This 

is the table ofAlter, Curtz and Kubota (see [1]). 

Table 1.3. 

Table 1.3:Some congruent numbers 
5 6 7 13 14 15 20 21 22 23 24 28 29 30 31 

34 37 38 39 41 45 46 47 52 53 54 55 56   

               

Remark 1.4. There is also a table of non-congruent numbers and a table of unclassified numbers, see[13].There 

is no information on the so-called unclassified numbers. For example, the number 113 not classifiedis 

conjectured non-congruent by Birch and Swinnerton-Dyer in [2]. The number 897 also is supposed notclassified 

because it does not appear on the table of Alter, Curtz and Kubota, but Girardin made an error byconsidering it 

as congruent on his table,see [9]. We prove the following theorem and, based on SAGE software, we state the 

below conjecture. 

Theorem 1.5. Let n and n be two congruent numbers chosen arbitrarily onthe table 1.3 such that dnn  , nn   

where d is a positive integer. Let (En) and (En) be the discriminants of the congruent curves En andEn 

respectively. Then 

)()( 6
nn EdE        (1.5) 

If d = k
2
, then En and En are isomorphic and 

)()( 12
nn EkE        (1.6) 

Conjecture 1.6.Let n and n be two congruent numbers chosen arbitrarily on the table 1.3 such that dnn  ,

nn  where d is a positive integer. Let 
nEN  and 

nEN

 be the conductors of En and En respectively.Then 

nnNN
nn EE 2if2 


     (1.7) 

nnNN
nn EE 3if32 


     (1.8) 

 

 

II. Preliminaries 

Let K be a commutative field. The set 1nK  can be considered as a K-vector space of dimension 1n

.Let 1 nKE , 1 mKF  be two K-vector spaces of dimension 1n  and 1m  respectively, where mn . It 

is well known that the projective space associated to Edenoted P(E) is the quotient (E\{0})/,where the relation 

 is defined on E by: 

}0{\, Eyx  , xy if and only if there exists a scalar }0{\K  such that yx  . 

The map )(}0{\: EEE P  is the canonical surjection and [x] represents the class of x. 
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Definition and remark 2.1. An elliptic curve E over the rational field Q is a projective nonsingular curve 

definedby the projective closure of the zero locus of an equation of the form: 

64
2

2
3

31
2 axaxaxyaxyay      (2.1) 

with Q,,,, 64321 aaaaa . In the others words, E is a set of nonsingular points )(]::[ 2 QZYXP P  suchthat 

3
6

2
4

2
2

32
31

2 ZaXZaZXaXYZaXYZaZY     (2.2) 

This last equation is obtained by changing of variables
Z

Y
y

Z

X
x  , . 

In [15] we know that the set E(Q) of rational points on E is equipped with an abelian group structure. 

Theorem 2.2. See [10] and [19] theorem 15, c) page 13. 

(i) Let aE  and bE  be two elliptic curves defined over a field K by: 

64
2

2
3

31
2: axaxaxyaxyayEa   

64
2

2
3

31
2: bxbxbxybxybyEb   

Then aE  and bE are isomorphic, if and only if, 3*),,,( KKtsru   such that 

























1
2

3
3

2
2

466
6

2
12344

4
133

3

2
122

2
11

23)(2

2

3

2

rtattararraabu

strarstrasaabu

traabu

srsaabu

saub

   (2.3) 

(ii) Let E and E be two elliptic curves over the field Q and defined respectively by the following equations: 

xkxykxxy  3232 and      (2.4) 

where }0{\, Zkk  . Then, these curves are isomorphic over 















4

k

k
Q . 

(iii) Let E be an elliptic curve over a field K. Any isomorphism EE :  of elliptic curves over Qis of the 

form 

),(),( 232 tsyuyurxuyx       (2.5) 

for some 0,,,,  uKtsru . 

Theorem 2.3. (Mordell-Weil) Let E be an elliptic curve over Q. The group E(Q) of Q-valued points onthe 

elliptic curve E is finitely generated. So, 

tors
r EZE )Q()Q(   

where E(Q)tors is the finite torsion group. 

Proof 2.4. See [17]. 

Definition 2.5. The number r in the above theorem is called the algebraic rank of the curve E over Q. 

Definition 2.6. See [20]. Assumen is a square-free integer. Let En/Q be the congruentelliptic curve defined over 

Q associated to n. Then the L-series of En/Q for 
2
3)(  se  is defined by 

  121),(


  p
ss

pn ppasEL  for all pnot dividing 2n, )(se  is the real part of s 

where )(1 pnp FEpa   and )( pn FE  is the curve obtained from Q/nE  thanks to the map reduction 

modulop, i.e. the curve defined over the finite field pF  of p elements, for primes p.  

Conjecture 2.1. (BSD conjecture (weak form)). If r is the algebraic rank of an elliptic curve nE , then )1,( nEL  

has a zero of order r. Equivalently, the Taylor expansion of ),( sEL n  at a neighborhood of s = 1has the form: 

  2
2

1
10 )1()1()1( rrr scscsc  

where all ci are complex numbers and c0 0. 

Definition 2.7. If ),( sEL n  has the following Taylor expansion  

  2
2

1
10 )1()1()1(),(  scscscsEL n  

at 1with 00 c , then we call the analytic rank of En. 
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The BSD conjecture says that the analytic rank of an elliptic curve is equal to its algebraic rank. We 

willalways specify when talking about analytic rank, whereas if we use the term "rank" alone we refer to 

thealgebraic rank. 

Theorem 2.8. 1. If BSD holds, then 0)1,( nEL if and only if n is a congruent number. 

2. Let n be a squarefree positive integer. Then n is a congruent number if and only if the rank of En is positive. 

Proof 2.9. See [18] Theorem 4.8, p. 14 and theorem 5.11, p. 17. 

Theorem 2.10. 1. Let 0n . There is a one-to-one correspondence between right triangles with area nand 3-

terms arithmetic progressions of squares with common difference n: the sets   
2

222 ;:,, abncbacba   and 

  nstnrstsr  2222 ,:,, are in one-to-one correspondence defined by: 

  






 

2
,,,,

22

ab
cba cab  and conversely    srtrttsr 2,,,,  . 

2. For 0n , there is a one-to-one correspondence between the following two sets: 

  
2

222 ;:,, abncbacba   and   0,:, 232  yxnxyyxEn . The mutually inverse correspondences 

between these sets are    
ac

n
ac

nbcba


22,,,   and   




 

y
nx

y
nx

y
nxyx

2222

,,, 2 . 

Proof 2.11. See [18], proposition 2.3, page 6. 

 

III. Proofs of theorems 
We prove Theorem 1.1 first. Corollary 1.2 is proved by induction. We then prove Theorem 1.5. 

3.1 Proof of Theorem 1.1 

Proof 3.1. Let n, n be congruent numbers associated to right angled triangles n , n respectively andsuch that 

k
c
c

b
b

a
a   . We know by theorem 2.9 that the triple  cba ,,  corresponds to the point  

ac
n

ac
nb



22, of En and 

the second triple  cba  ,, is associated to the point  
ac

n
ac

bn




 22, . Now ever nkn 2  becausethere is a k-

homothety and the area transformed is multiplied by 2k . Plugging cba  ,,  by their values in(1.3) we have the 

coordinates  nn YX ,  on the curve nE   given by nn XkX 2  and nn YkY 3 , where  nn YX ,  are the 

coordinates of an arbitrary point on En. It is clear bytheorem 2.2 that, an isomorphism between two elliptic 

curves defined over Q is of the form: 

EEfk :  

),(),( 232 tYskYkrXkYX   

Therefore, the curves En and nE  are clearly isomorphic over Q by theorem 2.2.(ii), since   QQQ 14
2

2










 kn

n . 

Note that the inverse application of such kf , noted kg  is defined by 

nnk EEg :  

),(),( 32
nnnn YkXkYX 





  .      

Example 3.2. Let us consider the three following congruent numbers n1 = 6, n2 = 24 and n3 = 96 with the triples 

)6,3,4( , )10,6,8(  and )20,12,16( .We see here that k = 2, P1 = )72,18( , )()576,72( 122 PfP  and 

)()4608,288( 1
2

23 PfP  . 

3.2 Proof of Corollary 1.2 

This corollary is a generalization of the theorem 1.1. 

Proof 3.3. Let us note ),,( iii cba  the pythagorean triple associated to each congruent numberni, for i = 1, 2, …, 

m. Fortwo elliptic curves 
snE  and 

lnE  such that ls  , then )(2 sl
sl knn  . So these curves 

snE  and 
lnE

areisomorphic and all the curves 
mnn EE ,,

1
  form an isomorphism class of elliptic curves because theyare all 

pairwise isomorphic and we have 

)()(,,)(
1121

times
n

l
kkn

l
knnk EffEfEEf    

for 1l , where kf  is defined as follows 
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),(),(and),(),( 32

times

32 ykxkyxffykxkyxf ll

l
kkk    for any positive integer 1l .   

3.3 Proof of Theorem 1.5 

1. We prove relation (1.5). Let n and n be two congruent numbers such that dnn  , where 0d  isan integer. 

Let En and nE  be the congruent number curves associated to n and n respectively. Weknow that every elliptic 

curve Edefined on the field Q has equation of the form baxxy  32 . Itsdiscriminant is given by 

)274(16)( 23 baE   

So, the discriminant of the curve En is 
264)( nEn   

Hence, since dnn  , we have )()0)(4(16)( 6322
nn EdndE   . 

2. Now we prove the relation (1.6). Let d = k
2
. Let n and n be two congruent numbers such that nkn 2 .Since 

En and nE  are isomorphic by theorem 1.1, then )( nE  and )( nE   are linked by the relation(1.6). So the 

relation (1.7) is verified.           
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