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Abstract
We introduce the exact odd composites counting function and the exact prime counting function
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1 Introduction

In this paper, we use the inclusion/exclusion method to define the exact odd
composites counting function and deduect the exact prime counting function 7(x)
up to a given integer x

Notations
P,, © n-th prime mimber
Pni1 : (n+1)-th prime number
N : odd composite number
 : gap of a sequence
|...] : Floor function

2 Distribution of primes

the prime number theorem describes the asymptotic distribution of the prime
numbers among the positive integers. It formalizes the intuitive idea that primes
become less common as they become larger by precisely quantifyving the rate at
which this oceurs.

According to the Sieve of Rhafli [1], every odd composite N with a variable
¢ € Z7 and p, are all primes except 2 can be written as

P+ 2p,e=N (1)

When the same odd composite N is generated by 2 different primes p,, and
p; we get

P+ 2pnc1 =5 + 2pjea = N (cr,c0 € ZV;N 2 9)

For multiple primes generating the same odd composite N we have

Pa +2pnct = Phiy + 2Ppnsic2 = Phoig + 2Waiacs = .. =pj + 2phen = N (2)
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3 The new prime counting function aspect

If we know the number of odd composites among the odd numbers, we can con-
clude by deduction the number of prime numbers included in a given interval
The percentage of odd composite generated by the prime 3 is (1/3 = 33,33..%),
similarly for the prime 5 (1/5 = 209%). Starting from p; = 3 The sum of the
percentages for large number of primes is

=1

i—o Pi

(3)

Leonard Euler proved[2] that this sum tends to +oo, whereas the percentage
off odd composite among the odd numbers (primes included) must tends to
= 09,99...%

According to the sieve of RHAFLI [1], the odd composites generated by equa-
tion 1 starts from p2 when the integer ¢ = 0, which means that the actual
percentage of odd composites generated by a prime number is less than %

peon) < (4)

Where pe(p,,) denotes the percentage of a prime p,,. For a large prime, this gap
hecomes bigger

The other important term to subtract from 3 is the redundant multiples.
The equation 2 reveals that for given situations, the odd composite N can be
generated by different primes.

The new odd composites counting function is then based on subtracting
the redundant odd composites from the gap of sequences to conclude the exact
primes counting function

3.1 The gap of sequences

According to the equation 1, the series of multiples begin from p? when the
integer ¢ = (.

Then the gap G to eliminate, is the portion from 9 to pi. We use a simple
example to generate a general formula which bypasses the gap &

Given a prime number p, = 5 and the interval [25,45], where the exact
multiples [25, 35, 45] generated by the prime 5 using sieve of Rhafli [1] equal to
3
From the figure 1 below, we see that the exact multiples of p,, are [25,35, 45]
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25 35 45
27 29 31 33 37 39 41 43
| [ 11 1 I .
Figure 1

The number of odd numbers (primes includes) is

((45 — 25) + 2)% =11=A4
While the number of odd composites is

A 1
(5 +2z
We generalize the following theorem
Theorem 1 :

for any given prime 3 <p, < N, it generates exactly the number of multiples
n(M) as

N +2p, — p2
M= | ——M=
M) { 2pn
Thus in general
Pn Em T ]
N+ 2pn — py,
donMy= Y {TJ (5)
Pn=3 "

3.2 Redundant odd composites

The equation pi + 2p,.c generates in some cases the same odd composites for
different primes, ex: for primes 3,5, 7 the same multiple 105 is generated, our
new prime counting function must bypasses these redundancies

As explained in page 4 of sieve of RHAFLI [1], the redundancy oceur when
2 different prime numbers p,, and p; satisfies the equation

pap; + 2p,.p;m = N, (meZ") (6)

for instance, the primes 3 and 5 generate the same multiples at a rate of

45 + 30m = N, (me Z*)

Note that, the equation 6 must calculate the redundancies only when they exist,
for example, according to equation 1, the first odd composite generated by the
prime 11 is p?; = 121. whereas if we want to calculate its redundancies with
prime 3, equation 6 (p2p; + 2p.p;m = 99 + 66m) will start counting from 99
when m = 0, to avoid having negative values during calculation, we’ll consider
divide the portion (N — p;) with the period (2p,,.7)

Let n(R) be the number of redundancies such that the primes p,, < p; and N
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is an odd composite p; < VN

N —p3
n(R) = D,

And in general

(7)

Z R = Z "o Z EZ 2pnpj1

n=1 7=1

pn1<VN pn {-‘V—pz‘
- J

3.3 The odd composites counting function

Let 7'(z) be the number of odd composites up to x, we define the odd compos-
ites counting function as the (Gap of sequences - the odd composites redundan-

cies),ie;: m'(x) =3 n(M)— > n(R) as

p“{v'l— . 9 Prn— 1{\F Pn 1'
' N +2p, — an
MIEy = _— =
l{ } Z l Qpn Z (Z 2I:"J"ap;1+1

Pn=23 n=1

4 The prime counting function

The new prime counting function is using inclusion/exclusion principle and
deduct the exact primes up to x, as our odd composites counting function
is defined in the interval of odd numbers in the interval [9, x|, we add the first
4 trivial primes and we conclude the exact prime counting function from [0, 2] as

m(r) =4+ ll‘_g +1J m'(x)
And then as

1'1“:‘_::‘\("'I b ] Pn—!gﬁ Pn &

r—9 r T+ 2p —p*J r—p;
mIT =':]:+ —+l — _n n + J 8
") { 2 J 2 { 2, 2 [; el L

Pn—=23 n=1
5 Testing example

in order to clarifv how the algorithm works, here is a simple example

Calculate the number of primes up to N = 200

5.1  Primes involved
The primes except 2 such as p,, < ﬂﬂﬂl]} are : [3,5,7,11,13]
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5.2  Number of odd composites

According to equation 5
For p, =3

{‘ZDU +Gi3 — EIJ _ 2

Similarly for primes 5,7, 11. 13 we get consecutively 18, 11,4,2
Then the total number of odd composites generated by these primes are

13

Y n(M) =67

p=3

5.3 Redundant odd composites

According to equation 7, the number of redundancies between 2 primes is given
by the following table

Primes |3 | 5| 7| 11| 13
5 i}

T a2

11 11110

13 1{1[0]0

Then the total number of redundancies is

Y n(R)=14

We conclhide then the number of primes up to N = 200 from equation 8

7(200) = 46

the actual number of primes up to 200 is 46, then the margin error in this
example is 0
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