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Abstract:

In this study, we define a type of generalized quaternions whose coefficients are a generalization of Fibonacci
and Lucas quaternions. We give Binet — like formulas and generating functions for these kind of quaternions. By
using Binet — like formulas, we obtain generalizations of some well — known identities such as, Vajda’s,
Catalan’s, Cassini’s and d’Ocagne’s identities.
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. Introduction
Fibonacci and Lucas sequences are two well — known sequences among integers sequences. Fibonacci

sequence is the sequence of the numbers which satisfy the following second order recurrence relation

Fn=Fn—1+Fn—2 (TlZZ)
where the initial conditions F, = 0 and F; = 1. The numbers which form the Lucas sequence satisfy the same
recurrence relation except the initial conditions. Lucas numbers satisfy

Ln = Ln—l + Ln—Z (Tl 2 2)
where the initial conditions L, = 2 and L; = 1. Generating functions for the Fibonacci sequence {F,};>—, and
Lucas sequence {L, };—, are

—x
F, ZL
Z x" 1—x—xzand x" 1—x—x2

respectively. Binet formulas for the Fibonacci and Lucas numbers are, respectively

‘Bn
E, = —andLn =a”+ "
B
1+\/_ 15
where a = ——and 8 = — - are the roots of the characteristic equation x> — x — 1 = 0 and the positive root «

is known as golden ratio”. See [8] for details.
Another pair of integer sequences are Pell and Pell — Lucas sequences. Whereas Pell sequence consists

of the numbers that satisfy another second order recurrence relation

P,=2P,_1+P,_, (n=2)
where the initial conditions P, = 0 and P; = 1, Pell — Lucas sequence consists of the numbers that satisfy the
same recurrence relation

Qn=20,1+0Q> (n=22)
where the initial conditions Q, = 1 and Q; = 1,Generating functions for the Fibonacci sequence {P,}—, and
Pell — Lucas sequence {Qn},‘fzo are

ZPx”— —————and Qnx ”—72_29( .
1-—2x " —2x —x?
respectively. Binet formulas for the Pell and Pell — Lucas numbers are, respectlvely
6‘?’1 — yn 6?’1 + y
P, = 5=y andQ,, = >

where § = 1 ++/2 and y = 1 — /2 are the roots of the characteristic equation x> — 2x — 1 = 0 and the positive
root « is known as “silver ratio”.See [9] for details.
The last sequences we mention, satisfying a second order recurrence relation, are Jacobsthal and
Jacobsthal — Lucas sequences. Jacobsthal numbers satisfy the recurrence relation
]n =]n—1 +]n—2 (Tl = 2)
where the initial conditions J, = 0 and J; = 1. Jacobsthal — Lucas numbers satisfy the same recurrence relation

jn =jn—1 + 2jn—Z (Tl = 2)
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where the initial conditions j, = 2 and j; = 1. Generating functions for the Jacobsthal sequence {J,};—, and
Jaconsthal — Lucas sequence{jn},‘;"_0 are

—x
Z]" —2x Zansz" 1—x—2x2

respectively. Binet formulas for the Jacobsthal and Jacobsthal —Lucas numbers are
on — v
]n - 0 —v

andj, = 0" +v"
respectively.

There are many generalizations of these three families of integer sequences. Bilgici [3] gave one of
them by changing recurrence relations. The generalized Fibonacci and Lucas sequences are defined by the
numbers that satisfy the recurrence relation

fO = O;fl = 1' fn = 2a'fn—l + (b - az)fn—z(n = 2)

lO = z’fl = Za, ln = 2af‘n—l + (b - az)ln—z(n = 2)
where a and b are any real numbers. Taking (a, b) — G’Z)’(l’z)and (%,%)generalized Fibonacci and Lucas

sequences reduce to classical Fibonacci and Lucas sequences, Pell and Pell — Lucas sequences, Jacobsthal and
Jacobsthal — Lucas sequences, respectively. Binet formulas for these generalized Fibonacci and Lucas numbers

are
an __pn
fo = 4
a—p
where @ = a + vband B = a — /b are the roots of the characteristic equation x> — 2ax — (b — a?) = 0.
Quaternions were introduced by Sir Hamilton in 1853 to extend the Complex numbers. They forms a
skew fields and have three imaginary units. The set of all Hamilton quaternions is
H:={a+bi+cj+dk:ab,c,d€R,i’?=j?=k?=ijk—1,ij =—ji=k,jk=—kj=iki=—ik =}
Here, we study on generalized two parameters quaternions which is a generalization of Hamilton
quaternions. The set of these quaternions is
Q={a+bi+cj+dk:ab,c,deR]}
and the multiplication table of the set {1, i, j, k} is given in the following table.

and

andl, = a™ + "

Table 1. Multiplication rules of the set {1, i, j, k}.

1 i j k
1 1 i j k
i i -1 k —Aj
J J —k —U ui
k k Aj —ui —Au

This generalization gives Hamilton quaternions for (4, 1) = (1,1) and split — quaternions for (4, ) = (1,—1).
Let g = a + bi + ¢j + dk be a generalized quaternions. Then the conjugate of q is ¢* = a — bi — ¢j — dk and
the norm of q is N(q) = \/1qq*| = /1a? + b2 + c2u + d?2A u.
Fibonacci quaternions were introduced by Horadam [6] as follows
Qn = Fn + iFn+1 +an+2 + an+3
and Lucas quaternions were introduced by lyer [7] as follows
Kn = Ln + iLn+1 +jLn+2 + kLn+3-
After them, there have been many studies on quaternions whose coefficients are members of any integer
sequences. Halici [5] gave the following Binet — like formulas for Fibonacci and Lucas quaternions
aa™ — fp"
Op=—"—"7—
a—=p
where @ = 1 + ia + ja® + ka® and f =1+ if + jB? + kB>. Akyigit et al. [2] defined split Fibonacci and
split Lucas quaternions and gave some properties of these kinds of numbers. Akyigit et al. [1]examined
Fibonacci and Lucas quaternions over the generalized quaternion algebra Q. There are some studies about
Fibonacci and Lucas numbers or generalizations Fibonacci and Lucas numbers over the quaternion algebra.
Similarly, some authors studied on quaternions whose coefficients are Pell and Pell — Lucas numbers [4,11],
while some studied on quaternions whose coefficients are Jacobsthal and Jacobsthal — Lucas numbers [10,12].
We study on generalized quaternions whose coefficients are generalized Fibonacci numbers f, and
generalized Lucas numbers ,,.

andK, = @a™ + Bp"
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I1. Definitions, Generating Functions and Binet — Like Formulas
Definitions of generalized Fibonacci and Lucas quaternions are in the following.

Definition 2.1. For any non-negative integer r, the rth generalized Fibonacci and Lucas quaternions are
Sn = f;l + ifn+1 +jfn+2 + kfn+3
and
Tn = ln + iln+1 +jln+2 + kln+3
respectively, where f,, and [, are as defined above, and the elements of {1, i, j, k} satisfy multiplication rules in
Table 1.

By using identities f_, = e b)nfn and l_, = mln, we obtain generalized Fibonacci and Lucas

quaternions for negative indices
1
S_p = —m[fn — ifn-1+jfa2 — kfn-sl
and
1 . .
T, = m[ln —ily 1+ jly — kly 3],
We also obtain the following recurrence relation for generalized Fibonacci and Lucas quaternions
Sn = ZaSn_l + (b - az)Sn_z

and

Tn = ZaTn_l + (b - az)Tn_z.
We give generating functions for the sequences of generalized Fibonacci and Lucas quaternions
without proof because of their straightforwardness.

Theorem 2.2. The generating functions for thegeneralized Fibonacci sequence {S,};—, and the generalized
Lucas sequence {T,, };°—, are

O ., i+2aj+(Ba + bk +x[1+ (b —ad)j + (—2a + 2ab)k]

Z Sn¥" = 1—2ax — (b — a?)x?

and
i o= 1+ ai+ (a®? + b)j + (a® +3ab)k + x[—a + (b — a®)i + (—a® + ab)j + (—a* + b?)k]
nx =
n=0

1—2ax — (b — a?)x?
respectively.

Binet — like formulas for the generalized Fibonacci and Lucas quaternions are given in the following theorem.

Theorem 2.3. For any real numbers a, b and any integer r, the rth generalized Fibonacci and Lucas quaternion
are
a — [ pn
5 _a@ = Fp"
a—p

T, = @a™ + BB"
wherea = a+ Vb, =a—+Vb,&@ =1+ ia+ja? + ka®andf = 1+ if + jB% + kB>.
Proof. From the definition of the generalized Fibonacci quaternions, we have

S - fn + lfn+1 +]fn+2 + kfn+3
a® — ‘Bn ‘Bn+1 n+2 ‘Bn+2 n+3 ﬁn+3

B e e B B ey

y [a"(1 + ia + ja? + ka®) — B*(1 + iB + jB* + kB>)].
The last equation proves the theorem. Binet — like formula for the generalized Lucas quaternions can be
obtained in a similar way. [1[]

We need the following identities with Binet -—like formulas to obtain the properties of generalized
Fibonacci and Lucas quaternions.

and
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Lemma 2.4. For any real numbers a and b, we have
@B = M + 2(a®* — b)VbN

and
fa =M — 2(a? — b)VbN
where
M=Ty—1-(a?—b)A— (a® — b)*u — Au(a® — b)?
and

N = (b — a®)ui + 2Aaj — k.

We easily obtain this lemma by using the multiplication rules in Table 1. Now we can obtain some well —
known identities by using Binet — like formulas and Lemma 2.4.

I11. Results
First we begin with Vajda’s identities which is given in the next theorem.

Theorem 3.1. Forany real numbers a, b, any integers p, q and r, we have
Sp+q5p+r - Sp5p+q+r = (aZ - b)pfq(Mfr - (aZ —b)NL.)
and
T, +qu+r Tpr+q+r = _4b(a2 - b)pﬁy(Mfr - (aZ —b)NL,).
Proof. From the Binet — like formula for the generalized Fibonacci quaternions in Theorem 2.3, we obtain
Sp+qu+r - SpSp+q+r

N ﬁ [(@ar*® — gpr*a)(aaP*™ — pP+7) — (@a? — BBP)(@aP+a+ — pprtatr))

= i [—&ﬁa“qﬁ”” — Ba@aPtT BPHe 4 GRaP pPHITT + gdap+q+r’gp]

mz}i [~aBatpr - fac’p? + aBpTT + faat]
(a? b)p
=——[app (B? — a®) + faa" (a’ — )]
u[w + 2(a? — BYEN)BT (8 = a?) + (M = 2(a? — VBN (a? — )]
(a — b)?

oV ————f,[(-M = 2(a® = b)VbN)B" + (M — 2(a? — b)VbN)a"]
= (a* - b)f,(Mf, — (a* — b)NL,.).
The second identity in theorem can be obtained similarly. [
Taking (a,b) - (%,%),(1,2)and Gz) Vajda’s identitiesfor generalized Fibonacci and Lucas quaternions

gives the following identities for the Fibonacci and Lucas, Pell and Pell — Lucas, Jacobsthal and Jacobsthal —
Lucasquaternions

Sp+q5 = Sp+q+r = (- 1)pF (MF. + NL,),T, p+q p+r Tpr+q+r = _5(_1)pEI(MFr + NL,).
Sp+q5p+r S Sp+q+r - ( 1)pP (MP + NQT)'Tp+qu+T T, Tp+q+r = _8(_1)qu (MPr + NLr)

and
Sp4qSp+r — SpSpaqar = (_z)p]q(M]r + er):Tp+qu+r L Thiqer = _9(_2)p]q(M]r + Nj,)
respectively.

If we take r — g, Vajda’s identitywith the identity f,l, = f;,reduces to Catalan’s identity which is
given in the following theorem.

Theorem 3.2. Forany real numbers a, b, any integers p and g, we have

2 p—
Sp+qSp—q = [Sp]” = —(a® = b~ U(Mf} + (a® = b)Nf3,)
and
2 -
Tp+qTp—q [Tp] = 4b(a* — b)P "1 (Mf}? + (a® — b)frq)-
The most important result of the Catalan’s identity is the Cassini’s identity. Setting ¢ — 1 in Catalan’s
identity, we obtain Cassini’s identity given in the following theorem.

Theorem 3.3. Forany real numbers a, b, any integerp, we have
Sp+1Sp-1 — [S, ] = —(a? — b)»"Y(M + 2a(a? — b)N)
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and

TyiTy1 — [T,]° = 4b(a® — b)P~1(M + 2a(a® — b)N).

p

Another well — known identity is d’Ocagne’s identity which can be found in the next theorem.

Theorem 3.4. Forany real numbers a, b, any integers p and q, we have
SpSq+1 = Sp+1Sg = (a® —b)1[Mf,_, + (a® — B)N1,_,]
and
T, Tys1 — Tp1Ty = —4b(a® — b)1[Mf,_, + (a* = b)NL,_,].
Proof. From the Binet — like formula for the generalized Fibonacci quaternions in Theorem 2.3, we get
Squ+1 - Sp+15q

e (T T B G G )
= o [-@Barpr — faat g + @far g + faat o]

1.~ ~
= E[&ﬁa”ﬁq(a —B) — Baa’p?(a - p)]

_(a*-b)1

T [(M + 2(a? = b)VDN)a?B? — (M — 2(a* — b)VbN)a?47].

The last equation gives the first identity in the theorem. The second identity can be obtained similarly. [
Again taking (a,b) - (%,%), (1,2)and G,%) we obtain the following d’Ocagne’s identities for the Fibonacci
and Lucas, Pell and Pell — Lucas, Jacobsthal and Jacobsthal — Lucas quaternions

SpSqr1 = Sp+18q = (F1UMfyg = Nl ] T, Tz = Tpa Ty = S(=1)T [Mfy g — Nl ]

SpSq+1 ~ Sp+15¢ = (_1)q[Mﬁ1—q - Nlp—q]'TquH —Tpnly = 8(_1)q+1[pr—q - Nlp—q]
and

SpSq+1 ~ Sp415q = (_Z)q[pr—q - ZNlp—q]'TquH —Tpnly = 9(_2)q+1[pr—q - ZNlp—q]

respectively.
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