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Abstract:The spread of coronavirus disease 2019 which emerged from Wuhan, China is still on the increase
across the globe even though some regions are gradually recovering from the vast impact of the disease. As at
10:41am CEST, 5" June, 2020, there have been a total of 6,515,796 confirmed cases of COVID-19 globally with
387,298 deaths. Mathematical modellinghave played great roles in studying the dynamics of diseases.
Consequently, this paper derives an SEIRM time delay mathematical model with awareness for the spread of
COVID-19. The model is analysed for various steady states and their stabilities and the basic reproduction
number determined for the spread of the disease. Furthermore, with delay in awareness considered as Hopf
parameter, we investigated the endemic steady state for Hopf bifurcation using differential-delay method. The
outcome of the analyses show that with the basic reproduction number less than one, the disease-free steady
state is asymptotically stable for all values of the delay parameter but when greater than one there exists unique
endemic steady state within the feasible region. The endemic steady state is asymptotically stable but undergoes
Hopf bifurcation at certain value of the delay parameter. Consequently, increasing delay in awareness
dissemination could destabilize the endemic steady state of the system.
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I.  Introduction

The recent outbreak of coronavirus disease 2019 also called COVID-19 by the World Health Organisation
(WHO)*?**  has destabilized the regular daily functions of individuals across the globe and has caused several
untimely deaths. Report from the WHO Coronavirus Disease (COVID-19) Dashboard as at 10:41am CEST, 5"
June 2020 shows that there have been 6,515,796 confirmed cases globally with 387,298 deaths®.

Studies have shown that accurate reporting of disease cases and global awareness campaigns play a very
important role in containing the outbreak of a disease®’. The more people are aware of the mode of transmission
and preventive measures, the better their behaviour in preventing and curtailing the spread of the disease.
Importantly, the simultaneous spread of awareness with diseases often result in some unexpected reactions which
in most cases play positive or negative role on the disease transmission. According to Tcheuncheet al.”, proper
news reporting has the capability to reach and change the knowledge, behaviour and attitudes of a large proportion
of the community.

In the last few months, some researchers have tried to establish the effectiveness of some of the
preventive and control measures put in place by WHO and some Government policies to curb the spread of the
disease. These measures include lockdown and centralised quarantine®, travel restrictions®, the effective use of face
masks’, closure of schools and suspension of social gatherings™®, social distancing™**?, regular and proper hand
washing™, among others. A number of mathematical models have also tried to describe the dynamics of the
evolution of COVID-19; from predicting the epidemic peak of the disease in certain regions******* to computing
the efficacy of some treatment measures*®*".

In modelling the impact of awareness on the spread of infectious disease and its control, there are two
notable approaches been used to include information awareness into the framework of the epidemic model. The
first approach, usually represented by an exponential function, is to directly incorporate the effects of information
into the transmission rate of the disease, which in turn reduces disease transmission as a result of disease
awareness™®®, The second approach is to introduce a separate compartment representing the level of disease
awareness within the population. Hence, transitions between the classes of unaware and aware individuals within
the population depend on the level of awareness in circulation®?#-22324,

The connection between the existence of time delay in reporting of infected cases and human response to
available information about a disease is of practical importance. Zuoet al.?* proposed a mathematical model with
delay to capture the impact of awareness programs on the spread and control of infectious disease using a separate
compartment M to account for the delay in reporting infectious cases. Zhao et al.” incorporated media awareness
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with time delay in an SIRS epidemic model while Agabaet al.® considered an SIS epidemic model which focused
on the dynamics of a simultaneous spread of an infectious disease with the spread of awareness and delayed
response of individuals to available information.

From the aforementioned, the dynamic of each model is determined by the basic reproduction number
Ry For Ry <1, the disease-free steady state of each model is stable but unstable for Ry >1 regardless of the
value of the time delay. However with R, >1 and the absence of time delay, each endemic steady state is stable
provided it is biologically feasible but can undergo Hopf bifurcation at certain value of the delay parameter.
This paper evaluates the impact of awareness and the delay in individual response to awareness as regards the
spread of COVID-19 by proposing an SEIRM epidemic model having the level of awareness dissemination as a
separate compartment.

Il. Model Derivation

A Susceptible-Exposed-Infective-Removed (SEIR) epidemic model with the inclusion of a
compartment M for the level of awareness in circulation is formulated for the spread of coronavirus disease
2019. The model took cognisance of individuals within the susceptible population aware of the spread of the
disease and thereby employing some control measures which in turn reduces their susceptibility by the factor
0<¢<1. Considering these set of individuals as a proportion p, of the susceptible population implies
S=psS+0sS=S, +S,, where p; +gs =1and S, denotes the aware susceptible while S, represents the
unaware susceptible population.

Likewise, since some COVID-19 cases are known not to exhibit symptoms of the disease (that is, the
asymptomatic infective), the total infective individuals are considered in terms of the symptomatic infective, I
and the asymptomatic infective, 1, respectively. Consequently, I=I;+1,=ql+ pl with gdenoting the
proportion of the I population and g+ p=1. It is assumed that the symptomatic infective individuals, I
represent those who developed symptoms of COVID-19 and are clinically confirmed positive of the virus. Their
recovery rate is presumed to be enhanced by the factor 5 as a result of medical aid which facilitates their
recovery process.

Based on the aforementioned, the following system of equations is obtained for evaluating the spread
of coronavirus disease 2019:

das, A5yl

d ~ N

dSe _ Bl

dt N

%—E:ﬂilnl+¢—(a+w)E 1)
%:aE—[ﬂ+g(§q+ Pl

dR

W:[/1+g(5q+ p)]l + wE

where S, +Sy +E+1+R=N, isa constant population.The parameter /£ is the transmission rate of the disease,
a is the rate at which the exposed are confirmed infective within the incubation period of the virus, which
implies 1/« is the incubation period of the disease. The parameter ¢ is the recovery rate while A is the
disease-related death rate and @ represents the rate at which some suspected cases (within the exposed) are
declared to be negative and reunited with immediate families. They are presumed to have developed antibodies
which are resilience to the virus thereby making them non-susceptible and since there is no current medical
evidence of reinfection, they are moved to the removed compartment.

Furthermore, the inclusion of an additional compartment M representing the level of awareness
dissemination within the population both from global and local sources of information and accounting for the
delay 7 in the implementation of awareness (that is, the time interval between when information is accessed by
the susceptible, processed and then put into action by changing their behaviours), gave the novel model equation
(2) and the model diagram in Fig. 1.
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ds I
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with the initial conditions S,(0)=S, >0, S$,(0)=S, >0, E(0)=E;=0, 1(0)=1,>0, R(0)=R, =0,
M(\V)=d(v) >0, —r<v<0,
defined within the region
o={(Sn.S.E.1,LR,M)eR®, 0<S,,S.EI,R<N, 0<M <M}
where

¥ :max{Mo,%f%}

with @, denoting the rate of dissemination of awareness with respect to disease from global sources such as the
media, awareness campaigns and so on. The parameter ¢, is the awareness rate as a result of reported number
of infections, ¢, is the rate of awareness arising from the aware individuals (local source), and A, represents the
rate at which the general level of awareness dissemination diminishes.The aware susceptible lose their
awareness at the rate 4, and thereby become unaware susceptible individuals whereas 7 is the rate at which the
unaware susceptible individuals become actively aware of the disease.
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Figure 1:Model diagram: dynamics of transition associated with the various compartments. Single-head arrows indicate processes not
subject to contact while double-head arrows indicate transition processes involving contact in relation to the disease (solid lines) or
awareness (dash lines).

I11. Model Analysis
This section presents the analysis of the model equation in two aspects. The first is the analysis of the
steady states of the model and the second aspect discusses the stability of the various steady states of (2) and the
possible occurrence of Hopf bifurcation.

Steady States of the Model Equation
Analysing the model equation (2) gave two steady states: the disease-free steady state defined within the region
@ and the unique endemic steady state defined at some point in the interior ¢ * of @ with the disease-free state

also defined within this region (similar to the result obtainedby Wei et al., [25]). The disease-free steady state of
the model is obtained as E2 = (S, Sx,0,0,0,M) with

$,=Nh,, $,=N(-h,), M:%‘%h‘) 3)
0
and
1 Aok + 10, 1 Aok + 10, o,
h=—l—0k oj+\/_[l_ok oj+_o 4
g 2( T 7 T R @

where 0 < h, <1 is always satisfied for all values of @, >0 whereas for o, =0, it is satisfied if n¢g, > A4 .

The basic reproduction number of the dynamics, R, which is defined as the average number of
secondary infections that a single infective individual can generate within the entire susceptible population, is
obtained as
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R, = /Ba(én+¢i§k) _ ,30((1+ﬂ’10—h0) (5)
" N@+o)[A+e@+p)] (a+o)i+e@+p)

which gives a disease-free steady state when it is less than one and an endemic steady state if greater than one.

The endemic steady state of (2) is obtained as E; =(S;,S¢, E*, 1", R*, M ™) with
« _ Ngsmy « _ Npsmy «_ Nmmg
S 1. SRS L

m, m, T ala+ o)’
_N(a)o+ao|*)+¢08;
= N

Nm Ao + - Nn(myw, +m
where m, (@ + )[4+ £33+ P)]. M, = P, +G5), o = 2Pt IO Tt Tupte)

The disease endemic steady state is feasible if mz >0 and [(my/m,)+ (mymg/ (e + @)) + my] <1 for values of
ps €(0,1). Fig. 2 gives a pictorial presentation of the feasible region of the endemic state obtained from a
numerical simulation with varied values of some parameters.
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Figure 2:Steady state regions showing the disease-free state( R, <1 ) and the feasible region of the endemic steady state (with r,>1 )for values
of p,e(0,2) and varied values of (a) =, (b) 7 (c) g and (d) 4, . The value of o, in (b)-(d) is 0.2, 7=0.25in (a), (c) and (d), while g=15 in (a),
(b) and (d), 4, =0.4 in (a)-(c). The values of other parameters used are: 4,=0.3, ¢,=03, @=0.14, 4=003, w=035, §=006, £=0.07, §=2,
q=07, p=03.

Stability of the Steady States and Hopf Bifurcation
The characteristics matrix obtained from the linearization of the model (2) near any of its steady state

(S,,S¢.E,I,R,M) gives the following characteristic equation:

plp? + p(a + @+ 8g) + (a + @)3g — (@5 + a6 )1 [ + 1 (My + o) + (M + AoMy) + AoMs — 84872, (8 + 1)1 =0
()
wherem, =&, +a, +ag + A4, My =ayA +a»(8y +a3) , i is the characteristic eigenvalue.
_A B " BB _ b

N %2 ag=7nM, a,=1S,, a = N 8=y A= g =Ate(d+p) a =e T (8)

& TN

Theorem 1:The disease-free steady state of the model equation (2) is linearly asymptotically stable if Ry <1 for
all z>0, bifurcates at Ry =1 and become unstable when Ry >1, where R, is as defined in (5).

Proof:
Considering the characteristic equation in (7) at the disease-free equilibrium or steady state gives

121 + (o + o+ 3g) + (@ + w)ag — a(8s +8g)] [u” + 1(8g + A + o) + Ao (83 + ) — 84378, ] = 0
Hence, two of the eigenvalues are 44 , =0, two others are determined from
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,u2 +u(a+w+ag)+(a+w)ag—a(as +ag) =0
which gives two negative eigenvalues if
(a+w)ag —a(as +ag) >0
= (a+o)[A+e(q+ p)]—ﬂa(?\l—”+%J>0 .

Substituting the values of §n and §k as defined in (3) gives
Pal+gh, —hy)
Ro = <1.
* " (a+o)[A+e(@+p)]

The eigenvalues z4, =0 indicates that it bifurcates at R, =1 and become unstable when Ry >1. The
remaining two eigenvalues are obtained from the roots of the transcendental equation

P+ (@ + A+ Ao) + 2o (83 + i) —uar€ T =0 9)

For =0, it reduces to
P+ (@ + A+ A0) + Ao (83 + A) — 8487 =0

whose roots are all negative if

ﬂfo(ag +/1k)_a.4a7 >0 & /7,0(77|\7| +/1k) > 77¢’2|Sn
substituting the values of S, and M from (3) gives
Aok + 1100 +1gNe > (1—hy) N h«ﬁ%[i—%j
0

and by the definition of h, given in (4), the above condition is always satisfied. Hence, the disease-free steady
state is stable for z=0provided Ry <1. Next, to check if there exists any positive root for which (9) is unstable
for >0, wp=ix is substituted since x#=0 is not a solution of this equation as seen for z=0. Consequently,
(9) becomes

—x2 +ix(ag + A + o) + Ao (83 + A ) = aga;e "
= aua7[cos(xz) —isin(x7)]
and equating real and imaginary parts give the following system of equations:
— X2+ A (a3 + A ) = a4a7 cOS(X7)
x(az + A + Ay) =—a4a; sin(xr)

Squaring and then adding both equations in (10) generate

X+ X245 + (3 + A) 71+ [o (83 + A) + A4ar ][ o (B3 + A ) — 2437] =0
Hence, since A,(az+A¢)—asa; >0 it implies that there exists no positive rootx >0 for which u=ix.
Therefore, the disease-free steady state is linearly asymptotically stable for all = >0 provided Ry <1. o

(10)

Analysing the model (2) at the equilibrium state shows that for | >0

/S, P _(aroire@+pl_
N N a

= aas+as)—(a+w)ag=0 (12)
and

(NAo A —1166S7)Sk =[N77 (@6 + 1 ™) + fA51 1S5 >0
which implies that

A‘O/’Lk > % = a4a.7 (12)
Consequent on (11), the characteristic equation in (7) at the endemic steady state is the same as
1o+ a+ o+ ag) [ + 117 (Mg + Ag) + (M + AgMy) + AoMs — A2, (ay + £)] =0

which gives the first two eigenvalues as z4, =0, the third as 5 =—(a+@+ag) and the remaining eigenvalues
are determined from the roots of the transcendental equation

13+ P (g + Ao ) + p2(Ms + AgMy) + A — 8487 (3 + p)e 7 =0 (13)
For =0, it reduces to a cubic equation
12+ 1P (Mg + o) + 41(Ms + AgMy — 8487 ) + AoMs — Bya4a7 =0.
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By Routh-Hurwitz criterion for stability, this equation has roots with negative real parts if and only if the
following conditions are satisfied:

My +4,>0, Mg+ Am —ayay >0, AoMs—aar >0, (M +4,)(Ms + AoMy —ayay) > AoMs — 3437 (14)
The first condition is always satisfied since
my+ A, =8 +a, +az+ 4 + 4, >0.
The second condition gives
Mms + A,My —aza; > A,My —ayay
=o(8g +az +a3+A) —a4dy
> Ao —84a7 >0
which is also satisfied based on the inequality in (12). Similarly, the third and fourth conditions also hold since
AoMs —aay87 = Ao[andy + a2 (a1 +a3)] - a4y
>3y (oA —a437) >0
and
(Mg + Ao)(Ms + AoMy —8487) = 81 (Ms + AoMy) + (A2 + a3 + A ) (M5 + AoMy — 84a7) + Ao (AoMy —8487) + AoMs — 442y
> AoMs — yasdy

respectively. Therefore, the endemic steady state is asymptotically stable for z=0.

Next, it is necessary to check if there exists any positive solution of x for which the endemic steady
state losses its stability for z>0 since it has been established to be stable at z=0. It is obvious from the
inequality (14) that =0 is not a solution of (13), therefore the endemic state will become unstable if there
exists a positive root g =ix. Hence, substituting x =ix into (13) gives

—ix® = X2 (Mg + Ao ) +iX(Ms + AoMy) + AoMs = 843, (ay + ix)e ™"
= —ix3 = x3(My + Ao) +iX(Ms + AoMy) + AoMs = @437 (ay +ix)[cos(xz) —isin(x7)]
Equating real and imaginary parts give

—x%(My + A) + AoMs = aya,a; COS(X7) + aza; Xsin(X7)

(15)
=%+ X(Ms + AgMy) = 847X COS(XT) — &ya,a7 SIN(X7)
The following equations are obtained as a result of expressing (15) in terms of sin(xz) and cos(x7) ;
sin(xz) = X°[ay — (Mg + 40)]+ X[ﬂzbomsz—al(ms +AoMy)]
azaz(af +x
4 7( 1 ) (16)

A AoMs + X2 [Ms + A,My —ag (Mg + 44 )] x*

cos(X7) =
a4a; (af + x?)

which implies

2 ~ A4
rnzi cost & AoMs +X“[Mg +%“14 azl(m4 +40)]-X +om| n=012..
X asaz(a; +Xx°)

Summing the squares of both equations in (15) generates
X2+ X (Mg + 46)% = 2(Mg + Aoy )]+ X2[(Ms + AoMy)? = 2Ms (My + Ag) — (8427) ]+ (AoMs + 318437 ) (oM — y8437) =0

Let

Yi=(Myg+40)% =2(Ms + AoMy), Y = (Mg + AgMy)* — 2,Ms (M + 4,) — (4a7)* and
Y3 = (AoMs + 3,487 ) (A, Ms —mayay),

then it implies that the equation for the Hopf frequency become

f(X)=x8+yx* +yox2 +y;3 =0 (17)
= f/(X)=6X° +4yx +2y,x = 2x[3x* + 2y;x% + y,]

and considering 7 as the Hopf parameter, without any loss of generality, it is assumed that there are six distinct
positive real roots, x;, i=1...,6, then for each x

1[005_1[ Aol + XJZ[mS + oMy —ag(My + 40)] - X[i1

Tin=
in =3 2.2
X aya7(af +Xj)

]+2n(n—l)], j=1...,6, neX

]

Hence,
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fo=fin =, MmN tink X=X, (18)

To investigate if the endemic steady state actually undergoes Hopf bifurcationat z=17,, the sign of
d[Re()]/dz is computed by differentiating (13) with respect to 7 . This gives

d —UT —UT d —HT
[344% + 244(Mg + ) + (M + Zoma)] = = [Agare ™" — & " aua (ay + u)] = — asdyuu(as + e

-1 —ur

- (d_ﬂJ _ 4a78 73 = 2u(my + Ao) = (Ms + AMy) i
dz agayp(ay + e’

Evaluating at =7y and u=ixy gives

&
- (¢

Collecting the real part of this equation and substituting the expressions for cos(Xyzp) and sin(Xgzg) defined in
(16) gives the following equation after simplification:

-1
du
Re (Ej

_ a4a7e_iX°T” + 3)(3 - 2iX0 (m4 + /10) - (m5 + /10m4) 7o
a4a7iX0 (al + iXO)eiiX"Tu iXO

=T,

_ 34a7[cos(xy7p) —iSi”(Xofo)]+3Xg —2ixo(My +4o) —(Ms + 4My) 7o
- a487iXo (8 +iXo)[COS(Xo7g) —8iN(Xo70)] i

T=T,

98+ xd @l +23,) + Qa4 )+ oy,
(514317)2(6112 +X§)2

T=T,
32y 4y e Ox £ 2906 +12)
(5145717)2(6112 + Xg)z

which implies
_ 2x0(3xg +ZY1X§ +Y2)
2)(0(5145\7)2(5\12 +x§)

2o f'(xo)

-1
du
Re (Ej

o

where zo =[2%y(a4a7)? (a2 + x3)] ™ > 0. Hence,
a1
sign {d[Liﬂ)]} =sign {Re(%j } =sign {zo (%)} =sign { f'(xo)}:

d
Consequently, the above results can be summarised into the following theorem:

Theorem 2: Let Xxq, 7o be as defined in (18) with f’(xy) > 0, then the unique endemic steady state of the model
(2) whenever it exists is linearly asymptotically stable for 7z <17y, unstable when 7>z, and undergoes Hopf
bifurcation at 7 =17, .

Based on the model analysis using differential-delay method, it is seen that the endemic steady state of
(2) could exhibit Hopf bifurcation at certain value of the delay parameter, z =7y provided the condition for
biological feasibility of the endemic state is satisfied. This indicates that the introduction of time delay in the
dissemination of awareness can destabilize the system and thereby, periodic solution can arise through Hopf
bifurcation.

IVV. Conclusion
This paper has derived an SEIRM epidemic model for the spread of COVID-19 with the level of
awareness in circulation considered in a separate compartment which took cognisance of the delay in individual
responses to the available information as regards the spread of the disease. The analyses of the model around its
steady states show that the dynamic of the model is determined by the basic reproduction number, R,. A stable

disease-free steady state exists when Ry <1 for all values of the delay parameter,  and dies out. It undergoes
bifurcation at Ry =1 and become unstable when Rg >1. Whereas, in the feasible region with R, >1 there
exists a unique endemic steady state that is asymptotically stable for values of the delay parameter, 7 <17y,
unstable when 7 >z, and undergoes Hopf bifurcation at 7 =1z, . The application of Hopf bifurcation has shown
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that increasing delay in awareness can affect the stability of the endemic steady state by causing it to oscillate
periodically at some point thereby losing its stability.
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