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Abstract: This paper presents some basic concepts of shift map and cantor set. We have proved some
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I. Introduction

A dynamical systems consists of an abstract phase space or state space, whose coordinates describe the
state at any instant, and a dynamical rule that specifies the immediate future of all state variables, given only the
present values of those same state variables. The study of dynamical systems is the focus of dynamical systems
theory, which has applications to a wide variety of fields such as mathematics, physics, biology, chemistry,
engineering, economics and medicine.

Symbolic dynamics is part of dynamical systems theory. It is a powerful tool used in the study of
dynamical systems. We all know that symbolic dynamical systems are a very interesting example of topological
dynamical systems. Symbolic dynamics is also an example of chaotic dynamical systems. Robert L. Devaney
[1] have given vivid description of the space Z, . By symbolic dynamical systems we mean here the space of

sequences X, = {a: a = (Agq «ov vev oo ),a; = 0 or 1} along with the shift map defined on it. It is known that Z,
is a compact metric space by the metric d(s,t) = X2, ‘Zﬂ:i‘ , where s = (S¢Sq v er e ) andt = (toty ven e v )

are any two points of X,. Symbolic dynamics is concerned with maps on sets. We focus here on an example
using the set =,.We define =, as the set of infinite sequences of 0's and 1's. An element or point in %, is
something like 000000000000 ... ... or 010101010101 ...... repeating. We can refer to the point s as
5051525354 wer wen and the pointt as tyt;tts ... ... We can think of sandt as close to one another if their
sequences are similar at the beginning of the sequence. This space has a nice metric that we can use to tell if two
points in X,are close to each other.

The Cantor set plays a very important role in many branches of mathematics, above all in set theory,
chaotic dynamical systems and fractal theory. It is simply a subset of the interval [0, 1], but it has a number of
remarkable and deep properties. The Cantor set [12] is a famous set first introduced by German mathematician
Georg Cantor in 1883. He was made famous by introducing the Cantor set in his works of mathematics. The
ternary Cantor set is the most well- known of the Cantor sets, and can be best described by its construction.

This set starts with the closed interval zero to one, and is constructed in iterations. The first iteration
requires removing the middle third of this interval. The second iteration will remove the middle third of each of
these two remaining intervals.

These iterations continue in this fashion infinitely. Finally, the ternary Cantor set is described as the
intersection of all of these intervals. This set is particularly interesting due to its unique properties being
uncountable, closed, length of zero, and more. A more general Cantor set is created by taking the intersection of
iterations that remove any middle portion during each iteration.

In section 2 of this paper we describe the mathematical preliminaries which are requirements for the
subsequent chapters. In section 3 we discuss properties of the shift map. In section 4 we obtain chaotic
properties of shift map o : £ — X and we see that it is homeomorphism. In this section we also solve a problem
about cantor set of Logistic Function. The paper ends with a conclusion which is section 5.
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Il. Mathematical Preliminaries

In this section, we include some definitions, lemma and proposition which is important for the proof of
main theorem. We discuss some properties of shift map, proof of different theorem such as shift map is
continuous in Y, , shift map a:3) — Y is a chaotic dynamical systems and the shift map o: £ - X is
homeomorphism.

Definition 2.1 (Sequence space): The set of all infinite sequences of 0’s and 1’s is called the sequence space [2]
of 0 and 1 or the symbol space of 0 and 1 and is denoted by X,. More precisely, 2, = {(syS1S3 - «ev - ) |sl- =
Oors; =1foralli}.

We often refer to elements of X, as pointsin %, .

Example 2.1: (0000 ......... ),(010101 ......... ),(101010 ... ... ... )and (1111 ......... ) are all distinct elements
of %,.

Definition 2.2 (Shift Map): The shift map [2] ¢ : 2, = %, is defined by o(sys;S; -..) = 515,53 .... In other
words, the shift maps “forgets” the first digit of the sequence.

Example 2.2: ¢(010101 ......... )=(10101......... ),0(01110101 ... ...... )= (1110101 ......... )
NOW 62 (50513 v e ) = 0(0(59515 wev ver e ) = 0515553 e or on ) = 555354 cevee
Continue in this way, we get 6™ (5yS155 «o- «er - ) = SpSna1Sn4z e er e

Definition 2.3: Suppose X is a set and Y is a subset of X. We say that Y is dense in X if , for any point x € X.
there is a point y in the subset Y arbitrarily close to .

Definition 2.4: Let (X, f) be a dynamical systems. Then f is transitive if for any two non-empty open subsets

U,V of X there exists n = 0 such that f*(U) NV # @.

Definition 2.5: Let (X, f) be a dynamical systems where X is a metric space with metric d. Then f is sensitive

if there exists § > 0 with the property that Vx € X andvV x > 0,3 y € B(x,€) and 3 n € N such that
(e, fr o) > 6.

These three properties of dense, transitivity and sensitivity are the basic ingredient of a chaotic system.

Definition 2.6: A dynamical system (X, f) where X is a metric space, is chaotic [1] if
i) f is topologically transitive,
i) the set of periodic points of f is dense,
iii) f is sensitive dependence on initial condition.
Proposition 2.1: The distance d on X given by d|[s,t] = {'iolsiz;f” is a metricon X, .
Proof: Let s = (5¢5:53 .- .- ), t = (totity o . Yand u = (ugu Uy ... ... ). Clearly, d[s,t] = 0anddls,t] =
0 ifand only if s = t.Since s; —ti| = |t; —s; | it follows that d[s,t] = d[t,s]. Finally, for any three real
numbers s;, t;, u;, we have the triangle inequality
|Si_ti| + |ti_ui|2 |Si_ul'|
From which we deduce that
d[s,t] + d[t,u] = d[s, u].

Hence d is a metric on.
Definition 2.7: A nonempty set C c R is called a cantor set [2] if

a) C is closed and bounded. (Sets of real numbers with these characteristics are called compact sets)
b) C contains no intervals. (Sets of this nature are called totally disconnected sets)
c) Every point in C is an accumulation point of C. (When closed, such sets are called perfect sets)

Definition 2.8 (Cantor Ternary Set): The set obtained by repeatedly deleting the open-middle third from the
closed interval [0, 1] is termed as the Cantor Ternary Set [17].

Definition 2.9 (Totally disconnected Set): A set is said to totally disconnected in R if it contains no intervals.

Definition 2.10 (Perfect set): A set is said to be perfect if every point in it is an accumulation point or limit
point of other points in the set.

Definition 2.11 (Cantor’s Middle-Thirds Set) : From the unit interval I = [0,1], delete the middle third part
. - 1 2 . . . . . . 12 7 8
i.e. delete the open interval (5,5). Again delete the middle thirds i.e. the pair of open intervals (;';) and (;,;)
from the remaining part which is the closed intervaI[O, ﬂ U E 1]. We continue removing middle thirds in this
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fashion infinitely many times. The remaining set is called as the Cantor's middle-thirds set. At the k‘"step, the
k

total length of the 2*closed intervals is G) which tends to zero as k — oo.

Lemma 2.1 (Compact Sets are Bounded) : Let C < R be a compact set. Then C is bounded. In other words,

compact sets in R are bounded.

Lemma 2.2 (Compact Sets are Closed) : Let C < R be a compact set. Then C is closed. Hence, compact sets
in R are closed.

Construction of Cantor set: The Cantor ternary set is created by repeatedly deleting the open middle thirds of
a set of line segments. One starts by deleting the open middle third (1/3,2/3) from the interval [0, 1], leaving
two line segments: C;_[0,1/3] U [2/3,1].Next, the open middle third of each of these remaining segments is
deleted, leaving four line segments: C, =[0,1/9]U[2/9,1/3]U[2/3,7/9]U [8/9,1]. Continue in this way
always removing the middle third of each segment to get Cs;,C,,......... ... Note that ¢, 2 C, 2C; =2
Cg wwvee ven e And for each k € N. C,, is the union of 2 closed intervals, each of length 37%. Let C =
Ny—; C,. Then C is the Cantor set. The set is constructed inductively as follows: Begin with the unit interval

denoted C, for notational purpose, and remove the open interval Gg) called the “Middle third” [15]. Where

the nth set formula is given as: C,, = % U(§ + %)
0 1/3 2/3 1
Co
G

G

Cs

Figure 2.1: The first five sets formed in the construction of the Cantor middle-thirds set.

I11. Some Basic Theorems and Properties

In this section we will discuss some basic theorems and properties which is helpful for main results of this
paper.

The Proximity Theorem 3.1: Let s,t € X and suppose s; = t; fori = 0,1, ...n. Then d[s, t] < zin Conversely,
ifd[s,t] < i,then s;=t;fori <n.

Proof: If s; = t;, fori <n, thend|[s,t] = XL lsl le +22 n+1lsi2+.ti|

|sl —ul _ -1 1
LN L
i=n+1 i=n+1 1 1
On the other hand, if s; # t; for some j< n, then we must have d[s,t] = 5 =

Consequently, if d[s, t] < 2n,then si=t; fori <n.

Theorem 3.2: The shift map[1] is continuous.

Proof: Suppose we are given €> 0 and s = (545;5; ... ... ). We will show that ¢ is continuous at s. Since €> 0,
we may pick n such that zin <€. We then choose 6 = prvET If tis a point in ¥ and d[t,s] < &, then by the

Proximity Theorem we must have s; = t; for i =0,1,..n+ 1. That is, t = (sg ... ... Sp+1bneatnes ). NOW
o(t) =5; . Sni1tnszatngg eor oo ) has entries that agree with those of o(s) in the first n + 1 spots. Thus, again

by the Proximity Theorem, d[o(s),a(t)] < zin <€E. Therefore, o is continuous at s. Since s was arbitrary,
Hence the shift map is continuous.

Proposition 3.1: The shift map has the following properties:
(i).The set of periodic points of the shift map is dense in X,.

DOI: 10.9790/5728-1603050108 www.iosrjournals.org 3| Page


https://enacademic.com/dic.nsf/enwiki/31498

Shift Map and Cantor Set of Logistic Function

Proof: Suppose s = 54515 - - in a period point of o with period k.
Then o™ (a*(s)) = o™ (s) [+ o*(s) = s].
Since o™ (s) “forgets” the first n digits of s, we see that,
0™ (0% (595, wer - ) = SptiSntks1Snikaz o o
= SpSni1Sn42 e e
= 0™(S(S1Sg v - )

and s, = S, V1.

This implies that s is a periodic point with period k iff s is a sequence formed by repeating the k digits
SoS7 - Sk—1 Infinitely often.

To prove that the periodic points of o are dense in  %,, we must show that for all points t in X, and all € > 0,
there is a periodic point of o contained in N.(t).

We need to find a sequence in N.(t) that is formed by repeating the limit k digits of the sequence infinitely

often. But if t = tot tots ... ... and are choose n so thatzin < € ,thenwe can let s = toty ...t toty .ttty -

As t and s agree on the first n + 1 digits, so d(s,t) < Zin < €.
Thus s isin N.(t) and s is a periodic point by construction.

(ii). The shift map has 2™ periodic points of period .

Proof: Suppose s = s45;S; - ... is a periodic point of o with period n. Then o* (a"(s)) = g*(s).
NOW 05 (0™ (505157 ) = SpakSnaks1Snsksz -

= SkSk+1Sk+2 ......

= 0%(5p51S5 wur om. )

and s, = s, V k.

This implies that s is a periodic point with period n iff sis a sequence formed by repeating the n digits
S0S1Sg wen e Sn—1 infinitely often i.e. s =s;5; ... ... Sp—1S0Sq er er Spo1S0 e wer Now for each s, the repeating
sequence iS SpSq ... ... Sp—1- There are 2™ distinct finite sequence of 0's 1's of length n. Thus there are 2™
periodic points of period n for a.

Proposition 3.2: Let se ¥, and € > 0 then there is te X, and ne N such that d(s,t) < e and d(o"(s),
ont=2for ne N (n>N).

Proof: Let s = 535,55 ...... €%, and € > 0. We will show that t € X, and n e N such that d(s,t) < e but
d(o™(s),0™(t)) = 2 whenever n > N.

Lett =ttty ... ... andneN so thatzin < €. Consider that the first N + 1 digits of t are same as the first N + 1
digits of s and other digits of ¢ are all different from the corresponding digits of s.

ie. s;=t; iff i<N. Sod(s,t) < - <e.

If n > N then a"(s), a™(t) differ at each digit. Since 6™ (s) = $,,Sp11Sn42 = - and ™ (t) = tutpiitpgg o o
Then d(a™(s), 0™ (8) = B2, ol 3 15 g(on(s),0m(0) = 2.

21
1V. Results and Discussions

In this section, we will prove the shift map a: ), — Y is a chaotic dynamical system and the shiftmapo: X - X
is homeomorphism. Then we will prove Cantor’s Intersection Theorem and also we will solve a problem about
cantor set of Logistic Function.

Theorem 4.1: Shift map o : ~ — X is chaotic [1].

Proof: The shift map o : £ — X is chaotic if and only if, the following conditions are satisfying
Q) Periodic point of ¢ are dense in X.

(i) o is topologically transitive on X.

(iii) o is sensitive dependence on initial condition.

(i): Let x = ...x_1xpx; ...) €X and an open set U be given. Then for x e U there exists € > 0 such that
U(x,€) c U.we choose x € N such that 1_2 <e.Weputy = (x_(n_l) e X_1 XX e Xp_1 )E Z.
Theny e P,,,_,(0) c Per (o)

Thend(x,y) = %2 |Xi‘_3’i|+ o |x—i_.J/—i|

i=0 21 21

2n
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-1 o oo
. xl_yi|+z|xi_yl Z|x—l_ —i| Z|x—i—}’—i|
- 21 2i 2i
i=0 i=n
O x -yl Ix_-— _
ZZ lzi l +Z i Zzl 221
i=n i=n

_221 nzl _Zn—2<e

Thus, y € U(x,€) < U Therefore, y € Per () N U
> Per (o)NU =@
~ Per (o) isdense in X.

(ii): Let U; and U, be given two non-empty open sets in X. Then there exists x in U; and €; > 0 such that

U,(x, €;) € U; and there existsy in U, and e, > 0 such that U, (y, €,) € U,. We take € = min{e,, €,} then
U,(x,e) c U; and U,(y,e) c U,

Letx = (...x_ 1xox1 .)eX and y = (.. y 1YoVy --) €X are given.

Let z be asequence (z;); .z such that
_{ x; for —m<i<n
’ Yitons1 for —3n—1<i<-n-1

|Z_1 X_il

Then d(z,x) = Sz a8l 4yl < 1
Let = 0%"*1(2) = (Si)iez - Then

_ _ Yi-(@n+1)+(@2n+1); —3n-1<i-(2n-1)s-n-1
St = Zi—(2n+1) - Vi —-ns<isn.

Thus d(02"1(2), ) = d(s,) = Bz 50l 4y Jmmyal < 1

1 21

Since d(z,x) < € < ¢;,wehave ,zeU;(x,€;) c Uj.
Thus, 62"*1(z) € 2"*1( U, (x, €,)) © a?1(U,).
Since d(02™*1(2),y) < € < €, we have 621 (2) € U,(y, €,) C U,.
Then 621 (z)e a?™*1 (U,) N (Uy) = a?™1(U) N U, # @.
=>d*U)NU, #@ where k=2n+1
Hence o is one-sided topologically transitive.
(iii): Let x = (...x_1Xo%; ...) € £ and € > 0 be given. We choose x € N such that zin <e.

Weput,y = (... V1Yo Vq - )e Y such thaty; = x; fori < n.and y, 1 # Xp4q.
Thend(x,y) = X%, fE sl +Z —lx'L -l

= l

Z|xl vil Z|x_, y_il +Z
i=n+1
=Z Zmzn

i=n+1 i=n+1

But d(o™*(x), a"*l(y))

_ i |xi+n+1 — Yitn+1 | n i |x—(i+n+1) — V_(i+n+1 |
B 2 21
i=0

i=1

=1

_ |xi+n+1 — Vi+n+1 | > |xn+1 ~ Vn+1 |
B 2 = 20
i=0
Thus o is sensitive dependence on initial condition.
Hence shift map is chaotic.
Theorem 4.2: The shiftmap o : ¥ — X is homeomorphism [3].
Proof: It is sufficient to show that (i) o is one-one (ii) o is onto (iii) o is continuous (iv) o~ is continuous.
(i) o is one-one: Suppose that a(x) = a(y) where x = (¢, )nez> V= Vndnez € =. We put z = a(x) = a(y),

where z = (Zy)nezs Zn = Xn1 = Yn-1. v nez )
Then, x,, =y, VneZ. Thusx = y and hence ¢ is one-one.

(i) oisonto: Lety = (3 )nez € Z, PUt X = (X, ) nez Where x,, = y,_4
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Then o(x) = y and hence o is onto.

(iii) Continuity of o: Let, x" = (x',))pez €Z

By the definition of o, we have, o (x') = ¥' = (¥ )nez € X ;Where y,, = x;,_;.
Now d(a(x), o(x")) = d(y,y")

|yn -y | |yny’n\
=Y p +Z =

Z|xn1 n1 Z|x—n1 —n1|

1 |X 1 x,_1| |x 1 —xL 1|
ZEZ = zn—ln +ZZ = 2+l =
n

n=0 =1
_1|x_1—x’_1| 1 |xm—xm| ) |x_l—x_l|
=27 21 *t3 ,2m - 2
m= =
1|x_1—x’_1| = |x_,—x_,| 1% |x, —x! |
27 21 +ZZ 20 +EZ o
=2 m=0
= |x_,—x’_,| 1% |xm—x |
_ZZ 2 +EZ 2m
=1 m=0
| — x| C lx_, — x|
<2 %JFZZT
m=0 =1
= 2d(x,x")

Now, for any e > 0 given, put § ==,

If d(x,x") < 6 then d(a(x) a(x’)) <26 =2. % =

Hence o is continuous function.

(iv) Continuity of o™1: Let, x' = (x),)pez € Z We put 6~(x) = y then o(y) = x. Thus by definition of o, we

have y,, = X1
Again, puta~1(x’) =y’ = a(y’) = x’ and by the definition of o, we have, y,, = x/ ..

Now d(o7(x), 071 (x")) = d(y,y)

Z - yn Z |n y_
Z |xn+1 xn+1 Z |x—n+1 —n+1 |
=2 Z |xn+1 xn+1 Z |x—n+1 —n+1 |

- on+1 on-1

E | 1w~ x|
B Xy — X lz X_;—xl,
_ZZ 2m +2 2!
T&:l =0 o
IS A A D P
B 2m 2 2 2!
m=1 o l=%o
2|x0—x0| Z|xm—x;n| 1z|x_l—x_l|
- 2 2m 2 2!
Vx| 1 Lm x|
_ Xy — Xgm 1 x_;—x,
_ZZ 2m +zz 2!
m;O l;l
szz |xm2_mxm| +zz |x‘12_lx‘l|
m=0 =1
—Zd(xx)

Now for any € > 0 given, we put § =

N I
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If d(x,x") < & then d(o~1(x),071(x")) < 26 = 2.% =e.
Therefore ¢~ is continuous function.
Hence, we conclude that the shift map o : £ — X is homeomorphism.

Theorem 4.5: (Cantor’s Intersection Theorem) Let (X,d) be a complete metric space and let (E,) be a
decreasing sequence of nonempty closed subsets of X such that d(F,) » 0asn — o (ordiam (F,) —»
0 as n—oo. Then F=n=100/7 contains exactly one point.

Proof: Since F, # @ for each n € N, we can choose a sequence of points (x,,) such that x,, € E,, for n =
1,23, ... we shall show (x,,) is a Cauchy-sequence in X. Now (F,) is a decreasing sequence that is F,,; C F,
for all n, therefore x,,x,,q - - all lie in E,. Moreover d(F,) — 0 asn — oo. Therefore given €> 0 there exist
a positive integer n, such thatd(F,) <€ V n =ng. Xy 41, Xngs Xng+2s - - all lie in F, . Thus for positive
integer m,n > n,, we have d(x,, x,,) < d(Fno) <E€. Therefore, (x,) is a Cauchy sequence in X. Since (X, d) is
complete there exist a point x € X such that lim,,_,, x, = x. If possible x & N;_; F,,. Then there exist a positive
integer n, such that x € F,,. Since F,, is closed and € F,, , then d(x,,F,) >0 . Let d(x,, F,) =r > 0 then

d(x,y) =r V y € E,. Thus the open spheres s (x, g) and F,, are closely disjoint and thereforen >m = F, c

E,, and this implies x,, € F,,(~ x, €F,) = x, &s (x, g) This is possible, since (x,) converges to x. Hence
X € Np=1 F,.

Now to show that x € N3, F, is unique. If possible, Let y be another point in Ny_, F,, Theny € F, for every
n. = d(x,y) < d(E,) for every n (by definition of the diameter). But, since it is given that d(F,) » 0asn —
oo. Therefore on taking limit, as n - o d(x,y) < 0. But d(x,y) =0 is always true. Hence d(x,y) =
0 and so x = y. Thus Ny, F, consists of exactly one point.

Problem 4.1: If a > (2 ++/5), then the set C = N, C,, is a cantor set.

Proof: Here h(x) = ax(1 — x) , wherea > (2 + \/5_) We consider the following Lemma :

Leta > (2 +/5) and h(x) = ax(1 —x). There is A > 1 such that |h'(x)| > A whenever x isin C;. Further
the length of each interval in C,, is less than G)n .since 0 is a fixed point of h , itis clearly in C. Then C is not
empty.

To prove that C is a cantor set we need to show that.

i) C is closed and bounded.

i) C contains no intervals and
iii) Every point in C is an accumulation point of C .

i)Since C is the intersection of closed sets then it is closed. As C is contained in [0,1]. It is also bounded.

ii) If C contains the open interval (x, y) with length |x — y|, then for each n, (x, y) must be contained in one of
the intervals of C,. However lemma (i), implies that there is A > 1 such that the length of an interval in C,, is

n n,
less than G) , since we can find n, such that |x —y| > (%) * the interval (x,y) cannot possibly fit into an
interval in C, . Hence C contains no open intervals.

iii) Suppose x is a pointin C and let Ns(x) = (x — &, x + &) be a nbd of x. We must show that Ns(x) contains
a point in C other than x. If a is an end point of one of the intervals in C,, , then a in C since A**1(a) = 0. Now
for each n, x must be contained in one of the intervals of C,. We let A be an in lemma (i) and choose n large

n
through so that G) < 4. Then the entire interval of C,, must be in Ns(x) since the length of each interval in C,,

n
is less than(%) . Since both of the end points of the interval one in Ns(x) and at least one of them is not x.
Then every point in C is an limit point of C .

V. Conclusion

In this paper, we have introduced the concept of shift map and cantor set. Then we have discussed
about cantor set and illustrated the construction of this set. After that we have proved some properties of shift
map. Also we have proved shift map is chaotic, homeomorphism and also proved cantor’s Intersection theorem.
Finally, we have solved a problem about cantor set of Logistic Function.
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