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I. Introduction

The Farey sequence is an example that has its inception for all intents and common numbers. The
Farey sequence was so named after the British born geologist, John Farey (1766-1826). Given a sequence Fy

where b,d and b + d are all less than N, what Farey noticed is that if two fractions % and 2 were combined in

the way %, the resulting fraction was also in the series. Farey was not able to prove this but prolific French
mathematician Augustin Cauchy (1789-1857) had the option to give a proof in 1816 and published in Exerices
de mathematiques [1,3,5,6,8,9].

This paper is organized as follows: Section 2 Basic definitions with example.  Section 3 iterated
function system of Non — Reducible Farey N — subsequence of order 4. Section 4 Research formulates iterated
function system of Non — Reducible Farey N — subsequence of order 6. Section 5 the researcher
shows the iterated function system of ~ Non — Reducible Farey N — subsequence of order (2m-2).

Il. Preliminaries
Throughout this paper we study the Non — Reducible Farey N — subsequence of order (4, 6,...)

Definition 2.1: Farey sequence [2]
A Farey sequence F, is the set of rational numbers s with p and g coprime, with 0 < p < q < n, ordered by

size.

Example 2.1.1:
F = {0 1}
Re 1l
Fo= 3z 3l

Definition 2.2: Farey N — subsequence [2]
The subsequence of farey sequence of order N whose denominators is equal to N is named as Farey
N — subsequence and denoted by (Fy) .

(Fu) = {5/0<u, <N0<i<N)
Definition 2.3: Non - Reducible Farey Sequence [2]
The Sequence of non-reduced fractions with denominators not exceeding N listed in order of their size is called
Non - Reducible Farey Sequence of order N. It is denoted by Fy .
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Example 2.3.1:

The Non - Reducible Farey Sequence of order 4 is
F o= {9_9111_32 3 i_l}
47 T 4’4’3’2 4’37474 1

Definition 2.4: Non - Reducible Farey N — Subsequence [2]
The Sequence of non-reduced Farey fractions with denominators equal to the order of the size N is called Non

Reducible Farey N — Subsequence. It is denoted by Fy.

Example 2.4.1:

The Non - Reducible Farey N - Subsequence of order 4 is
01 2 3 4 1}

Fy = {4'4"4'4 a1
Definition 2.5: Arithmetic Mediant Property [2]
The Arithmetic Mediant is the fraction % computed from the two fractions % and 3 . If the two
a+c

fractions are such that = < < then - < — < -
b b+d

Definition 2.6: Iterated Function System [4]

An Iterated Function System is a limited set of contraction mappings on a complete metric space.
Symbolically, {f; : X - X, wherei = 1,2,.....N}, NeN is an iterated function system if each f; is a contraction
on the complete metric space X.

Definition 2.7: HB Operator [7]
The Hutchison — Barnsley operator (HB operator) of the IFS is a function G : X — X defined by
G(B)=UN_,g,(B),forall B e X

I11. Iterated Function System of Non — Reducible Farey N — Subsequence of order 4
The Non — Reducible Farey N — Subsequence of order 4 may be obtained by the following iterated
function system using HB operator.

a0 =5 ; g=="
g2(x) = ﬂ ;o ga(x) = ?

The contraction factor is %. The HB operator is
G(B) = Uj=1 9x(B)
Then the IFS is
0 1
B,.1=G(B,); ByE€E { I} :n=012- ce e e 5 (311)

Non — Reducible Farey N — Subsequence of order 4 from equation 3.1 we obtain obviously,
Equation 3.1= B,.1 = G(B,)
putn =0, we get

B, =G(By); Bye€ {0 1} e e e 5 (3.2)
= G(By) = 91(By) U g2(By) U g3(Bo) U g4(Bo)
Consider,
91(By) = {% %} ;0 g3(By) = {% i}
92(Bo) = {4 4} 5 9a(By) = E ,% = 1} IR PP PPN X< )|

Equation 3.3 substitute in equation 3.2

B= ol el duii=1
B2 o)

= The sequences B, are {9 1234 1}

Putn =1, we get

= 0(31) = g:(By) U 92(31) u 93(31) V) 94(31)
Consider,
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P T LR R RN

16 16 16 " 16

PRCSTS S |

16 "16 16 " 16 " 16

9:B) = [ =2,

16”16 ' 16 ' 16
13 14 15 16
94(By) = { ————— =1}

- (3.5)

'16716 "16 " 16
Equation 3.5 substltute in equation 3.4

B—{O 1 2 3 4}U{1 5 6 7 B}U{Z 9 10 11 12}U{3 13 14 15 16_1}
27 16’16’16 16 " 16 16 16’16 "16 ' 16 16 16’16 16 ' 16 "16”16 " 16’ -
B—{O 1 2 3 45 6 7 8 9 10 11 12 13 14 15 16
=

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
-~ The sequences B, are =
"16 "16 "16 16’16’16 "16 "16 16’16 16 "16 "16" 16 " 16 ’ 16

__,_______________—

16 "16 16 16’16’16 '16 16 16’16 "16 16 16’16 " 16 "16

E 1 2 3 4-”—4. AN _3 4N _D 4N _1 4N
Bt 2 G(B) = [ vk o o e DA H 2 A )
Thus the Non — Reducible Farey N — Subsequence of order 4 is
F4n =B, ; n=1,2,3- 0

V. Iterated Function System of Non — Reducible Farey N — Subsequence of order 6

The Non — Reducible Farey N — Subsequence of order 6 may be obtained by the following iterated
function system using HB operator.

g1(x) = { ; ga(x) = %
000 =2 L g0 = =
g:(x) = iz ; 96(x) e

The contraction factor is g- The HB operator is
G(B) = Uf=1 gx(B)
Then the IFS is
1
B,.,=G(B,); B,E€ {1 1} SN =012, e 5 (421)

Non — Reducible Farey N — Subsequence of order 6 from equation 4.1 we obtain obviously,
Equation4.1 = B,.1 =G(B,)

Putn = 0, we get
0 1
By = G(By); BOE{I,_}

T teeeenaee e - (42)
= G(By) = 91(By) U g2(Bo) U g3(Bo) U g4 (Bo) U gs5(Bo) U gs(Bo)
Consider,
1 3 4
91(By) = {6 6} ; 94(By) = {g ,g}
1 2 4 5
g2(By) = {g 6} : gs(By) = {g ,g} et s 5 (4.3)
2 3 5 6
50 = 5 ey ={2 ;=1
Equation 4.3 substitute in equation 4.2
- [01 12 23 3 4 5 6_
B, = {6 6}U{6 G}U{é 6}U{6 ’e}u{e 6 1}
B=fstiies=
. 0123 45 6
-~ The sequences B, are {g I 1}
Putn =1, we get
B, = G(By) - (44)

= G(B) = g1(B) U 92(31) v 93(31) V) 94(31) u 95(31) v 96(31)
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Consider,

36”36 "36 "36 '36 ' 36
1 7 8 9 10 11 12}

py={t B8 1 T
93(B1) 36 36736 36 36 36 36
3 19 20 21 22 23 24

B ={— ——————}
94(By) 36 736’36 36 *36 ' 36 ' 36
4 25 26 27 28 29 30

B ={— ——————}
95(B1) 36 36736 36 *36 36 ’36

5 31 32 33 34 35 36
96(31)2{ ——————— 21} J

>

B_{O123456}{1789101112}{2131415161718}
2= 36 36”36 '36 36 36 ' 36 36 36”36 "36 36 36 ' 36
{3 19 20 21 22 23 24} {4 25 26 27 28 29 30} {5 31 32 33 34 35 36_1}
36 36’36 "36 36 '36 36 36 36736 "36 "36 36 ' 36 36 "36°36 736 "36 "36 36

_fo 12 3 4 30 31 32 33 34 35 36 _
27136 "36 "36 "36 36’ 36736 "36 "36 "36°36 '36
0 1 2 3 4 30 31 32 33 34 35 36
=~ The sequences B, are {— ST T T T — —  — — — = 1}
36 "36 36 "36 36 36736 "36 36 36 36 36
Hence
1 2 3 4 5 6
> =4=,=,=,=,-,=,= =
Bl =GB ={3,5.2.2,222=1]
0 1 2 3 4 30 31 32 33 34 35 36
B, = G(B1) =l e e e = 1
: 0 1 2 3 6"—6 6"—5 6"—4 6"—-3 6"-2 6"—-1 6"
Bun =GB = {3 or o o S SR S SR SR SR G < 1)
Thus the Non — Reducible Farey N — Subsequence of order 6 is
F6n =Bn ; n:1,2’3, ......... 0

V. Iterated Function System of Non — Reducible Farey N — Subsequence of order (2m-2)
The Non — Reducible Farey N — Subsequence of order (2m-2); 3 < m < oo may be obtained by the
following iterated function system using HB operator.

91(x) = P— )
X
9:(x) = 2m—2 | 2m-2
X
‘g<3(x) = 2 Tomz
gv(x) = — + -1 N =123, .

2m-—2 2m—2

The contraction factor is ﬁ . The HB operator is

G(B) = Ui, gx(B)
Then the IFS is

0 1
By = G(Bn); B, € {I ’I} :n=012--- e e > (5])

Non — Reducible Farey N — Subsequence of order (2m-2) from equation 5.1 we obtain obviously,
“ By = G(By) = g1(By) U g2(By) U g3(By) U -+ - U gi (Bo)
By = G(B1) = g1(B1) U ga(B1) U gs(B) U U gk (B1)

0 1 2 3 @m-2)"-3 @2m-2)"-2
Gm-2" ' Gm-2" ' @m-2)" ' Cm-2r ' em-2" ' @m-2" '
@m-2)"-1 (2m-2)"
@em=2)" ’@Em-2)"
Thus the Non — Reducible Farey N — Subsequence of order (2m — 2);3 < m < oo, is

F(Zm—Z)" =B, ; n=1,23- oo

Bn+1 = G(Bn) =
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VI. Conclusion
We have established Non - Reducible Farey N - Subsequence of order (4, 6,...). We have been

formulated iterated function systems by using HB Operator and also additionally shown their generalized Non -
Reducible N - Subsequence of order (4, 6,...).
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