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. Introduction

The concept of ideal in topological space was first introduced by Kuratowski and Vaidyanathswamy
[8]. They have also defined local function in ideal topological space. Further Hamlett and Jankovic in [2]
studied the properties of ideal topological spaces. The notion of R, topological spaces was introduced by Shanin
[7] in 1943. In 1961, Davis [1] studied some properties of the same and also introduced the notion of R,
topological space. Further investigations of the properties of Ry topological spaces were carried out by many
topologists as in [3, 5, 9]. In this paper we define weak separation axioms using the notion of R-1-open sets and
certain of its properties.

1. Preliminaries

By a space (X, 7), we mean a topological space with a topology t defined on X on which no separation
axioms are assumed unless otherwise explicitly stated. For a given point x in a space (X, t), the system of open
neighborhoods of x is denoted by N(x) = {U € t: x € U}. For a given subset A of a space (X,t), CI(A)
and Int(A) are used to denote the closure of A and interior of A, respectively, with respect to the topology.

A nonempty collection of subsets of a set X is said to be an ideal I on X, if it satisfies the following two
conditions: (i) If A € I and B c A, then B € I; (ii) If A€l and B € I, then A U B € I. An ideal
topological space (or ideal space) (X, t,I) means a topological space (X, t) with an ideal I defined on X. Let
(X,7) be a topological space with an ideal I defined on X. Then for any subset A of X, A* (I,7) = {x €
X/ANnU & Iforevery U € N(x)}is called the local function of A with respect to I and t . If there is no
ambiguity, we will write A*(I) or simply A* for A* (I,t). Also, ClI"(A) = A U A".It defines a Kuratowski
closure operator for the topology 7 *(I) (or simply 7 *) which is finer than . [2, 4, 6]

A subset A of an ideal topological space (X,t,I) is said to be R-lI-open (resp. regular open) if
Int(Cl'(A)) = A (resp.Int(Cl(A)) = A). We call a subset A of (X,7,1) is R-I-closed if its complement is R-
I-open. The intersection of all R-I-closed sets containing A is called the R-I-closure of A4 and is denoted byR —
I — CI(A). The R-l-interior of A is defined by the union of all R-1-open sets contained in A and is denoted by
R — I — Int(A). The family of all R-l1-open (resp. R-1-closed) sets of (X,t,I) containing a point x € X is
denoted by RIO (X, x) (resp. RIC (X, x)). A subset N of X is called an R-1-nbd of a point x € X if there exists an
R-l-open set U of (X,t,I)suchthatx € U < N.

Definition 2.1.[1] A topological space (X, t, 1) is said to be:

Q) R, if every open set contains the closure of each of its singletons.

(ii) Ry if for x,y € X with Cl({x}) # CI({y}) there exists disjoint open sets U,V such that CI({x}) c
Uand Cl({y}) c V.

I11. R-1-RO spaces
Definition 3.1. A topological space (X, t, ) is said to be:
Q) R-I-T, if for each pair of distinct points x and y in X, there exists R-1-open set containing x but not y.

(i) R-1-T, if for each pair of distinct points x and y in X, there exist R-1-open sets U and V of X, such that
x €U ye&Uandy eV, x ¢ V.

(iii) R-I-T, if for each pair of distinct points x and y in X, there exist disjoint R-1-open sets U and V in X
suchthatx € Uandy € V.
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Definition 3.2. Let (X,7,1) be an ideal topological space and A c X. The R-l-kernel of A is denoted by
IrKer(A) and is defined to be the set I;Ker(A) =n{G € RIOX): A c G}.

Lemma 3.3. For subsets A, B of an ideal topological space (X, t, I), the following properties hold:

1. A c IzKer(4).

2.1f A c B, then IzKer(A) c IzKer(B).

3. If A is R-l1-open, then IyKer(A) = A.

4.x € IzKer(A)ifandonlyif A n D # ¢ for any R-1-closed set D of X such that x € D.

Theorem 3.4. Let (X,t,I) be an ideal topological space and x,y € X. Then y € IzKer({x}) if and only if
x €R—-1- Cl{yD.

Proof. Let x, y € X.Suppose y ¢ IzKer({x}). Then there exists U € RIO(X,x) such that y ¢ U. So
X - Uis aR-I-closed set containing y but not x. Therefore x ¢ R- I - Cl({y}).

Conversely suppose x € R — I — Cl({y}). Then there exists V € RIC(X,y) suchthatx € V .SoX — V
is a R-1-open set containing x but not y. Hence y & IzKer({x}).

Theorem 3.5. Let (X, t,I) be an ideal topological space and S a subset of X. ThenlzKer(S) = {x € X/ R —
I — Cl({x}h) n S # ¢}

Proof. Let S c X and let x € IrKer(S). Suppose SNR —1—Cl({x}) = ¢.Hence X — (R—1 — Cl({x}))
is an R-I-open set not containing x. But S < X — (R —1 — CI({x})). This impliesx & I,Ker(S), which is a
contradiction. Hence S N R — I — Cl({x}) # ¢. Now suppose x € X and SNR—1—CIl({x}) # ¢ and
suppose that x & IpKer(S). Then there exists an R-1-open set U such that S ¢ Uand x ¢ U. Lety € Sn
R—I1—-Cl({x}).Thusy € S c Uory € U and so U is a R-I-nbd of y and x ¢ U. But this will make a
contradictionthaty € R — I — Cl({x}) © X — U. Hence the proof.

Definition 3.6. An ideal topological space (X, ,1) is called an R-1-R, space if every R-l-open set contains the
R-I-closure of each of its singletons.

Theorem 3.7. Let (X, 7, I) be an ideal topological space. Then X is R-1-T, if and only if it is R-1-Ty and R-1-R,,.
Proof. Let X be a R-1-T, space. Then clearly X is a R-I-T, space and also X is a R-1-R, space. Conversely, let X
be both R-1-T, and R-1-R,. Let x, y be any two distinct points of X. Since X is R-1-T, there exists a R-1-open
set U suchthatx € Uandy & U or there exists a R-1-open set V such thaty € Vandx & V. Since X is R-I-
Ro,then R — I — Cl({x}) c Uforx € U.Sincey ¢U, y ¢ R — 1 — Cl({x}). Soy € X — (R - I —
Cl({x})) = W, say. Thus U and W are R-l-open sets containing x and y respectively. Also x ¢ W and
y & U.Hence X isR-I-T,.

Remark 3.8. Every R-I-T; space is R-1-Ry space, since in R-1-Tispace every singletonis R-1-closed. The
converse is not true in general.

Example 3.9. Let X = {a,b,c}, T = {p,X,{a, b}, {c}}, I = {p,{a b}, {a},{b}}. (X,7,I) is R-1-R, but not
R-I-T;.

Example 3.10. Let X = {a,b,c}, = = {9, X,{a,b}}, I = {9, {a,b}}. (X,7,I)isnotR-I-Ryand not R-1-Ty,
Remark 3.11. R-I-Ty and R-I-R are independent, which is clear from the above two examples.

Theorem 3.12. Let (X, 7, 1) be an ideal topological space. Then for x, y in X, IzKer({x}) # IzKer({y}) &«
=>R—-1—-Cl({x}) # R — I — Cl({yD.

Proof. Let Iy Ker({x}) # IzKer({y}). Thenthere exists z € X suchthat z € [Ker({x}) andz & IKer({y}).
Also, by theorem 3.4,y ¢ R — 1 — Cl({z}) and x € R—1 —Cl({z}). SOR—1I —Cl({x}) € R—1I —
Cl({zh)andsoy ¢ R—1 —Cl({x}).HenceR — I — Cl({x}) # R — I — CI({y}).

Now, let R — 1 — CI({x}) # R — I — Cl({y}). Then there exists z € X such thatz € R—1 —
Cl({x}and z ¢ R—1 — Cl({y}). This implies there exists a R-1-open set containing z and x but not y. So
y & IxKer({x}). HencelpKer({x}) # IzKer({y}).

Theorem 3.13. Let (X, 7, 1) be an ideal topological space. Then the following are equivalent.

(1 (X,7,1) is a R-1-R, space.

(i) Forany P € RIC(X), x ¢ PimpliesP c Uandx & U forsome U € RIO(X).

(iii) Forany P € RIC(X), x ¢ PimpliesP N R — I — Cl({x}) = o.

(iv) For any distinct points x and y of X, R —1 — CI({x}) =R — 1 — Cl({y})orR — I —
Cl{x}) N R = I = Cl({y}) = o.

Proof. (i) = (ii)

Let P be a R-I-closed set of X and x & P. Since X is R-1-Ry, R—1 —CI({x}) € X —P. DenoteU = X —
(R —1— Cl({x})). ThenU isa R-l-opensetand P ¢ Uand x ¢ U.

(i) = (iii)

Let P € RIC(X) and x € P. Then there exists U € RIO(X) such that P c U and x ¢ U. SinceU €
RIOX), UNR —I —Cl({x}) = ¢andsoP N R —1 — CI({x}) = o.

(i) = (iv)
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Suppose R — I — Cl({x}) # R — I — CI({y}) for x =y € X. Then there exists z € X withz € R —
I — Cl({x}h)andz ¢ R — I — CI({y}). So there exists a R-I-open set V in X suchthaty ¢ Vandz € V and
sox € V. Also, we get, x € R — I — Cl({y}). Hence R — I — Cl({x}) N R — I — CI({y}) = ¢. The
other statement can be proved in a similar way.

(iv) = (i)

Let V be a R-l-open set in X. Foreachy ¢ V.x # yand x ¢ R — I — Cl({y}). So, by (iv),R — I —
Cl({x) N R — I — Cl({y}) = ofor each y ¢ V . Hence (R — 1 — Cl({x})) N (Uyex_vR — I —
cl{y})) = @. Since V is R-l-openandy € ¥ =V, R —/ —C/({y}) c X—Vand so X —V = yeX—VR — /7 —
Cly}) . Therefore (XY =V )N R —7—Cl({x}) =por R—7— C/({x}) c V. Hence (X, 7, /)is a R-1-R0 space.

Theorem 3.14. An ideal topological space (X, t,1) is R-I-R, if and only if for any two points x, y € X,R —
I —Cl({x}) # R — 1 — Cl({yDimplies R — I — Cl({x}) n R — I — Cl({y}) = o.

Proof. Let (X, 7,1) be R-1-Ro. Then by theorem 3.13, the statement holds. Conversely let U be a R-1-open set of
X containing x. We claim R — I — Cl({x}) < U.Forthatlety € X — U.So,x € R — I — CI({y}). This
implies R — I — Cl({x}) # R — I — CIl({y}). By assumption,R — I — Cl({x}) n R — I — Cl({y}) =
@.Thusy € R — I — Cl({x}) and hence the claim.

Theorem 3.15. An ideal topological space (X,t,I) is R-I-Ry if and only if for any two pointsx,y € X,
IxKer({x}) # IzKer({y}implies IzKer({x}) n IzKer({y}) = o.

Proof. Let (X,7,1) be R-I-Ry. By theorem 3.12, for any two points x,y € X, if I;Ker({x}) # IzKer({y}),
then R —1 — Cl({x}) # R — I — ClI({y}). Assume the contrary and supposez € IzKer({x}) n
IxKer({y}). Since z € I[yKer({x}), x € R — I — Cl({z}). Also, x € R — I — Cl({x}). Then by theorem
3.13(iv),R — I — Cl({x}) = R — I — Cl({z}). Thus, in a similar way, we get R — I — Cl({x}) =R —
I — Cl({z}) = R — I — CI({y}). From this contradiction, we havelpKer({x}) n IzKer({y}) = o¢.

Now assume the converse. By theorem 3.12, if R — I — Cl({x}) = R — I — Cl({y}), then IzKer({x}) #
IxKer({y}).So by assumption, IyKer({x}) N IzKer({y}) = @. Now let z € R — I — CI({x}) and this
implies x € IzKer({z}). Therefore IzKer({x}) n IzKer({y}) # ¢. Then by hypothesis, IzKer({x}) =
IxKer({z}). So z € R — I — Cl({x}) n R — I — Ci({y}) will imply that IKer({x}) = IzKer({z}) =
Iz Ker({y}). From this contradiction, we get R — I — Cl({x}) N R — I — Cl({y}) = ¢. Thus, by theorem
3.14, (X,7,1) is a R-1-R, space.

Theorem 3.16. Let (X, t,1) be a R-1-Ry space. Thenx € R—1—CI({y}) ifandonlyify € R — I — CI({x})
forany x,y € X. The converse is also true.

Proof. Let (X,7,1) be R-I-Ry. Let x € R — I — Cl({y}) and let U be a R-1-open set of X containing y. Then
R—1 —CIl({y}) c U. So, by hypothesis, x € R—1 — CI({y}) implies x € U. That means, every R-l-open
set containing y contains x. Hencey € R — I — Cl({x}).

Assume the converse. Let U be a R-l-open set in X containing x. If y ¢ U,thenx ¢ R — I — Cl({y}) and
hencey € R — I — Cl({x}). ThismeansR — I — Cl({x}) < U.Then (X,t,1) is R-I-R,.

Theorem 3.17. Let (X, 7, 1) be an ideal topological space. Then the following are equivalent:

(i) (X,t,I) is a R-1-R, space.

(i) For anyp # P € X and U € RIO(X) with P nU # ¢, there exists V € RIC(X)such that
PNV #@andV c U.

(iiiy  ForanyU € RIO(X), U =uU{V € RIC(X): V c U}

(iv) ForanyV € RIC(X), V =n{U € RIO(X): V c U}.

(v) Foranyx € X, R — I — CI({x}) < IzKer({x}).

Proof. (i) = (ii)

Let 9 # P € X and U be an R-lI-open set with P N U # ¢. Letx € P n U. Since x € U and X is R-I-
RooR — 1 — Cl({x}) c U.LetV =R — 1 — Cl({x}). ThenV € RIC(X)andV c UandP NV # ¢.
(i) = (iii)

Let U € RIO(X). Then clearly U{V € RIC(X): V < U} c U. Now let x € U. Then there exists V €
RIC(X) such that x € V. < U by (ii). Thus x € V cu{V € RIC(X): V c U}. HenceU =U{V €
RIC(X): V c U}

(i) = (iv)

Let V € RIC(X). Consider all R-1-open sets containing V. Then n{U € RIO(X): V c U} c V. Now let
x € V. Then x € U for all U € RIO(X) with V c U. So x en{U € RIOX): V < U}. ThusV =n
{U € RIOX): V c U}

(iv) = (v)

Letx € Xandlety € IzKer({x}). Then there exists G € RIO(X) suchthatx € Gandy ¢ G.SOR — I —
Cl({y}) N G = ¢. Then by (iv), (nN{U € RIO(X): R — I — Cl({y}) € U}) N G = ¢. So there exists
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an R-l-open set Usuch that x ¢ U and R — I — Cl({y}) < U. HenceR — I — Cl({x}) n U = ¢ and
y &R —1—Cl({x}). ThusR — I — Cl({x}) < IzKer({x}).

(v) = (i)

Let U be an R-l-open setin X and x € U. Let y € IyKer({x}). Thenx € R — I — Cl({y}).Also y € U.
Then IzKer({x}) € U.Thusx € R — I — Cl({x}) c IzKer({x}) c U.Hence X is a R-1-R, space.
Theorem 3.18. Let (X, z,I) be an ideal topological space. Then the following are equivalent:

Q) (X,t,I) is a R-1-R, space.

(i) If V is a R-I-closed subset of X, then V = I;Ker (V).

(iii) If Visa R-lI-closed subset of X and x € V ,then IzKer({x}) c V.

(iv) Ifx € X,then IzKer({x}) € R — I — CI({x}).

Proof. (i) = (ii)

Let V be a R-I-closed subset of X and let x € X — V. Since X is a R-I-Ry space and X — V € RIO(X,x),
R—1—-CIl({x}) c X — V. By theorem 35, [Ker(V) c X — (R —1 — Cl({x})). Also x ¢
[rKer(V). ThuslzKer(V) = V.

(i) = (iii)

Since U < V implies IzKer(U) c IzKer(V), it follows that IKer({x}) < IzKer (V) for x € V . Therefore
IxKer({x}) < V from (ii).

(iii) = (iv)

Letx € Xandclearlyx € R—1 — Cl({x}). From (iii) I;Ker({x}) < R —1 — Cl({x}).

(iv) = (i)

Let x € R — I — ClL({y})- Then by theorem 3.4, y € IxKer({x}). Thus we gety € IrKer({x}) < R —
I — Cl({x}) by (iv). Hence x € R — I — Cl({y})implies y € R — I — Cl({x}). Clearly the reverse
implication holds. Thus, by theorem 3.16, X is a R-1-R, space.

Corollary 3.19. Let (X, t,I) be an ideal topological space. If (X,z,I) is R-I-Rq, then Iy Ker({x}) = R — I —
Cl({x}) forall x € X.The converse is also true.

Proof. Suppose (X,t,I) is a R-1-R, space. By theorem 3.17 and theorem 3.18 the statement is obvious. The
converse is trivial by theorem 3.18.

IV. R-1-R1 spaces
Definition 4.1. An ideal topological space (X,t,I) is called an R-I-R; space if for x,y € X withR — I —
Cl({x}) # R — I — Cl({y}) there exist disjoint R-l-open sets U,V such that R — I — Cl({x}) c
UandR — 1 — Cl({y}) c V.
Theorem 4.2. Every R-I-R; space is R-I-R,.
Proof. Let (X,7,1) be a R-I-R; space and x,y € X. Let U be a R-1-open set containing x but not y. So,x ¢
R—1 —CI({y}). Then we have R —1 — Cl({x}) # R—1 — Cl({y}). By hypothesis, then there exists R-I-
openset Vsuchthat R — I — Cl({y}) < V. Therefore x ¢ V and thisimpliesy € R — I — Cl({x}). Thus
R — I — Cl({x}) < U.Hence (X,t,]) is R-I-R,.
Remark 4.3. The converse of the above theorem is not true in general.
Example 4.4. Let X = {a,b,c},7 = {p,X,{a},{b},{a,b},{b,c}},I = {p,{a}}. The R-l-open sets are
{a},{b,c},X. Then (X,t,I) is R-1-Ry but not R-1-R;.
Remark 4.5. R, implies R-1-R, but the converse is not true.
Example 4.6. Consider the same example written above (Example 4.4). (X, 1, 1) is R-1-R, but not R,.
Remark 4.7. R, implies R-1-R; but the converse is not true.
Example 4.8. Let X = {a,b,c},t = {9, X,{a},{c}{a c}{b,c}},] = {p {a}}. The R-l-open sets are
{a},{b,c},X. Then (X, t,1) is R-I-R; but not R;.
Theorem 4.9. An ideal topological space (X,7,I) is R-I-R; if and only if for any two points x,y € X,
IrKer({x}) # IzKer({x}) implies there exists disjoint R-l-open sets U, V such thatR — I — Ci({x}) c
UandR — 1 — Cl({y}) c V.
Proof. By theorem 3.12, theorem directly follows.
Theorem 4.10. Let (X,7,/)be a R-I-R1 space. Then for x, y € X with R — [ — Cl({x}) # R — I —
CLl({y}), there exists R-I-closed sets K; and K, such that x € K;, y €K,, vy € K;, x ¢ K, and K; UK, =
X

Proof. Let (X,t,I) be R-I-R;. Suppose x, y € X with R — I — CI({x}) # R — I — Cl({y}). Then there
exist disjoint R-1-open sets U, V suchthat R — I — Cl({x}) € UandR — I — Cl({y}) c V.LetK; = X —
V andK, = X — U. Then K; and K, are R-l-closed sets such that x €K;, y €K,, y € Ky, x ¢
K,and K; UK, = X.

Assume the converse. To show X is R-1-Ry, we first prove X is R-1-R,. For that suppose U be a R-1-open set
containing x and suppose R — I — CIl({x}) is not a subset of U. So, R — I — Cl({x}) n U® # ¢. Let
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y €R —1—CIl({x}) n U°. ThenR —1 — Cl({x}) # R—1 — CI({y}). Then by hypothesis there exists R-
I-closed sets K; and K, suchthatx € K;, y €K,, y € Ki, x ¢ K, and K; UK, = X. Thus, there exists a R-
I-closed set containing x but not y, which is a contradiction. Hence (X,7,I) is R-1-R,. Now assume that
u,v € XwithR — I — Cl({u}) # R — I — CI({v}). Then as earlier there exist R-1-closed sets L; and L,
such that x € L,y €L,,y ¢ L,x ¢ L, and LyUL, = X. Thus u €L, —L, and v € L, — L;. But
Ly — L, =X —1L,and L, —L; = X — Ly and both are R-1-open. Since X is R-I-Ro, R—1 — Cl({u}) c
Li—L,andR — I — Cl({v}) L, — Ly. Therefore (X,7,1I) is R-I-Ry.

Theorem 4.11. The following statements are equivalent:

Q) (X,t,I) is a R-1-R1 space.

(ii) For each x,y € X either (a) or (b) holds. (a) if U is R-l-open, then x € U if and only ify € U. (b)
there exist disjoint R-1-open sets U and V suchthat x € Uandy € V.

(iii) Ifx,y € XwithR — I — Cl({x}) # R — I — CL({y}), there exists R-1-closed sets K; and K, such
thatx €K, y €K,, y € Ki, x ¢ K,andK; UK, = X.

Proof. (i) = (ii)

Letx,y € X.Casel: R — I — Cl({x}) = R — I — CI({y}). Let U be an R-1-open set. Thenx € U implies
y€ER-—-I—-Cl({x}) cUandy € U impliessx € R — I — Cl({y}) € U. Thus x € U if and only if
y € U.Case2:R — I — Cl({x}) # R — I — CI({y}). Then there exist disjoint R-1-open sets U and V such
thatx € R — I — Cl({x}) c Uandy € R — I — Cl({y}) c V.

(i) = (iii)

Let x,y € Xsuchthat R — I — CI({x}) # R — I — CI({y}). Then either x ¢ R — I — Cl({y}) ory ¢
R — I — CI({x}). Suppose x € R — I — CL({y}). Then there exists a R-1-open set S such that x € S and
y & S. So, by (ii) there exists disjoint R-1-open sets U and V suchthatx € Uandy € V .LetK; = V¢ and
K, = U°.Then K; and K, are R-l-closed setssuchthat x € K;, y €K,, vy € K;, x ¢ K,andK; UK, = X.
(i) = (i)

This is the statement of theorem 4.10.

Theorem 4.12. An ideal topological space is R-1-R; if and only if x € X — R — I — CIL({y}) implies that x
and y have disjoint R-1-open neighbourhoods.

Proof. Let (X,7,1) be R-I-Ryand letx € X —R—1—-CI({y}). ThenR -1 —-Cl({x}) # R — I — CI({y}).
Then x and y have disjoint R-1-open neighbourhoods.

Assume the converse. First, we prove that (X, z,1) is R-1-Rq. Let U be a R-I-open set containing x. Supposey ¢
U.ThenR—-I1-Cl({y}) nU = ¢. Also, x &€ R—1—Cl({y}). Then there exists disjoint R-1-open sets V;
and V, such that x € Viandy €V,. Then R—1 —Cl({x}) c R—1 —Cl(V;) and R—1 —Cl({x}) nV, c
R—I1-Cl(V)) nV, = ¢.Thusy € R — I — Cl({x}).Hence R — I — Cl({x}) € Uand (X,z,I)is R-I-
Ro. Now suppose R — I — CI({x}) # R — I — Cl({y}). Then there exists an element w € R — | —
Cl({x}) and w ¢ R — I — CI({y}). By assumption there exists disjoint R-l-open sets W;and W, such that
weW, andy e W,.Sincew € R — I — Cl({x}), x € W;. Since (X,t,I) iSsR-1-Ryp, R — I — Cl({x}) c
WiandR — I — Cl({y}) c W,.Thus (X,t,I) is R-I-R;.
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