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I. Introduction

In 2002, the concept of B-algebra [1] was introduced by J. Neggers and H.S. Kim. B-algebra (X ; x, 0)
is an algebra of type (2, 0), that is, a nonempty set X together with a binary operation * and a constant 0
satisfying the following axioms for all x,y,z€X: (B x*x=0, (B2)x*0=ux, and
(B3) (x xy) *z =x = (z x (0 *y)). Furthermore, in 2008, C. B. Kim and H. S. Kim [2] introduced a new
notion, called a BG-algebra which is a generalization of B-algebra, i.e., (B1), (B2), and
(BG) (x xy) *x(0*y) =x, forall x,y € X. In the same paper, the concept of homomorphism BG-algebras
was also introduced. A mapping d : X — Y is called a BG-homomorphism if d(x = y) = d(x) = d(y),
for any x, y € X. A homomorphism d of BG-algebra X is called an endomorphismifd: X — X.

The concepts of BG-algebra have been discussed by researchers, for instance the concept of derivation.
The notion of derivation from the analytic theory was introduced by Posner to a prime ring in 1957. In [3], Jun
and Xin applied the notion of derivation in ring and near ring theory to BCl-algebras. Abujabal and Al-Shehri
[4] introduced left derivation in BCl-algebras. Then, Zhan and Liu [5] introduced the notion of f-derivation in
BCl-algebras, where f is an endomorphism in BCl-algebras. In 2010, Al-Shehrie [6] introduced the notion of
derivation in B-algebras which is defined in a way similar to the notion in BCl-algebras. Furthermore, Ardekani
and Davvas [7] introduced the notion (f, g)-derivations in B-algebras, where f, g are two endomorphisms in
B-algebras, and also investigated some properties related to this concept. In 2019, Kamaludin et al. [8]
introduced the notion of derivation in BG-algebras which is defined in a way similar to the notion in B-algebras
and investigated some of related properties.

The objective of this paper is to define f-derivation in BG-algebras, and then investigate left
f-derivation in BG-algebras. Finally, we study (f, g)-derivation in BG-algebras and some related are explored.

Il. Preliminaries
In this section, we recall the notion of B-algebra and BG-algebra and review some properties which we
will need in the next section. Some definitions and theories related to (f, g)-derivation in BG-algebras that have
been discussed by several authors [1, 2, 4, 7, 8, 9] will also be presented.

Definition 2.1. [1] A B-algebra is a non-empty set X with a constant 0 and a binary operation ““ * ” satisfying
the following axioms: for all x,y,z € X,

(Bl) x *x = 0,
(B2) x x 0 = x,
(B3) (x *y) xz = x * (z * (0 * y)).

A non-empty subset S of B-algebra (X ; =, 0) is called a subalgebra of X ifx«y € S, forall x,y €S.
The concept of 0-commutative B-algebras was also introduced in [9].

Definition 2.2. [9] A B-algebra (X ; x, 0) is said to be 0-commutative if x * (0 * y) =y * (0 * x), for any
X,y €X.
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Example 1. Let A = {0, 1, 2} be a set with Cayley table as follows:

Table 1: Cayley table for (A ; *, 0)
* |0 |1 |2

N |- O

0 [2 |1
1 |0 |2
2 |1 10

From Table 1 we get the value of main diagonal is 0, such that A satisfies x * x = 0, for all x € A
(B1 axiom). In the second column we see that for all x € A, then x * 0 = x (B2 axiom) and it also satisfies
(x*xy)*xz=x=x*(z*(0=Yy)),forall x,y,z € A. Hence, (A ; *, 0) be a B-algebra. It easy to check (A ; *, 0)
satisfies x = (0 *y) =y = (0 = x), for all x,y € A. Hence, A be a 0-commutative B-algebra.

Example 2. Let X = {0, 1, 2, 3, 4, 5} be a set with Cayley table as follows:

Table 2: Cayley table for (X ; *, 0)
* 10 112 |3 |4 |5

g | (N [k |O
g | (N [k |O
w (O | |k O (N
AW (OO (N |-
N [k |O O |~ (W
= O (N W (o>
O N |k | |w o

Then, (X ; *, 0) is a B-algebra and the set S = {0, 1, 2} is a subalgebra of X.

The concept of (f,g)-derivation in B-algebra was discussed in [7]. For a B-algebra (X;*,0), one can
define binary operation “A” as x Ay =y * (y * x), for all x,y € X. A mapping f of a B-algebra X into itself is
called an endomorphism of X if f(x = y) = f(x) = f(y), forall x,y € X. Note that f(0) = 0.

Definition 2.3. [7] Let (X; *, 0) be a B-algebra. By a left-right f-derivation (briefly, (I, r)-f-derivation) of X, a
self-map d of X satisfying the identity d(x *y) = (d(x) * f(¥)) A (f(x) = d(y)), for all x,y € X, where f is
an endomorphism of X. If X satisfies the identity d(x * y) = (f(x) *d(y)) A (d(x) * f(y)), for all x,y € X,
then we say that d is a (r, [)-f-derivation. Moreover, if d is both a (I, r)-f-derivation and a (r, [)-f-derivation, we
say that d is a f-derivation of X.

Definition 2.4. [7] Let (X; *, 0) be a B-algebra. By a (I, r)-(f, g)-derivation of X, a self-map d of X satisfying
the identity d(x *y) = (d(x) * f(y)) A (g(x) = d(y)), for all x,y € X, where f, g are two endomorphisms of
X. If X satisfies the identity d(x = y) = (f(x) * d(y)) A (d(x) = g(y)), for all x,y € X, then we say that d is a
(r,D-(f, g)-derivation. Moreover, if d is both a (I,r)-(f, g)-derivation and a (r, [)-(f, g)-derivation, we say
that d isa (f, g)-derivation of X.

Definition 2.5. [2] A BG-algebra is a non-empty set X with a constant 0 and a binary operation “ * * satisfying
the following axioms: for all x,y € X,

(Bl)x*x =0,

(B2) x * 0 = x,

(BG) (x xy) * (0 *y) = x.

Definition 2.6. [2] A BG-algebra (X ; *, 0) is said to be 0-commutative if x * (0 * y) =y * (0 * x), for all
X,y €X.

A mapping f of a BG-algebra X into itself is called an endomorphism of X if f(x *y) = f(x) * f(y), for
all x,y € X. Note that f(0) = 0.

Example 3. Let X = {0, 1, 2, 3} be a set with Cayley table as follows:
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Table 3: Cayley table for (X ; *, 0)
* 1 2 3

w [N [Pk |O (O

0 3
1 2
2 1
3 0

2
3
0
1

N W |O |-

Then, from Table 3 it can be shown that (X ; *, 0) is a BG-algebra.
Theorem 2.7. [2] If (X ; %, 0) is a BG-algebra, then

(i) The right cancellation law hold, which is x * y = z * y implies x = z,
(i) 0 % (0 * x) = x, forall x € X,

(iii) If x * y = 0, then x =y, forall x,y € X,

(iv)If 0xx=0=xy,thenx=y, forallx,y € X,

(V) (x * (0*x)) *x =x, forall x eX.

The Theorem 2.7 has been proved in [2].
For a BG-algebra (X ; *, 0), we denote x Ay =y * (y * x).

Definition 2.8. [8] Let (X; %, 0) be a BG-algebra. By a (I, r)-derivation of X, a self-map d of X satisfying the
identity d(xxy) =) *y)A(x*d()), for all x,yeX. |If X satisfies the identity
dx xy) = (x*d®)) A (d(x) *y), forall x,y € X, then we say that d is a (r, [)-derivation. Moreover, if d is
both a (I, r)-derivation and a (r, [)-derivation, we say that d is a derivation of X.

Definition 2.9. [8] Let (X; %, 0) be a BG-algebra. By a left derivation in X, a self-map d of X satisfying the
identity d(x *y) = (x *d(y)) A (y *d(x)), forall x,y € X.

Definition 2.10. [8] Let (X; *, 0) be a BG-algebra. A self-map d is said to be regular if d(0) = 0.

I11. (f,g)-Derivation in BG-algebra
Let (X; *, 0) be a BG-algebra. Since a ring have two binary operations, then one can define binary
operation “A” asx Ay =y * (y xx), for all x,y € X. Let d is a self-map of X and f is an endomorphism of X,
then by definition of derivation in ring we have

d(x *y) = (d(x) * fO)) A (f(x) * d()) (3.1)
From equation (3.1) we obtain all of f-derivations in X, i.e.,

d(x *y) = (f() *d) A (d(x) * fF()) (3.2)

dx*y) = (f(x) *d) A (f () * d(x)) (3.3)

d(x*y) = (d®) * f)) A (f ) = d(x)) (3.4)

dx*y) = (d@) * f)) A(dx) * f(¥)) (3.5)

d(x*y) = (d@) * ) A (dW) * f(x)) (3.6)

Then, we investigate equations (3.1) to (3.6), for all x, y €X:

1. By equation (3.1) we obtain d(x *y) = (d(x) * y) A (x * d(y)). Since, this derivation begins from
left to right, it is then called left-right derivation (briefly, (, r)-derivation).

2. By equation (3.2) obtained d(x *y) = (x *d(y)) A (d(x) = y). Since, this derivation begins from

right to left, it is then called right-left derivation (briefly, (r, 1)-derivation).

If d is both a (l,r)-derivation and a (r,I)-derivation, we say that d is a derivation of X.

By equation (3.3) we yield d(x = y) = (x * d(y)) A (y * d(x)), we say that d is a left derivation of X.

5. By equation (3.4) we obtain d(x*y)=(d®)*f(x))A ) =*d(x)). If operation * is a
commutative in X, then it is the same by equation (3.3).

6. By equation (3.5) we obtain d(x*y) = (d)*f(x))A(d(x) * f(y)). If operation * is a
commutative in X, then it is the same by equation (3.2).

7. By equation (3.6) we obtain d(x*y)=(dx)*xf(¥)AAY)*f(x)). If operation * is a
commutative in X, then it is the same by equation (3.1).

sw

From all of f-derivations in BG-algebras investigated from 1 to 7 above, we get the following definitions.
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Definition 3.1. Let (X; *, 0) be a BG-algebra. By a (I, r)-f-derivation of X, a self-map d of X satisfying the
identity d(x *y) = (d(x) * f(¥)) A (f(x) *d(y)), for all x,y € X, where f is an endomorphism of X. If X
satisfies the identity d(x *y) = (f(x) *d(y)) A (d(x) * f(y)), for all x,y € X, then we say that d is a
(r, I)-f-derivation. Moreover, if d is both a (I,r)-f-derivation and a (r,l)-f-derivation, we say that d is a
f-derivation of X.

Definition 3.2. Let (X; %, 0) be a BG-algebra. By a left f-derivation in X, a self-map d of X satisfying the
identity d(x * y) = (f(x) *d(¥)) A (f(¥) * d(x)), for all x,y € X, where f is an endomorphism of X.

Example 1. Let (Z; —, 0) be a set of integers Z with a subtraction operation and a constant 0. Then, it is easy to
prove that Z is a BG-algebra. Let d is a self-map of X by d(x) = f(x) — 1, for all x € Z, where f is an
endomorphism of Z, then from Definition 3.1 we have d(x —y) = f(x —y) — 1 = f(x) — f(y) — 1, for all x,
y €Z and we get

dlx—y)=dE@) - fONAFx)—dB)
=) -1-fONANFE) - FQ)—1)
F)—fO)-DAGFE) -FO)—-1)
f)—fO)—1.
Thus d is a (I, r)-f-derivation in Z. But, for all x, y €Z we have that
(f@—dM)A[d@) - ) =) - FG) —DAFE) —1- )
F—fOM+DAFE)-fO) -1
= -fOM-D-(O-fO)-D-FE®-fO+1)
=(f)-fO-1D-(-2)
=f)-f»+1
#=d(x —y).
This shows that d is not a (r,I)-f-derivation in Z. Furthermore, from Definition 3.2 forall x,y €Z we obtain
(f@) —dWM)AFG) —d@®) = (fF) = FO) - AFG) — (fF(x) — 1)
=) -fM+DAFO) - f)+1)
=) -fO+H - -f)+D) - () - f)+1))
=) -f)+1) - 2fH) —2f(x)
=—fO)-fx)+1
#d(x—y)
Hence, this shows that d is not a left f-derivation in Z.

Example 2. Let X = {0, 1, 2} be a set with Cayley table as follows:

Table 4: Cayley table for (X ; *, 0)
* 0 1 2

0 0 2 1

1 1 0 2

2 2 1 0

Then, it is easy to show that X is a BG-algebra. Defineamap d, f: X — X by

0 if x =0,
dx) =f(x) =42 if x =1,
1 if x =2

Then f is an endomorphism of X. Also, it can be shown that d is a (I, r)-f-derivation and a (r, I)-f-derivation of
X, we say that d is a f-derivation of X. We can also show that d is a left f-derivation in X.

Theorem 3.3. Let (X;*,0) be a BG-algebra, d is a self-map of X and d is a regular, where f is an endomorphism
of X.

(i) Ifdisa(l, r)-f-derivation in X, then d(x) = d(x) A f(x), forall x € X,
(i) Ifdisa (r,1)-f-derivation in X, then d(x) = f(x) A d(x), forall x € X.

Proof. Let X be a BG-algebra, where f is an endomorphism of X,
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(i) Ifdisa(l, n-f-derivation in X, then d(x * y) = (d(x) * f(y)) A (f (x) * d(¥)), for all x,y € X. Since
d is a regular, then d(0) = 0, and by axiom B2 of BG-algebra we have
d(x) =d(x*0)
= (d() * f(0)) A (f (x) * d(0))
= (d(x) *0) A (f(x) x 0)
=d(x) A f(x).
Hence, this shows that d(x) = d(x) A f(x).
(i) If d is a (r,I)-f-derivation in X, then obtained d(x *y) = (f(x) *d(y)) A (d(x) * f(y)), for all
x,y € X. Since d is a regular, then d(0) = 0, and by axiom B2 of BG-algebra we have
d(x) =d(x*0)
= (f(x) *d(0)) A (d(x) * f(0))
= (f(x) *0) A (d(x) * 0)
= f(x) Ad(x).
Thus, this shows that d(x) = f(x) A d(x).
The converse of Theorem 3.3 need not to be true in general.

From definition of f-derivation in BG-algebra, we construct a definition of (f,g)-derivation in BG-algebra.
Definition 3.4. Let (X; *, 0) be a BG-algebra. By a (I, r)-(f, g)-derivation of X, a self-map d of X satisfying the
identity d(x *xy) = (d(x) « f(y)) A (g(x) = d(y)), for all x,y € X, where f, g are two endomorphisms of X. If
X satisfies the identity d(x *y) = (f(x) * d(¥)) A (d(x) * g(y)), for all x,y € X, then we say that d is a
(r,D-(f, g)-derivation. Moreover, if d is both a (I,r)-(f, g)-derivationand a (r,1)-(f, g)-derivation, we say
that d isa (f, g)-derivation of X.

Definition 3.5. Let (X; *, 0) be a BG-algebra. By a left (f,g)-derivation in X, a self-map d of X satisfying the
identity d(x *y) = (f(x) * d(y)) A (g(¥) * d(x)), for all x,y € X, where f, g are two endomorphisms of X.

Example 3. Let X = {0, 1, 2,3} be a set with Cayley table as follows:
Table 5: Cayley table for (X ; *, 0)

* 0 1 2 3
0 0 2 1 3
1 1 0 3 2
2 2 3 0 1
3 3 1 2 0

Then, it is easy to show that X is a BG-algebra. Defineamap d, f: X — X and g by

0 ifx=0,
aw=fe=1] 32y m g@=, i rm12a
3 ifx=3

Then, we can prove that f and g are two endomorphisms of X and d is both a f-derivation and a (f,g)-derivation
in X.

Theorem 3.6. Let (X;*,0) be a BG-algebra, d be a (I, r)-(f,g)-derivation in X, and d is a regular, then for all
x €X,d(x) =d(x) A g(x), where f and g are two endomorphisms of X.

Proof. Let X be a BG-algebra, d be a (1, r)-(f,g)-derivation in X, where f and g are two endomorphisms of X,
then obtained d(x * y) = (d(x) * f(¥)) A (g(x) *d(¥)), for all x,y € X. Since d is a regular, then d(0) = 0,
and by axiom B2 of BG-algebra we have

d(x) =d(x*0)
= (d(x) * f(0)) A (g(x) * d(0))
= (d(x) *0) A (g(x) * 0)
=d(x) A g(x).
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Hence, this shows that d(x) = d(x) A g(x).

Let (X;*,0) be a BG-algebra, d be a (rl)-(f,g)-derivation in X, and d is a regular, then
dlx*y) = (f(x)*d(y)) A(d(x) * g(y)), for all x,y € X. Since d is a regular, then d(0) = 0, and by axiom
B2 of BG-algebra we have

d(x) =d(x*0)
= (f(x) *d(0)) A (d(x) * g(0))
= (f(x) x 0) A (d(x) * 0)
= f(x) Ad(x).
Thus, if d is a regular, then d(x) = f(x) A d(x), which is notion in a way similar to the notion in Theorem
3.3(ii) for d be a (r,I)-f-derivation.

Theorem 3.7. Let (X;*,0) be a BG-algebra. If d is a left (f,g)-derivation in X and d is a regular, then
d(0) = f(x) = d(x) for all x € X, where f and g are two endomorphisms of X.
Proof. Let (X;*,0) be a BG-algebra, f, g are two endomorphisms of X, and d be a left (f,g)-derivation in X, then
we have d(x *y) = (f(x) * d(¥)) A (g(y) = d(x)), forall x,y € X. Since d is a regular, then d(0) = 0, and by
axioms B1 and B2 of BG-algebra we obtain
d(0) =d(x*x)
0 =) *dx)A(gkx) *d(x))
(9(0) *d()) * (g(x) * d(x)) = (g(x) * d(x)) * ((g(x) * d(x)) * (f (x) * d(x))
(g() *d(x)) = (g(x) * d(x)) * (f(x) * d(x))
(gC0) *d (@) * 0 = (g(x) * d(x)) * (f(x) * d(x))
0=f(x)*d()
d(0) = f(x) = d(x).

Hence, d(0) = f(x) = d(x), forall x € X.

Corollary 3.8. Let (X;*,0) be a BG-algebra, d be a left (f,g)-derivation in X, where f,g are two
endomorphisms of X, and d is a regular , then

() f(x)*xdx) =f()«d), forallx,y € X,

(ii) d is a one-one function.

(iii) f(x) = d(x), forall x,y € X.

Proof.
(i) Let X be a BG-algebra, d be a left (f,g)-derivation in X, then from Theorem 3.7 obtained
d(0) = f(x)*d(x), for all xeX. Then, replacing x by y € X we have that
d(0) = f(y) *d(y), such that f(x) * d(x) = f(¥) * d(y).
(i) Let x,y € X such that d(x) =d(y). By Theorem 3.7 and Corollary 3.8 (i) obtained
d(0) = f(x) *d(x) and d(0) = f(y) * d(y), such that
d(0) = d(0),
fO) xd(x) = f(y) *d(y),
fG) +d(x) = f(y) *d(x),
f&x) =1,
X =Y.
Hence, this shows that d is a one-one function.
(iii)  Since d is a regular, then d(0) = 0, by Theorem 3.7 and the axiom B1 of BG-algebra, for all x € X
obtained
d(0) = f(x) »d(x),
0= f(x)*d(x),
fO)* f(x) = f(x) *d(x),
fx) =dx).

Proving the corollary.

IV. Conclusion
The notion of (f,g)-derivation in BG-algebra, which is defined in a way similar to the notion in
B-algebra has similarities in some of related properties, such as if d is a regular, then d(x) = f(x) A d(x), for
d be a (r,I)-f-derivation or a (r,I)- (f,g)-derivation in BG-algebra. However, they also have some different
properties.
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