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Abstract

In this work, we applied a powerful technique to approximate the solutions of singular initial value problems of
second order this technique is based on a new application of Adomian decomposition

method. We presented Few illustrative examples which indicate that the approach is accurate, reliable and
efficient.
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I. Introduction

The singular initial value problems of second order ordinary differential equa-
tions occur very frequently in many important scientific applications. These
problems have been received a significant attention of many mathematicians
and physicists. Several effective methods|6-8,11] were presented to solve dif-
ferent scientific models of these equations, one of the influencing method is
Adomian Decomposition Method (ADM) [1-3] and its modifications [4,5,10]
which are provided to treat linear and nonlinear singular value problems. The
aim of this paper is to use ADM for solving singular initial value problems
of the form 5

y + (; +a)y + %y + f(z) = glz.y). (1)

were f(x,y) and g(x) are given real functions, a is real constant. We offer a
new differential operator to deal with this type of equations
Il. Basic ideas of ADM
We consider the nonlinear equation in the form (1) with the following initial
conditions

y(0) = a1, y'(0) = as,
Eq.(1) can be rewritten as

Ly = f(z.y), (2)
we propose a new differential operator as
d d
L)y =L()=a'—e ™ —ex(.), 3
() = L() = a7 e () 3)

then the inverse operator L~! is given by

L ()=ate™ [xe.‘” /m:r.(.)d.:rd:r.. (4)
Jo Jo
Taking L~! to both sides of (2) gives
y=(x) + L g(z,y), (5)
such that
Ly(x) = 0.
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The ADM decompose the solution y(z) in to an infinite series
y(T) = Z yﬂ(T]! (6}
n=>0

and the nonlinear term g(z, y) into a series

o(z,y) — f: A, ()

where the components y,(z) of the solution y(z) will be determined recur-
rently, and the A, are the Adomian polynomials, specific algorithms were
seen in [3] to formulate Adomian polynomials . The flowing algorithm:

-‘":10 = Z(?J"O)*
A; = Z'(yo)u,

'] 1 '
Az = Z'(yo)y(2) + §Z (yo)u?,

! ' 1 i :
As = Z'(y0)yis) + 2" (yo) o + 3, 2" (vo)vi1 (8)

from (5) , (6) and (7) we have

Z Yn) = F.":(T] + L_l Z Aﬂ' (9}

n=0 n=(0

To determine the components y,(z),we use Adomian decomposition method
by using the relation
o =(z) + L7 f(z),
Yn1 = _L_lAnfﬂ' > D! {10}

therefore
yo = (x) + L f(z),

y = —L ' Ay,
yp = —L71 Ay,
ys = —L7' A3, (11)

Using the equation (8) and (11) we can determine the components y,(r), and
therefore, we can directly obtain series solution of y(x) in (9). In addition,
and for numerical reasons, we can be the n-term approximate

n—1

U, = Z yﬂ(x)‘.‘

n=>0

in order to approximate the exact solution.
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I11. Numerical examples
To explain the effectiveness of the ADM we study three test examples for the
singular initial value problems of second order.
Example 1. We assume the following nonlinear equation
e* (b+4x) 0y o

" 2 - I 3
y—l—(;—kS)y—l—;y—f—e +y°, (12)

¥(0) =1,4'(0) =1

with the exact solution is y(x) = e*.

‘Where J J
L()=z"" ae_?’m&ehm{.),

the inverse operator L=! is given by
1y _ a1 -3z [T 3z [T
L7 ()=z""e e x(.)dzde,
Jo Jo

the equation (12) written in an operator form becomes

e (5+4x)
= ——¢
x
Taking L~! to both sides of (13) yields

Ly +9° (13)
y = e — L—IEQI + L—1y21
Now we use the recursive relation

Yo = et — L—IEZJ:..

Yns1 = LT AL n >0, (14)

where the nonlinear term y° has the first few Adomian polynomials A, are
given by

Ag = yﬁ,
Ay = 2yoy.
leads to 3
- B o
yD=1+T+?+§_%+ 720+

2zt Tzt 5
y1=?+—+—+

21 120 (720
= o + v +
%0 1m0 T
etc. this yields the approximate solution of the problem in a series form is
P T . |

yx)=w+mn+tip=l+r+—+—+— +....

2 7% T2 10

which 18 quite close to Taylor expansion of exact solution.
Example 2. Consider the linear equation

"

2 ;15
S 15y ——y==x (12— 402 —752%), 15
y +(C -1y ——y z ( z—T51%), (15)

y(0)=0,4'(0)=0
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where

L(.) = ;r_l—elt"”ie_wr:r(.):

dz dz
then the inverse operator L' is given by

L) =z [:: e~ 15" [m z(.)dzdz.
Jo Jo
We write Eq.( 15) by ADM operator form as

Ly == (12— 40z - 752%). (16)
Taking L™ to (16) we get the exact solution
y(z) = z* + 2%

Note that, the exact solution is easily obtained by ADM.
Example 3. We consider the following nonlinear equation

.2 .10 = 10+ 1222+ 3023 +92°
y +(2+10)y +;y=€ ( - T

" +22° —logy®, (17)

y(0) = 1,7'(0) = 1 Where
d d
I e L1 i (1
L(.)== G z(.),
the inverse operator L' is given by
L7'() zx_le_mx[ emx[ x(.)dzdr,
Jo Jo

the equation (17) written in an operator form becomes

B e (10 +122% +302° + 92°)
B x
Taking L~! to both sides of (18) yields

Ly + 22% — log y/°. (18)

y=e" + L' (22%) — L' (logy®),
by modified ADM in [9] we have

I:."i

Yo=¢
We use the recursive relation
yp = L71(223) — L1 Ay,
Yno1 = L71A,. n > 1, (19)

where the nonlinear term log y? has the first few Adomian polynomials A,
are given by
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Ap = log yg.
4=
Yo
which gives .
" — E’a“;
= U

Yne1 =0, n =1

this yields the solution of the problem is given by

Y(Z) = Yo+ Y1 + Y2 — €.

Which 1s equal the exact solution

IV. Conclusion
We present a new application of ADM which has a very high ability to solve singular value problems

with initial conditions. The results obtained from three examples show that the method is effective and useful in
finding the exact solution for initial value problems. We see that series solution converges very rapidly in these
problems by proposed method.
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