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Abstract:

This paper is concerned with analytical determination of (a) the normal displacement and Airy stress function of
an imperfect viscously damped toroidal shell segment subjected to a step load and (b) the dynamic buckling
load of the structure using perturbation technique in asymptotic procedures. The continuously differentiable
imperfection is assumed in the form of a two — term Fourier series expansion while homogeneous initial and
boundary conditions are assumed. The formulation contains a small parameter depicting the amplitude of
imperfection and upon which a multi — timing regular perturbation procedure is initiated, while the light viscous
damping is of some order of imperfection. Simply — supported boundary conditions are assumed and in the final
analysis, a uniformly valid asymptotic formula for determining the dynamic buckling load is determined
nontrivially. The dynamic buckling load is related to the corresponding static buckling load and the relationship
is independent of imperfection parameter. Besides, the dynamic load is found to depend, among other things, on
the Fourier coefficients while the formula for determining the dynamic buckling load is implicit in the load
parameter.
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I.  Introduction

As in the case of elastic cylindrical shell segments, elastic toroidal segments are imperfection —
sensitive structural materials that don’t seem to attract as much attention as other imperfection — sensitive
materials such as columns, plates and even spherical shells. To our knowledge, strictly analytical investigations
into the dynamic behavior of toroidal shell segments appear rather scanty and far between. Perhaps, one of the
earliest investigations into toroidal shell segments was that by Stein and Mc Elman [1] whereby the buckling of
toroidal shells (static buckling) was discussed. Later, Hutchinson [2] studied the initial postbuckling behavior of
toroidal shell segment. In yet another investigation, Oyesanya [3] investigated the asymptotic analysis of
imperfection — sensitivity of toroidal segment with modal imperfection and further extended his study [4] to
investigate and analyze the influence of extra terms on asymptotic analysis of imperfection — sensitivity of
toroidal shell segment with random imperfection. In a similar investigation, Ette et al. [5] analyzed the normal
response and buckling of a toroidal shell segment pressurized by a static load, while Ette et al. [6], in the like
manner, studied the deformation and static buckling of a toroidal shell segment using a two — term Fourier series
imperfection.

Il. Dynamic buckling Criteria
Globally, the Budiansky / Roth criterion [8] and the Budiansky / Hutchinson criterion [9] appear to be
popular and of wider applicability.In the first case (ieBudiansky / Roth criterion), the response (displacement) is
plotted against the applied load and the particular load that initiates a sudden jump in the displacement is
regarded as the dynamic buckling load. This criterion easily lends itself to easy application of numerical
techniques such as Finite element method and to easy computer application. However, in the Budiansky /
Hutchinson criterion, the dynamic buckling load is defined as the largest load parameter for the solution of the
problem to remain bounded and the condition [9] for dynamic buckling is

dl_o 1
dUa_ ()

where, 1 is the load parameter and U, is the maximum displacement. This second criterion easily lends
itself to easy application, through phase plane portriate, of the dynamic buckling analyses of some simple elastic
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one — dimensional materials under step load. It also lends itself to dynamic buckling investigations of some
much more complicated multi — dimensional elastic structures such as cylindrical, spherical and even toroidal
shells, hence its preference in this investigation.

In order to utilize equation (1), our initial aim will be to apply a two — timing regular perturbation
technique and obtain a uniformly valid asymptotic expansion of the maximum displacement U, subsequent
upon which the invocation of (1) is initiated to obtain the dynamic buckling load. Similar perturbation
techniques were initiated by Kervokian [10], Kuzmak [11], Luke [12], Li and Kervokian [13], Danielson [14]
and Lockhart and Amazigo [15]. Mention must also be made of investigations by Reda and Forbes [16],
Priyardarsini et al. [17], Mc Shane et al. [18], Kubiak [19] and Kolakowski and Mania [20].

I11. Formulation of the Problem
By adjusting the associated Karman — Donnell equilibrium and compartibility equations in [3, 4], to the dynamic
setting, the equations satisfied by the normal displacement W(X, Y, T) and Airy stress function F(X, Y, T) of
the undamped toroidal shell segments are respectively

1 1 1 _ la _ R _
PWyr + DV'W + = Fyy + - Fyy + P [E W+ W)y + (1 - EE) w + W)_yy] —SWH+W,F) (2

b
and
iv‘*F —EWXX —ley = —lf(W +W,w) 3)
Eh a ’ b’ 2
W =Wy, =F= Fyy =0atX =0,L 4)
W(X,Y,0) = W (X, Y,0) =0 (5)
0<X<L 0<Y<a (6)

Here, equations (2) and (3) are the equations of motion and compartibility respectively, X, Y and T are the axial,
circumferential and time variables respectively while p is the mass per unit area.Simiarly, E and h are the
Young’s modulus and thickness respectively, while a and b are the two radii of the toroidal shell. P(T) is the step

3
Eh is the bending stiffness where 9 is the Poisson’s ratio. V*is the two — dimensional

load, while D = m

2
a2 92
_+_

biharmonic operator defined as V*= (axz 6y2) , while $ is a symmetric bilinear differential functional

defined as

S(P,Q) = PxxQyy + PyyQyy — 2Pxy Qxy.

In addition, W is a time — independent stress — free continuously differentiable normal displacement acting as
the imperfection and a subscript following a comma denotes partial differentiation.

IV. Nondimensionalization of relevant equations
Asiin [3, 4] and [15], we now let

9, T>0 X 2y W
P(t)={g, T<o XT[ YT g wWEL
w 12aP 1, t>0 12121 = 92)
w= WO =" g0 ={y Ty A=
h 12 A 2 TﬂZ(D/p)l/z
H= o, §=on K(§)=—(1—+S(> L= o< e«
gt)=1,t=0 ™

Here, we have neglected the axial and circumferential inertia and have similarly neglected the boundary — layer
effect by assuming that the pre — buckling deflection is constant so that
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ER’L*

F=—ip <X2+1 Y2)+
- TP 2“ 72a(l + &)2

)
_pa*(l—av)
W= — hw 9)

The first terms in (8) and (9) are the pre — buckling approximations, while the parameter a = 1 if pressure
contributes to axial stress through and plates otherwise a = 0 if pressure acts laterally. By introducing the light
viscous damping term, namely 2e%w, to the equation of motion, the resultant nondimensional equations are

_ . . a a
Wy + 262w, + Viw — K()(fox + 871y, ) + 2 [E W+ W), +& (1 - E) (W + ew)
= —K@©HS(f,w + ew),

t>0 (10)
and
. 1
Vi — (148 (Wyy +Erw,, ) = —EH(l + 825w + ew,w) (11)
- ~ a
W=W,, =f=f,y =0atx=0,r, 0<x<m 0<y<2m t>0, r=E (12)
w(x,y,0) =w,(x,y,0) =0 (13)

Here,
_ 62 62
S(p' CI) =Paxx4yy + PyyQxx — zp,xy qxy andV*= (m + f _z)

V. Classical Theory
The necessary equations in this case are obtained from (9) and (10) by neglecting all the time related terms and
all forms of nonlinearity as well as imperfection. The relevant equations are

Vw — K@) (fux +&7f,,) + 1 [% W +8(1- %) Wy = 0 (14)
_ 1
Vi — (1 + ) (Way + Erwy, ) = —EH(l +OS(w + ew, w) (15)

W = W,y =f= fxx =0atx=0,m
The classical buckling load A, is sought by letting

(w,  f)=(am,  bp)sinmxsin(ky + @) (16)
where@,,. is an inconsequential phase and where (@, b ) # (0,0). On substituting (16) in (15), yields

—_ —(1 4 &)’m2ay, -
kT (m? + €k2)?2 + (L + §)2erk? (17a)
On substituting (17a) into (15) and simplifying, yields
2 2 2 2
2 2y2 _ 4 ) OM 2(1 _ 9| _ K@ m* +&kr)(1+$)°
(m? + £k?) /1{ ek (1 2)} T T T (s B =
The classical buckling load 4. is determined from the maximization (assuming that k varies continuously)j—i =

0. Thus, if k = n is the value of k at classical buckling, we get
K@)A+8)2(m2+én?r)
(mz + fnz)z T 2 272 25712
/10 — (m4+&Ens)2+(1+8&)%érn (17b)

(e
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On substituting for K (&) from (7) into (17b) and letting m = 1, { = &n?, we get

2 A%(1+Tr)
A=+ a+o7+ A+)2+(1+§)%r (180)
sr(-3)u
It follows that
N —(1+¥)? .
(w,f) = (1, x0T+ + 5)2(7") aq, sinxsin(ny + 01,,) (18b)
V1. Perturbation Solution of the dynamic Problem
Let
T=¢%t, wx,yte)=Uytte), f(x,y,t,€) =f(x,y,t1,€) (19a)
wowe= U+ €U,  wy = Uy +262U,, + €Uy, (19b)
Further let
Ux,y,t,7,6)\ > (UD l.
(Femire)= 2, (o) @
Substituting (19a, b) and (20) into (10) and (11), yields
U,E§)+V4U(1) — K@Y +erfS) + /1[ D +w) +¢ (1 - —) D +w) ]
0(e) (21)
kv‘*f(l) ~1+ 2R +aul)) =0 (22)
(2) +VAU@ — K(f)( @) + frf(z)) +2 [2 (2) + f( )U§/2y)
0(62)! —K(f)H[S(f(l) UD) + s(r®, w)] (23)
|
| V@ - +¢)? (w® +ewd)) = _EH(l +O)[s(w®,wD) + s(wh,w)] (24)
UP + U - KOFD +erf) +2 [2 v +¢(1- ) v
0(63)J= —K@©H[S(FD,U®) + S(f®,uD) +s(f®,w)] - 2(u? +vP) (25)
[ _ 1
7@ - @+ 02U +&ul)) = —SHA+ O S(UD,UD) + sUP,UD) + s(U®,w)] (26)

etc.
However, (UW, @) = (U@, um).

U(i)(x’ y; 0, 0) = f(i)(x’ y: 01 O) = O’ i= 1’2’3’
UPxy,00 = [P@xy,00=0, k=12 27)
U (xy,00) + U P(x,y,00 =0, 7=34..

UO =u8) =fO =D =0 atx=0,7,i =1.23,... (28)
In line with the boundary conditions, we shall let

w = (dcosny + Esinny)sinmx (29)

oo

Generally, the solution of equations of any order of perturbation will be of the form
u®
( f(i)) - Z

y® y®
1 2 . .
( (l-)> cosqy +< (i)>smqy sinpx (30)
p=1q=1 f /2

Hence, using (30), the following will be of general applicability
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; _ ) . . a a .
U+ 700 - k@O (FL +erfl) +2 [E v +¢(1- E) vl
=) [{U,%? + @ + D201 + @K O ~ ¢ r) A0

p=14=1
2
Y L A A P A POl O
A( > +(1 z)fq )U1 }smpxcosqy
+ {U,SB + @ + €420, + @K@ ~ a*rf;”

ap? a .
-2 (% + (1 - z) fq2> Uz(‘)} sinpxsinqy] (31)
and
VO -1+ Ol + Uy

= > [+ a0 + 1+ (g% - pHUP Jsinpxcosqy
p=1,4q=1
+ {0 +€a2 0 + (1 + 82 (q7r¢ — pPUS Jsinpasingy] (32)
Any integration with respect to x will have 0 and m as the lower and upper limits respectively while a similar
integration with respect to y has 0 and 27 as the lower and upper limits respectively.

Solution of Equations of order €
Substituting (30) into (22) and first multiplying through by cosnysinmx, and next, by sinnysinmx and for
p = mand g = n in each case, we get

o —A+D e —mHw” ) -1+ D0 - mPw”
= (m? + §rn?)? o B (m? + &rn?)? (33)
Next, substituting (30) into (21), noting (31) and multiplying, first by cosnysinmx and next, by sinnysinms, it
is noted that for p = m, g = n, the following resultant equations are obtained (after substituting for fl(l) and fz(l)
from (33))

U + 92U =aB®; Ul + p2Ul = bBD (34a)
1 _ am? a 2
BO = {2 4 (1-9) gn2) (34b)
U0 =0, UP00)=0; UL 0,0) =U5)0,0)=0 (34¢)
2 2 2 z
2 = 2 2y2 —mA) 2 Z(nrf_m)— il ~ ) én?
® [(m +én )%+ {(1 y: +n°ré 1+ (mz T {:nZ)Z 4 2 + (1 Z)En

> 0vm,n. (35)
The solutions of (34a) — (35) are

Ul(l) = 51(1)(T)C05(pt + ﬁl(l)(r)simpt +aB (36a)
BW ©) - €]

B = ik §;7(0) = —aB, B;7(0)=0 (36b)

Uz(l) = 62(1)(1)c05(pt + ﬁz(l)(r)sin(pt +bB (37a)

55°(0) = -bB, pV(0) =0 (37b)

So far, it is clear that in the final analysis, we shall have

u® 1
(ﬂ”) = ( o ) (Ul(l)cosny + Uz(l)sinny)sinmxsinny
—Po

where,
_1+®? n’ré —m?

Po = E (m? + n?ré)?

Solution of equations of Order €

On simplifying the right hand sides of (23) and (24) and equally simplifying their left hand sides using (31) and
(32) and noting (30), we have, for i = 2,

(38)
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ap?

z [{Ul(zt)t + % +E4DUP + P2 KE) — ¢*rH P - 2 (T + (1 - %) fqz) Ul(z)}sinpxcosqy

+ {Uéii + (@2 +£qD2UP + (0?K(§) — ¢*re) ;2

ap? a
-2 (% + (1 - z) fq2> Uz(z)} sinpxsinqy]
2 2 _
= —K(§)H(mn)%g, [(Ul(l) + UM +av® + bUz(l)) cos2mx
2 2
+ (Uz(l) + Ul(l) + bUz(l) - dUl(l)) cos2ny

— (2uPu® +au® + bUu)sinzny| (39)

and
z [{(PZ +Eq) P + (1 + 6)2(g%re - pz)Ul(z)}sinpxcosqy

p=1,4=1

+ {(p2 +EqO)% P + (1 + 6)2(g%re — pz)Uz(z)}sinpxsinqy]

1 2 2 -
= _EH(l + &)*(mn)? [— (Ul(l) + UM +au® + bUz(l)) cos2mx
2 2 —

+ (—Uz(l) + Ul(l) - bUz(l) + C_lUl(l)) cos2ny

+(2uPu® +au + bu)sinzny| (40)
U2(0,0) = UfP (0,0 = UP(0,0) = UP(0,0) = 0 (41)

For the solution of (40), we multiply both sides, first by cos2nysinmxand afterwards by sin2nysinmx. In the
first multiplication, we get, forp = m,q = 2n

2 2 2 2 —
—(1 +&)?(4nrE —mHUP + M(UP - U +au® - byz(l))

@
h (m? + 4n2¢)? (422)

This can further be written as

2 2 —
AP = =00 + g (U” = U + au® - busP) (42b)
where,
1+ 9*n*ré —m?) _2H(1 +§)*mn? 420)
e7 mZ+4n2)2 P87 m(m? + 4n2g)?
The second multiplication gives, for=m, q = 2n,
2H(1+&)%mn? _ =

o _ —(1 + §)*(n?rg - mAUP + EL oy Oy — gy + puy) 3a)

2 (m? + 4n2§)?
This can further be written as

2 _ _
B = —p,UP + g (2UP U — au® + buV) (43b)
Next, multiplying (39), first by cos2nysinmxand after, by sin2nysinmx and for p = m, g = 2n, the result (in
the first multiplication) is

2 2 1)2 D%, -, 7,0
Ul + 020 = 3 (U - Uf”” + au® - busP)

2 2 —
+ ¢4 (USY" = U + bu — aug?) (44a)

uP0,00=0, U200 =0 (44b)
where,

{(ﬂ)z + 4n2rf} (1 + 8?(4n’ré — m?) am?
0% =|(m? + 4&n?)? + - /1{

146 a
Iy T+ (1 - E) 4gnz}

> 0Vvm,n. (44c)
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—2H(1 + &)*>mn? ArHmMn? @y A?
$3 = 2 20z e T T a2 (44d)
n(m? + 4n?¢) 1+9
Equation (44a) can be further written as
2 2 —
U2 + 02U = (93 — 94) <U1(1) — UV + (au® - bUz(l))> (45)
The second multiplication by sin2nysinmx in (39) yields
U + 02U = (93 + ) 2UPUsP + augPuP) (46a)
UP0,00=0, UZ(0,0)=0 (46b)

The following simplifications are necessary in the solutions of (45) and (46a) that soon follow.
2 1
v = [{ (51(1) + [3(1) ) + dZBZ} + ZdB(Sl(l)cosqot + ﬁl(l)simpt) + 6P Wsin2¢t

2
Lrem? _ o2 ]
) + > (51 A cosZ(pt) (47a)
2 2 2 — —
uh” = [{E (52(1) + M ) + szZ} +2bB(68 cosgt + BV singt) + 687 BN sin2¢t
1 2 2
(s _ p)
) + > (62 ) cosZ<pt)] (47b)
2uPu) =2 [5 {606 + pp) + B(bs® + 66(1))cosq)t + B(aps” + bpL")singt
+> (6(1)6(1) BV D) cos2et + = (6(1)[?(1) 62(1)[?1(1))sin2<pt] (47¢)
Substituting (473, b) in (45) and simplifying, yields
Ul(zt)t + QZU(Z) = (@3 — @4) (19 + ricos@t + rysinet + r3sin2¢t + r,cos2¢t) (48)
where,
Locw? | o), —2p2) _ (L% | p2) , 72p2 2 _ 72
r(,:{z(al + B! )+aB}—{E(62 + S )+bB}+B(a — b?) (49a)
r = 2B(a+b)(6{" - 6{") + (as{’ - bs5P) (49b)
r, =2B(a+b)(B" - M) + (apt” - bB") (49¢)
1 2 2 2 2
1 1 1 1 1 1 1 1
o= OB 0P8, (60— B) - (5 - ) @)
— 3B? _
1(0) = (a* — b?) (T + B), r(0) = (a* — b?)(2B* + B) (49¢)
B? _
1(0) =m3(0) =0; 1n(0) = 7(52 - b?) (491)

The solution of (48) and (49a — f), using (44b), is
Ul(z)(t, T) = 61(2)(T)cos.(2t + ﬁl(z)(r)sin.(lt

1
+ (93 — 4) [ (Qz ) (rycospt + rysingt)

1
+ <m> (r3sin2¢t + r46052<pt)] (50)

@) _ o " 3
570 = o2 = o) g5 + (G o2) + (G —g7) | 1o

_, o\ [3B*+2B  2B® + B
= (¢35 — <P4)(a —b )[ 202 + 07 = 2(.(22 4(p2)] (51a)
BP0 =0 (51b)
Substituting (47c) into (46a) and simplifying, yields
Uz(zt)t + QZU(Z) = (3 + @4) (15 + r4cos@t + r,singt + rgcos2¢t + resin2¢t) (52)

where,

ry = {606V + p{Vp" + 2abB}, 1y ={2B(bs{" + as") + as{” + boV}
ry = {2B(ap” + bp") + ap” + bV}, = {6MefV - p(Vp"}

ry = (690 — 6VpM),  1(0) = abB* + 2abB, 15(0) = 2ab(B* + B)

5(0) =0, 13(0) =abB?  15(0)=0
The solution of (52), using (46b) yields
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UZ(Z)(t, T) = 62(2)(1)005.(% + ﬂz(z)(r)sinﬂt

5 1 .
+ (@3 + @4) [F + (m) (rscoset + rysingt)

1
+ <m) (rgcos2¢t

+ rgsinZ(pt)] (53a)
where,
@ _ s T6 7

52 (0) - _((P3 + (p4) [E-l_ 02 — (pz + 02 — 4(p2] |T=0
= — (¢ + ¢)abB? [L+ e 1 ]+0(B) @ ()

3T 207 T 02— @2 T 2(02 — 4¢?) rore

=0 (53b)

Solution of equations of Order €3
After simplifying the right hand sides of (25) and (26), and substituting on their left hand sides, using (31) and
(32) for i = 3, the resultant equations are

- 2
ap a .
Z [{Uﬁg + (p? + £q2UP + WPK(©) — ¢*rO) P - /1(7 + (1 - E) fq2> U1(3)}51npxcosqy

p=1,g=1
(3) 2 22773 2 2 (3)
+{U2_“ +(° +$q)°U;7 + (p°K(E) = q°r§)f;
ap? a
-2 <% + (1 - E) €q2> U2(3)} sinpxsinqy] =
5
— K(§)H(mn)? [Z {(fl(l)Ul(z) + £, PUP)cosny + (PUP - £PUP)sinny
+ (fl(l)Uz(z) + fz(l)Ul(Z))siany + (f1(1)U1(2) _ fz(l)Ul(z))cos3ny}(1 — cos2mx)
{508 + 50U )cosny + (VU ~ f2UP)sinny
+ (fz(l)Uz(Z) - fl(l)Uz(z))C053ny - (fz(l) Ul(z) + fl(l) Uz(z))sin3ny}(1 + cos2mx)
5 .
P + 52 U)cosny + (20 ~ fDUf" )sinny
+ (fz(z)Ul(l) + fl(z)Uz(l))sinSny + (fl(z)Ul(l) - fz(z)Uz(l))COS3TLy}(1 — cos2mx)
_ {(fz(z)Uz(l) n fl(Z)Ul(l))cosny _ (fl(z)Uzu) _ fz(z)Ul(l))sinny
+ (fz(Z)Uz(l) - f1(2)U1(1))COS3n)’ - (ﬁ(z)Uz(l) + fz(z)Ufl))sin3ny}(1 + cos2mx)
5 _ _ ~
+ Z{(dflm + bfz(z))cosny + (C_lfz(z) - bfl(z))sinny + (C_lfz(z) + bfl(z))siany
+ (af® - bfP)cos3ny}(1 — cos2mx)
- {(Efz(z) +afP)cosny — (bf? — af,?)sinny + (bf? — af,?)cos3ny
- (l_)fl(z) + c_lfz(z))sin3ny}(1 + cosme)] - Z(Ul(‘lt) + Ul(,lti)cosnysinmx
- Z(Uz(’lt) + Uz(‘lt)r)sinnysinmx (54)

uP0,00=0, U300 +U(0,0)=0 (55)
and
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[oe]

z [{(PZ + 8¢ P + (1 + 6)2(g%re - pz)Ul(3)}sinpxcosqy
p=14=1

+H{@? + £ £ + (L + O (gPré — pP) U )sinpasingy]
5
= —H(1 + £)*(mn)? [Z{(Ul(l)Ul(Z) + Uz(l)UZ(Z))cosny + (Ul(l)UZ(Z) - Uz(l)Ul(Z))sinny

+ (Ul(l)UZ(Z) + Uz(l)Ul(z))sin3ny + (Ul(l)Ul(z) - Uz(l)Ul(z))cos3ny}(1 — cos2mx)
— {(Uz(l)Uz(z) + Ul(l)Ul(z))cosny + (Ul(l)UZ(Z) - Uz(l)Ul(z))sinny
+ (Uz(l)UZ(Z) - Ul(l)Uz(z))cos3ny - (Uz(l)Ul(z) + Ul(l)Uz(z))sin3ny}(1 + cos2mx)

1((5 _ ) i
+ 5{{1{(5%@ + bUP)cosny + (aU? — bUP)sinny + (@U® + bUP)sin3ny

— (bU® — au{?)cos3ny}(1 — cos2mx)
- {(EUZ(Z) +au®P)cosny — (bU® — auP)sinny + (bUP — au{?)cos3ny
— (bU2 + au®)esinny}(1

+ cosme)}} (56)

Us0,00=0,  U§Y(0,0)+ U{(0,0) =0 (57)
A careful observation of (54) and (56) shows that there will be buckling modes in the shapes of cosnysinmx,
sinnysinmx, cos3nysinmxand sin3nysinmx. To determine the associated Airy stress function in the shape of
cosnysinmx, we multiply (56) by cosnysinmx and for p = m, q = n, we get
1
(€) 3
fitmm =~ (m? + n2§)? [(1 +8)?(*r§ - mz)Ul(m.n)
4H(1 + §)*mn?
+ D00 + uPuf?)

1
+5 (av®

+ EUZ(Z))}] (58)
This is valid for m odd. Next, multiplying (56) by sinnysinmx and for p = m, g = n, the Airy stress function is
(€) 1 1 20,2 2yy®)
2(mn) — (mz + n2€)2 ( + E) (Tl Tf -m ) 2(m,n)

N 4H(1 + &)*mn?

17,2 ;@)
U - uPuf®)

1
+5 (au®

- 5u®)] (59)
valid for m odd. Multiplying (56) by cos3nysinmxand for p = m, q = 3n, we get
- m [(1 + 02 (n2re —mHUD,
N 28H(1 ;—nf)zmnz {(Ul(l)Ul(z) _ U2(1)U2(2))
+ % (aul®

-5 (60)
valid for m odd. Lastly, we multiply (56) by sin3nysinmxand for p = m,q = 3n, and get
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3) 3)
2(m, 3n) (mz + 97’126)2 [(1 + 6)2(97’121"6 - mZ)UZ(m,3n)

28H(1 + &)?mn?
3n
+ = (aU(Z)

+ bUl(Z))}] (61)

valid for m odd. Next, multiplying (54) by cosnysinmx, we observe that for p = m,q = n, we get (after
substituting for f 1mn) from (58))

(UO0® +uPu)

1 _
3 3 1 2 1 2 —r1(2 2
US + U = —ps [Uf u® + u§ )U2()+§(aU1()+bU2( ))]
1 2 1 2 — (2 7 (2 1) (2 1) (2
- <p6{(f1( WP + [PUP) + @ +b2) + (U2 + UL ))}

-2 +ul) (62)
uP0,00=0, U30,0) +U2(0,0) =0 (63)
4H(1 +€)2mn {(%) +Tl2€} 4HK(f)mn2
¥s = m(m? + n2§)? o b 64

Multiplying (54) by sinnyxinmx and for p = m, q = n, we get

U + 0709 = o5 (UPUP - UPUPD) - (- o000 + U UD + UL - U
- 2(Ug + Uy, (65)

uP0,00=0, U(0,0)+ U (0,0) =0 (66)

In (65), we have retained only the terms that are cubic in displacement on expansion. The following
simplifications are necessary

2 1 1 2 2 1 1 2 1 2 1 2 1 1
l{ 1 F 2 l, 1 l, 2 [, 1 l, 1 l, 1

3 3
Uz(l) = (51(1)COS(pt + ﬂl(l)sin(pt +aB)
= Tg5 + T56COSPL + 157SIn@t + 15302t + 1595iN2¢t + 1g9cos3 @t

+ 151 5in3 ¢t (67a)
where,
12 )2 @3 W) p(1?
pog = (2B 3B s reg = | 22 0B 35pe (67b)
55 2 2 , 56 4 4 1
3 (2 W 4 50p0° 1) p2 3 ()2 2
r57=1(61 +5"p"7) + 3582, r58=§(5 B—B B) (67¢)
3 2 3
50 =360B"B, 1y = 1(61(1) -3600p%), 1 (35“) O —p™7)  (674)
, (3@’ (3@
55 (0) =B T +1 B TSG(O) =3B T —al, 57 (0) =0 (67@)
—383 6_13 3
r58(0) = 2 ’ T59 (O) = O' Ts0 (O) = 4 ) To1 (0) =0 (67f)
We also have
2
Ul(l)Uz(l) =137 + 13gC0SQt + 139SINQPL + 149C0S2¢t + 141 SiN2¢t + 145 c053¢pt
+ 1y35in3¢pt (68a)
— — 1 2 2 _
ryy = 655058 + AL A + ap (5 (657" + pO7) + (bB)2> (68b)
5O
2 2
rag = 6(1)( (5(1> 4+ g )+ (bB) ) (5(1) ) >+ 50 pMEM
+ 2abB255M (68¢)
€Y
1 2 2 _ 2 2
rio = 35500 + (30 (80 + %) + (55)'6) - B (5677 - p27)
+ 2abB?pM (68d)
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2 2

_ 6(1)5(1)1’13 bBﬁ(l)ﬁ(l) > (5(1) 2(1) ) (686)
rn = 8, pSVbB + bBEV s + (aB) sV pLY (681)

57 w? oA 1w .mam
rp = —— (857" = B5Y7) -5 6BV (689)

)
1 2 2

ris = 5610508 + d — (s - A7) - (68h)
, (3ab* +2a’ —11ab*B’ _
r37(0) = B — ) r38(0) = — 739(0) =0 (68i)
3ab?B3 —ab?B3 ,
140(0) = 2 731(0) =0, 14,(0) = 7 1743(0) =0 (68))

Similarly, we have
Ul(l)U(z) =71 + 1pc05@t + 1135inEt + r14,c0S2@t + ri5Sin2@t + rgcos3t + r;sin3@t + rigcost
+ ry95indt + rygcos(p — Dt + ryysin(p — D)t + ryycos(p + Dt

+ ry3sin(p + Nt (69a)
where,
1 rlé'l(l) rzﬁl(l) aBr,
r1 = (@3 — ¢4) 7= (p2< > + > + 02 (69b)
[ o(1) €5) €3] -
7007 746, 73, aB
= — 9
T12 ((p3 (P4) _QZ + 2([22 _ 4(p2) + 2([22 _ 4(,02) +[22 _ (,02 (6 C)
[ 1) ) ) =
7367 10y 7181 aB
ri3 = (¢3 = @) | 7 = 12t T T a@oagny tE— (69d)
[ s(D) (1) =
1167 720; aBr,
— _ _ 9
T14 ((p3 (P4) __{22 _ (pz 2([22 _ (pz) _QZ _ 4(,02 (6 6)
[ ® (€8] =
720, 115, aBr;
s :(¢3_(p4) _02_(p2+2(!22_(p2)+!22_4902 (69f)
(€)) (€Y)
736, r3f;
— _ — 69
"6 ((p3 (p4) 2(!22 _ 4(p2) 2(!22 — 4(p2) ( g)
Q3 — Q4 _ _
My =5y x e 2)( 1360 +1,8M), ng = aBs®, 1y =aBp? (69h)
o =5 (6069 + 08P, m, (5%(0 5B (691)
1 .
Ty = —(6(1)5(2) _ ﬁl(l)BZ(Z)) T3 (5(1),8(2) 5(2),81(1)) (69])
a(a? —b%) 2a(es + ¢,)
111(0) = R;1B3 + 0(B?), Ry; = (93 — ¢4) [ (@ 902) ;2 . (69k)

3 2
112(0) = Ri;B* + 0(B?), Ry = (o3 — <P4)(a - bz) [202 07 <p2]’ r13(0) =0 (690)
_ 1
114(0) = R14B® + 0(B?), Ry, = (93 — @,)(a® — b?) [2(_(22 “apd) 2= (pz] (69m)
_ 72 _ b2
r15(0) = 0, 116(0) = RiB*> + 0(B?), Ryg=— 4(()(54—)(:(;)2) ) (69n)

117(0) = 0, 7r15(0) = R;gB*> + 0(B?), (690)

Rig = —a(ps; — )(62—52)[i+ 2 + (69p)

18 = V3 — P4 202 02— @2 " 2(0% — 4¢?) 14

119(0) (= 0, 7”20)(0) = R,0B* + 0(B?), , ) (699)
O3 — Psa) _,_

Reo = %a(az 5) [2(22 —¢? 27— 4902)] (69r)

151(0) =0, 72,(0) = Ry (0) = RzoB3 +0(B?), 13(0)=0 (69s)

We also simplify the following
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Uz(l)Uz(Z) = Ty4 + Ty5C0SQL + Ty SINQPL + 157C0S2¢t + TygSiN2¢t + 1,9c083 ¢t + 13¢Sin3@t + 131 cost
+ 13,5in0Qt + r33c05( — D)t + r3,5in(p — )t + r3scos(p + 2t
+ r3¢sin(p + 2t (70a)
where,
I 62(1)r6 2(1)r7 bBrs (700
N IR D I ICEE D)
5V, s, Wy, bBr,
s = 225"' ; 82"' zﬁz 92"' 2 6z (70c)
_.(2 2002 —@?) 02 —4¢? 0?7 -9
N T952(1) 7’5[”2(1) _ Taﬁz(l) bBr, (70d)
26 2(02 — 4¢?) 02 02 — 49?2 " 02 — @2
i 165V _ 7, B bBry (700)
7202 - 92 2002 -9?) " 07 - 4¢?
[ ) 1) -
7705 768, bBrq
= 7
S 2@ e Y@ — o)t ae? 7o
I 7”852(1) _ 7’932(1) e = 7’952(1) 7”8.32(1) (709)
29 _2(_(22 —?) 02— 4¢?| 30 2(02 — @2) ' 02 — 4¢? 9
- - 1
r =DbB&Y, = BBRY, 15 =5 (876" + BVB”) (70h)
1 1
T = 5( 657B5" + 657857, s =5 (86,7 — BVBsY) (700)
1
=5 (6,785 + 6,785") (70))
ab*(ps + @)  2ab*(ps + @4)
- 3 2
124(0) = RyB” + 0(B?), Ry = e IO (pz) (71a)
— 1
ns(0) = RasB® + 0B, Ras = B(pa + ) [ g7 + 502 =303 (71b)
—ab*(ps + 904)
156(0) =0, 7137(0) = Ry;B*> + 0(B?), Ry = 2002 — 492 (71c)
—ab’ (93 + ¢4)
18(0) =0, 159(0) = RyoB*> + 0(B*), Ry = W (71d)

2
N2 — @2 .(22 - 4¢2]

2 1
7(0) = 0, 155(0) = RegB® + 0B, Rss = 30503 +00) [+ g+ prmga| 1)
734(0) = 0, 735(0) = R33(0) = R33B* + 0(B?), 7”36(0) =0 (719)
Now going back to (63) and retaining only the terms that are cubic in displacement components and making use
of the simplifications earlier initiated, we have
US) + 02U = goUUP + 91UV U + P ULy’ -2 +ul)) (720
where,
P9 = PoPs = PeP7 — P5 — PsPs (72b)

P10 = PoPs T PcP7 — Ps5, P11 = —PePs (72¢)
Substituting into (62) gives, after simplification

130(0) =0, 73,(0) = R3;B% 4+ 0(B?), R3; = —ab*(p; + 904)[ (71e)

U1(3t)¢ (P2U1(3) = Tya + (QoT12 + P10725 + P11738)COSPL + (PoTi3 + Q19726 + P11739)SINGE + Ty5C0S2¢0t
+ 76 SIN2¢t + Ty7c083¢t + TygSin3t + 19c0s0t + 150 Sint + 151 c05(9p — Dt
+ r5,5in(p — Dt + r53c0s(@ + D)t + r5ysin(p + D)t + 2¢ (61(1) + 61(1)) singt
D’ 1
- 2¢ (/)’1( ) 4 [)’1( )) cosot (73a)
uP0,00=0  U0,0) +U’(0,0) =0 (73b)
where, %(...) = () and
Tae = Qo1 + Q10727 + P11737,  Tas = PoTig + P1oT27 + P11710 (74a)
Tye = Polis + P1oT28 + P11741, T4z = PoT1e + P1oT29 + Y1174 (74b)
748 = PoT17 + P10T30 T P11743,  Tao = Pol1s + P10731, Tso = PoT19 + P19732 (74c)
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T51 = QPoT20 + P10733, T2 = PoTzz + P10735 (74d)
T53 = QPoT20 + P10733,  Ts4 = PoTa3 T P10736 (74e)
744(0) = Ry4B® + 0(B?), Rua -
_ a—b (93 + @4) (1 1
= @9 {Za((p3 = ®4) <2(02 =D t—0 + @10(p3 + @4)ab (E + m)
+ 3¢4(3ab? + 2a%) (74f)
135(0) = RysB*> + 0(B?), Rus -
—5  Toy— 1 2 ®10(@3 + @4)ab
= — 2 _p2 < — ) —
(Pg((Pg (p4)(a )a 2(_(22 _ 4’§02) 02 — QDZ 2(_(22 _ 4¢2)
3¢,,ab?
+ 2¢pnab” (749)

2
136(0) = 0, 747(0) = Ry; B> + 0(B?), Ry -
_ B _ . @1ab

=- [%a(‘l’:; - €04)(a2 - bz) + @10 (@3 + @y)ab* + %] (74h)
18(0) =0, 739(0) = RyoB> + 0(B*), Ry

_ [ ( )(_2 Bz)( 3 4 2 4 1 )

= |99 @3 Pp4)(a 2[22 [22 _(,02 2(!22 _4(,02)

2

) + _QZ — g02

* oy 4(p2>] (740)
150(0) =0, 75,(0) = R5;B® + 0(B*), Rsy

= [—qoga(az - b?) (i+ . + ! )
202 702 — % " 2(02 — 4¢?)

_ 1
— 910(p3 + @y)ab? (E

1 2
+ ¢10(93 — @4)ab (E + 22
1
- 74§
T C 4(p2>] (747)
752(0) =0, 753(0) = Rs;B* + 0(B?), Rsy = @oRy + @19R33, 75,(0) =0 (74D

To ensure a uniformly valid solution in terms of t, we equate to zero in (73a) the coefficients of coset and
singt. This yields, separately
1(1) + 1(1) = %[@97‘12 + @025 + P11738] (75a)
and
51(1) + 51(1) = _%[%7’13 + Q10726 + P11730] (75b)

Equations (75a, b) are coupled but their explicit solutions are not needed. We only need

' , 1
51(1) 0) = —51(1) =as, .31(1) 0) = 20 (99712 (0) + @10725(0) + @11735(0)] (76)
The solution of the remaining equation in (73a) is

T, 1
U1(3)(t, T) = 61(3)(1')c05(pt + ,81(3)(1')sin(pt + ﬁ - W (ryscos2¢t + rysin2et)

1 1
s (r47c083¢t + rygsin3pt) + P (r49c080t + 1505in0t)
1
+ m (rs1cos(p — Dt + r59sin(p — ML)

OET) (rspcos(p — D)t + r53s5in(p — Dt) (77a)

where,
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Ty  Tys a7 n T49 n 51 _ 153
p* 3¢p? 8¢ @?-07 0NQ2p-0) 02Q¢+0)

o BOO =222 (778)

After simplifying (65) and retaining only the terms that are cubic in displacement, we get

2 3
U + U = 0, UPUP —UPUP — pgUPUD” + 0g UV UP + 013U P — uPU® - 208
+ 205 (78a)
UP(0,00=0, U(0,0)+UsY(0,0) =0 (78b)
where,
P12 = Qs+ Qo+ @, P13 = (@7 — P5 — P Pg) (78c)

The simplification of terms on the right hand side of (78a) is as follows:

Ul(l)UZ(Z) = Tg9 + 179COSPL + 151 SINPL + 15,c0S2@t + 173SIN2@Pt + 17,0839t + 1755in3pt
+ rygcos(@ + Dt + r775in(@ + D)t + r75c05(p — Q)t + rogsin(p — 2t (79a)

where,
o |70 mB | aBr (79b)
O 2@ - 9D 2022 -9Y) T 22
[ (D) _
150, 1 ) ) aBrg
70 = _QZ + 2(!22 — 4(p2) (7‘861 + 7’931 ) + QZ — (pz (79C)
[ 1 T ,8(1) aBr
_ 1) ) 5P1 7
7 =|— 2(!22 — 4(p2) (T961 + TBBI ) + —[22 [22 — (pz (79d)
. 1 aBr;
— D (€] 8
T7p = Z(QZ—IW) (ro6y" +158;) + 02 __épz] (79e)
_ € €) abTy
73 = |22 = 4pd) (761" + 1Py ) + m] (79f)
[ 1 1 €1 1)
[ e s o
74 2(02 — 4¢2) | s 2(02 — 4¢?)
1 1
rs =5 (817657~ BUBD), = (8108 + BVBE) (79h)
1 1 )
= LD BB, = (106D~ 50p) a0
—(p3 + ¢u)a’h
769(0) = ReoB®> + 0(B?*), Rgo = _(jzf(;z (80a)
11 1 1
170(0) = R70B> + 0(B®), Ry = (@3 + 94)a’b [m T2 —ag)) (80b)
771(0) =0, 17,(0) = RyB* + 0(32);1 R7, )
= a’p —
(03 + @g)ah [Qz "4l 2o (pzz]_ (80¢)
—-a‘b
m3(0) =0, 74(0) = RyuB* + 0(B"), Rys = 50— (80d)
175(0) = 0, 156(0) = R(76B3 + 0)(312), R761 .
o7 (@3 1+ @y
= azbiz [E‘}‘ 02 = (p2 + 02 = 4(p2] (80e)
177(0) =0, 175(0) =176(0), 779(0) = 0 (801)

Similarly, we have
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2
Uz(l)Ul(l) = Ty + 163C0SQPt + T4 SINQL + T55C0S2pt + 146SiN2¢0t + 157083t + 15gs5in3¢pt (81la)

1 2 2
e = 655 @B) - B 5 (@B) + @B) (5 (6 + 57 + @B)?) (81b)
1 2 2 2 2 1
i =00 (5 (677 + 6007) + @) 60 (19 - p007) 4 5 (L0 61V8(7)
+2(aB)2s™ (81¢)
1 e O (L2 | a2 4 rmmz) B (2 w2
T4 25(62 51 ﬁl )+ﬁ2 (5(51 +ﬁ1 )+(aB) )—T(61 — p1 )
+ 28 (aB)? (81d)
aB 2 2
res = 8;°8{"(@B) — BV (@B) +— (8" ~ V") (81e)
res = 65 (@B) + 6{VpP (aB) + 5V g (@B) (81f)
o) M) (1) o)
. = 62_( w? _ (1)2) By 6By (819)
sOsMpM  p1) , ,
e fT(al(“ - ) (81h)
1 _
752(0) = Rgz; B3 + 0(B?), Ry = E(3c—12b +3a%) (81i)
1 _
763(0) = Rg3B3 + 0(B?), Rg3 = —E(Sdzb +4a%) (81))
1, .
754(0) = 0, 765(0) = ResB® + 0(B), Res =5 (ah +a°) (81k)
—a%b
766(0) =0, 74,(0) = Rg; B3 + 0(B%), Rg; = 2 T6(0) = 0 (81D

3
We similarly expand UV
3 - 3
ud” = (6P cospt + BV singt + bB)
= Ty t+ 131 COSQL + 15, SiN@t + 133C0S2¢t + 1g,Sin2¢t + rgscos3pt
+ 1ggSin3 et (82a)
where,
2,
_ 365Y°(bB)
=—

362(1)3 362(1)2 2(1) 2.0 1 M2 1) 12 = N2 o (1)
=yt — 5 +3(8) 5 7'3221(352 0+ 7) +3(08)° 87 (830)

Tso +3p9°(BB) + (bB)’ (82b)

2 _ 2
1{380°(6B) 3(bB)ALY _
783 2 : 2( )_ ( 3BZ » Ty = 3(b3)52(1),32(1) (82d)
1 3 1 2 3
Tgs = 1(52(1) _3352(1):32(1)). Tge = 1(3352(1) 2(1) - [’)2(1) ) (82e)
5(bB) —15(bB)
150(0) = 5 131 (0) = 4 73,(0) =0 (82f)
3(6B)’ ~(5B)’
133(0) = 2 134(0) =0, 135(0) = 7 136(0) = 0 (829)

In the same way, we get
Uz(l)Ul(Z) = 137 + 1ggCOSPt + 159 SINPL + 197 COS2¢t + 191 SIN2¢t + 193053t + 1r935in3t + r94cosNt
+ 1955inQt + rggcos(@p — D)t + ry7sin(p — D)t + rogcos(p + D)t

+ rygsin(p + 2)t (83a)
where,
(€8] (GO
T'16 + TzB bBTO
Ter = (@3 — 94) 2(202 — (pzz) e (83b)
(€8] D 7
10, 133, bBry
Tgg = ((pS - (P4) 2 2([22 — 4(p2) 02 — (pz (83C)
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(1 (1 7 (1
136, 0P, bBr, 748,
= — — 83d
789 ((p3 (p4) 2(02 _ 4(p2) + !22 + !22 _ (pz 2(02 _ 4(p2) ( )
[ ) ) 7
116, 720, bBr,
_ _ _ 83
oo = (@3 — @4) 2002 = ¢2)  2(0% — @2) | 02 — 4¢? (83e)
[ ) ) T
7,0, 1P, bBr;
_ _ 83
Tor = (@3 — @4) 2002 — 92) " 2(02— @2) 02 — 4¢? (83f)
[ ) )
7,6, 12,
_ _ _ 83
To2 ((pS (p4—) 2(!22 _ 4¢2) 2(02 _ 44)2) ( g)
[, (1) )
136, +1f — —
Toz = (@3 — 94) —2(;22 — 4¢§) , 1oy = bBSD, 15 = bBRP (83h)
1 ) 1 _
ros =5 (860 + B787), oy =5 (8707 - 6175;7) (830)
1 1 ]
ro =5 (82087 = B7B7), 1o =5 (6,757 +6175,) (83)
0) = Rg;B® + 0(B?), Rg; = a’—b?%)b 3__1 83k
137(0) = Rg7B° + 0(B*), 87—((P3_‘P4)(‘1_ ) .(22_.(22—g02 (83k)
0) = RggB3 + 0(B?), Rgg = a’—b?%)b _2 3 831
133(0) = RggB> + 0(B?), Rgg = (@3 — @4)(a*—b?) P2 (83D
139(0) = 0, 799(0) = RggB* + 0(B?), Ry L
_ _ - VAYA
(93— o)(@=52)B (5 TR ) (83m)
(o3 4’4)(61 —b? E
791(0) = 0, 79,(0) = Rg;B* + 0(B*), Rq, = 207 — 9?) (83n)

193(0) = 0, 794(0) = RgyB* + 0(B?), R94

= b?)b 2 83
= (93 — ¢u)(a*~b?)b mz e, (830)
795(0) = 0, 795(0) = RgB> + 0(B*), Ry
—b( )(a EZ)( SR E—. - ) 83
T\ TPl 202 7T 02 — 492 T 2(0% — 4¢7) (®3p)
197(0) =0, 795(0) =196(0), 799(0) =0 (839)
Substituting all these simplifications in (78a) and maintaining only the terms that are cubic in the displacement,
we get

Uz(gt)t (p2U2(3) = 7990 + 101 COSPL + 1192 SINPL + 1103 COS2pt + 1104 SIN2¢t + 1195c0S3Ppt + 1796SiN3 Pt
+ 1197005 (@ — )t + ry9g5in(e — D)t + ryg9cos(e + Mt + ryypsin(e + Dt
—2¢ [(B(l) + ,8(1)) cospt — (6(1) + 5(1)) smq)t] (84a)

UP0,00=0, U3(0,0)+UY(0,0)=0 (84b)

where,

T100 = P12769 — P13787 — P8Te2 + PgTyo (85a)

T01 = P12770 — P13788 — PgT63 T PgTa1 (85b)

T02 = P12771 — P13789 — Pgles + Pgla (85¢)

7103 = Q12772 — P13T92 — Pgles + Pglas (85d)

T104 = Q12773 — P13T93 — PgTee + PgTa (85e)

T105 = P12774 — P13T9s — PgTe7 + PgTys (851)

T106 = P12775 — P13T95 — PgTeg + PgTae (859)

07 = P12778 — P13796,  T108 = P12779 — P13T97, T109 = P12776 — P13798 (85}1)
T10 = P12177 — P13To9, P12 = (Ps + Po@6), P13 = (@5 + QoPs — @7)  (850)
To obtain a uniformly valid solution in terms of t, we equate to zero in (84a) the coefficients of cos¢et and

singt.This yields

@' @ _ To1 ' @ _ ~To2
B2’ + 5, =20 6; 7 +6; =20 (86)
We don’t need to expressly solve for Bz(l) and 52(1) but however need
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@' _101(0) 1 _ 3
B, 0) = 7 = g [r101 = @12770 — V13788 — PsTe3 + PgTs1llr=0 = B R119 (87a)
1

15 _ ' _
Ri10 = 20 ro1 = @12R70 — @13Rgs — PgRe3 _Tb% ) 52(1) 0) = —52(1)(0) =bB (87b)
The remaining equation in (84a) is solved to get

T 1
Uz(g)(t, T) = 52(3)(1')c05(pt + [?2(3)(T)sin(pt + % - 3—(/)2 (1103052t + 1704 SiN2¢1)

1 1
“8g7 (r95c083¢t + 1796Sin3¢t) + ) (r97cos(@p — Dt + rpgsin(p — 2)t)

1
- m(ﬁog cos(p + Mt + rypsin(e + Nt) (88a)

where,

T T T T T
53 (0) = — |10 _T103 _ To5 107 _ 109 ~ 89
2 (0) 92 392 8¢7 0Q2¢-0) 0Qp+0) le=o (89a)

(€] A

) 0 —bB

g0 =2 O (89b)

% %
By substituting (60) and (61) into (54) and simplifying, we can determine Ul(fr)n’Zn)and Uz(?,)nzﬂ). This will not be

done here so as not to obscure the main focus of the analysis. Nevertheless, the general deformation so far is

U y® yD u® U@
=€ ! cosny + 2 sinny{ sinmx + €2 ' cos2ny + 2 sin2ny sinmx
f f(l) f(l) f(z) f(z)
1 2 1 2

U(3) U(3) U(3) U(3)
3 1 2 . 1(m,3n) 2(m,3n) . i
+ € £® cosny + £® sinny + cos3ny + sin3ny ; sinmx
1 2

3) 3)
1(m,3n) 2(m,3n)
4o (90)

VII.  Maximum Displacement U,
In determining the dynamic buckling load A, we shall admit only the buckling modes that are in the shape of
imperfection so that we write

U= e[Ul(l)cosny + Uz(l)sinny]sinmx + 63[(U1(3)cosny + Uz(g)sinny)sinmx] + - 91)
The conditions for maximum displacement, which is obtained in space and time, are
U, =U,=0; U, +€e*U,=0 (92)
Let x,, y,, t,and t, be the critical values of x, y, t and T at maximum displacement and let
Ve =Vo+ €2y, + €ys+, ta=to+teit,+ .. o T, =€ty =€X(ty+ €, + ..) (93)

From the first two terms in (92), we get

E[Ul(l)COSleO + Uz(l)sinnyo]cosmxa + 63[(U1(3)cosny0 + U2(3)sinny0)cosmxa] =0 (94)
and

E[—Ul(l)sinnyo + Uz(l)cosnyo]sinmxa + 63[(—U1(3)sinny0 + Uz(g)cosnyo)sinmxa] =0 (95
From (94), we require that

cosmx, =0 i.e x, = oy m odd (96)

Similarly, by using (96) and expanding (95) and taking terms of order €, we get

Uz(l)cosnyo — Ul(l)sinnyo =0 97)

which is evaluated at t = t;, T = 0,to get

Yo = ltan_1 (é (98)
n a

where we have taken the least nontrivial values in each case. By expanding the last term of (92), using (96) and
equating terms of €, we get

Ul(,lt)cosnyo + Uz(‘lt)sinnyo =0 (99)
On expansion, it follows from
s
sinpty, =0 i.e ty= 5 (100)

The maximum displacement U, is next determined by evaluating (91) at maximum values of the variables. This
yields
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U, = E[Ul(l)cosnya + Uz(l)sinnya]sinmxa + 63[(U1(3)cosnya + Uz(g)sinnya)sinmxa]
4. (101)
which is evaluated at ¢,,, 7, .After simplification, using (98) and (100), we get, from (101),
U, = E[Ul(l)cosnyo + Uz(l)sinnyo] + 63[(U1(3)cosny0 + U2(3)sinny0) + & (Uf?cosnyo + UZ(}T)sinnyo)]
+ - (102)
After simplifying (102), the only nontrivial terms are
U, = E[Ul(l)cosnyo + Uz(l)sinnyo] + 63[(U1(3)cosny0 + UZ(S)sinnyO) + ¢t (Ul(,lr)cosnyo + Uz(,lf)sinnyo)]

+ - (103)
The terms in (102) are simplified as follows:
Ul(l)cosnyo + Uz(l)sinnyo = ZB(dcosnyo + l_Jsinnyo) (104a)
3) 3 2R4,4, 2R4_5 R4_9(1 + COS.Qto) R51(1 - COS.Qto)
U;cosny, =B = >~ 5 5
® 3¢ P> — 0 N2e -0
Rs3(1 — costy)
- 104b
0C2p +a) [ (104b)
2R 2R Rio7(1 — costy) Rype(1 — costy)
3) . 3 100 103 107 0 109 o)| .
U =B - - 105
2 St [ 02 3¢? 0Q2¢ - 0) 2@+ |00 (109
where,
T100 = P12769 — P13787 — Pgle2 + PgTao (106a)
T103 = 12772 — P13T92 — Pgles + Pgle3 (106b)
o7 = P12778 — P13796, T109 = Q12776 — P13798 (106¢

Finally, we have

_ = B¢’ . 2np =
U, = ZBE(acosnyO + bsmnyo) + W [(R111 cosny, + Ryiysinny,) + Bz (acosnyo + bsmnyo)]

4o (107)
where,
R45 (pz R51 (1 - COS.Qto) R49(1 + COS.Qt()) R53(1 - COS.Qt())
Rin = [Rys —— = — - 7 2 - (108a)
3 2 NQ2¢ —2) 02 -0 NQ2¢e + )
Rios @ (Rig7 (1 — costy)  Ryge(1 — coslty)
Ri12 = |R1go — — - 108b
12 [ o~ 3+ N2 —0) NQRe +0) ( )
VIIl. Dynamic Buckling Load, 4,
For the purpose of determining the dynamic buckling load 1,, we write U, as
U, = €C; +€3C5 + - (109q)
where,
C, = 2B(acosny, + bsinny,) (109b)
B? . 2ne _
C; = ﬁ[(Rlll cosnyy + Rijpsinny,) + ?(acosnyo + bsmnyo)] (109¢)
As is the usual process [5, 6], we first have to reverse the series (109a) such that
€:d1Ua +d3Ug+"‘ (110a)
By substituting in (110a) for U, from (109a) and equating the coefficients of powers of €, we get
1 —G;
di =—, d; = — 110b
1 Cl 3 C14 ( )
The maximization (1) easily follows from (110a) to yield
_2 L 111
=3 |30, 11

A simplification of (111) yields

A2 25 2 2 3/,
[(m2 +n%E)? + {(fan) + nzfr} (1483 <(:ln§:_—n;:(l)2) - {% +n%¢ (1 - %)}]

3v/6 2 A
=T1DE{%+nZE(1—%)}\[A—? (112a)

where,
A, = a@cosny, + bsinny, (112h)
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_B, e 219 (Ap)
= ﬁ 111 €08NYy, + 112 SInnyy + Tﬂ.D)

Equation (112a) is valid for small values of € i.e |e] <1 and determines the dynamic buckling load A,
asymptotically. It is implicit in nature and valid for m odd.

Ay (acosny, + Esinnyo)] (112¢)

Analysis of Result
As observed throughout the analyses, the dynamic buckling load 4;, depends, among other things, on the
Fourier coefficients @ and b. As in [6], the static buckling load As can be derived from

3
A N2 25 _ 02 2 /2
[(m2 +n26)? + {(fan) + nzfr} (1+¢)? <(:lnf:_7nzr:cl)z> —As {% +n?¢ (1 - %)}]

2
_ 3V§)S6{9%;—4—n25(1——%)}\ﬂ§z (113a)

where,

@ob3sinny, — @@’ cosny, + ab(@g;ysinny, — bcosny,)
@ = acosny, + bsinny,
This is valid for the nomenclatures as per the cited publication. We have also been able to obtain the Airy stress
function as in equation (89). Using (112) and (113a, b), we can relate the dynamic buckling load A, to its
equivalent static buckling load A to get

(113b)

3
o+ 02 + (22 + g (1= D} 02 (28m) — 20 {2 g (1-))]
m? 422+ {(25)" 4 megr (1= )+ 02 () - 25 (5 4wt (1-9))
1 /1 A
-5 0) i (a1

Certainly, the relationship (114) is independent of the imperfection amplitude €. Hence, if either of A, or A is
given, then the other buckling load can be conveniently evaluated.

With the aid of QBasic codes, we can obtain the numerical values for the relationship between the Dynamic
Buckling Loads and the Imperfection parameters for some fixed values of r. Here, we take A =3.5,¢ =
03,H=0.06, K(§) =7,b=1,m=n=1,r =3,5,7,9.The results are shown in Table 1and Figure 1.

The following are easily derived from Table 1 as well as from the graphical plot:

a) The dynamic buckling load decreases with increased imperfection

b) The higher the ratio of the radii of the toroidal shell r, the greater the dynamic buckling load.

Table 1: Relationship between the Dynamic Buckling Load 4; and the Imperfection Parameter ¢ for
some fixed values of r and for a = 1.

IMPERFEC DYNAMIC DYNAMIC DYNAMIC DYNAMIC BUCKLING
TION BUCKLING BUCKLING BUCKLING LOAD AsFORr=11
PARAMETER € LOAD AcFORr =5 LOAD AsFORr =7 LOAD A;FOR T =9

0.01 13.21456 52.33254 128.75078 256.54235

0.02 13.20762 51.28903 127.54681 256.23113

0.03 13.20489 51.20337 127.40127 256.10268

0.04 13.20339 50.64819 127.27463 256.02022

0.05 13.20246 49.94245 123.84598 253.20119

0.06 13.20182 49.89072 123.73169 253.14288

0.07 13.20133 49.85053 123.64689 253.09819

0.08 13.20097 49.81596 123.57958 253.06259

0.09 13.20068 49.78369 123.52379 253.03337

0.1 13.20044 49.75049 123.47615 253.00882
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300 -
< 250 -
2
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3z 50 - B—m L ] 1 1 i |
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Figure 1: Graphical Plot showing the Relationship Between the Dynamic Buckling Load 4, and the

Imperfection Parameter € for some fixed values of r and for a = 1.

IX. Conclusion
This investigation has concerned itself with perturbation procedures in determining the deformation

and dynamic buckling load of a deterministically imperfect toroidal shell segment trapped by a step load. The
results are asymptotic in nature. The analysis is such that we are able to relate the dynamic buckling load to its
static equivalent. Hence, if one of these buckling loads is known, the other one can be determined without
necessarily carrying out the arduous perturbation process all over.
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