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Sum of the First Natural Numbers and their Powers
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Abstract : We consider here the sum of the first n natural numbers and their powers. In order to achieve this,
we derive their summation in terms of n and with varying values of n, 1,2, 3, .. .and so on ,we obtain the sum
for the first n terms.
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I. Introduction

The sum
Srar=cm+1) @
Is common in mathematics. We meet also, though, to a less extent the series
nor? ——{Zn +3n? +n}——{2n +3n+1}——(n+1)(2n+1) (2)
However, forsum

r_ir* ,wherex>2 3)
we will develop enabling equations to carry out the summations.

Il. Literature Review
It is common to meet arithmetical and geometric series in practice in many mathematical computations,
especially in finance. The summation of these series are very easy. The summation of series for the first n
positive integers, first n squares and first n cubes have been derived and applied . These can be seen in Youse
(1970).

111. Methodology
We derive the enabling equations in the form:

rP—(r-1)%=2r-1 (4)
rP—(r-1)%=3rr-3r+1 (5)
“—(rl) ar*—6r’ +4r-1 (6)
r—(r- 1) = 5r 10r* +10r* — 5r + 1 7)
6 —(r- 1) —15r* +20r* 15 + 6r - 1 (8)
7 —(r- 1) = 7r —21r° + 35r* — 357 + 21r* — 7r +1 (9)
r’— (r-1)® = 8r’ — 28r® + 56r° — 70r* + 561> — 28k’ +8r -1 (10)
Equations (4) to (10) are used to derive, respectively the sums (11) to (17) below:
nTr= %(n+1)=%(n2+n) (11)

vt = c{2n® 430 +n} =220 +3n+ B=E(n+ D(2n+ 1) (12)

2
nord = %{n4 +2n3 +n?}= %{n2 +n)? = nT{n +1)2 (13)

n
1
Zr“ = %{6n5 + 15n* + 10n3 — n}

r=1

= :—0{6714 +15n° + 10n? — 1}
= 3"—0{(n +1)2n+1)Bn?+3n—-1) (14)

2
nre ——(Zn + 6n° + 5n* —n)=711—2(n+1)2(2n2+2n—1) (15)
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n
n
Zrﬁ = E{6n6 +21n° 4+ 21n* — 7n? + 1}

r=1

= —(6n” +21n° + 21n° — 7n® + n) (16)
r_yr7 = —{3n° + 12n7 + 14n° — 7n* + 44n® — 42n} 17)
We now take the cases, one after the other. For example, to prove that
n

Zrz g(n+1)

r=1
we use
r?— (r-1)? = 2r-1
to generate n equations , by setting r=1,2, 3, ..., n as follows:
n’— (n-1)? = 2n—-1
(n-1)? -(n-2? = 2(n-1) -1
(n-2)> -(n-3)? = 2(n-2) -1
1 -(n-n)’ = 21) -1

Adding the last n equations, gives

Therefore

Toprovethat  Yr_;r® = =(n+1) (2n+1)

We use r® — (r—l)3 =32 - 3r+1 forr=123....... , h to obtain
n®— (n-1)° = 3n?-3n+1

(n-1)3 - (n-2)° 3(n-1)°> - 3(n-1) +1

(n-2)%- (n-2)° 3(n-2)* - 3(n-2) +1

? -0 = 3(1)% 3(1) +1
Adding the last n equations, we have

n n
n? =SZ r? —32 r +1
r=1 r=1
= 3yt =nd+ 3¥r—n
= n_rt = %{n3+37n(n+1)—n}
:%{2n3+ 3n? — 2n + 3n}
=2{2n® + 3n? +n} ==2{2n? + 3n+ 1)

= ;—l(n + 1)(2n+1)
2
To prove that nord= %(n2 +n)? = "T [n+ 1]?
we use the equation r* — (r-1)*= 4 —6r’ +4r—1 , r=12,......... ,n to generate n equations as follows:

n*—(n-1)*=4n®-6n’+4n—-1
(n-1)* = (n-2)*= 4(n-1)* - 6(n-1)* + 4(n-1) — 1
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(n-2)* — (n-3)* = 4(n-2)* — 6(n-2)> + 4(n-2) — 1

1* + 0* = 4Q) -6(1)+41) - 1
Adding the last n equations we have
nt o+ = 4 6t AT T —n
ie. 4zr=1 o= nt+ 6" r’ —4Y'_ T +n
= n' + 6{ﬁ(n+1)(2n+1)}—43(n+1)+n

= n* + 6{ n(n+1)(2n+1)} 2n? —2n+n
= n‘+ n[2n?+3n+1] - 2n>-n
= n+ 2n+ 3n24+n- 2n*-n
= n‘+ 2n® + n? = [n® +n)?
ie. 4Y'_, 1’ =n2+n)
Therefore;
oyt =1+

To prove that
¥=1r = —(n +1)@2n+1)(Bn® +3n— 1)— [6n + 15n3 + 10n% — 1]
weuse r°—(r-1)°=5r"—10r® + 10r* — 5r +1 to generate the following n equations (r =1, 2, ........n)
n° - (n-1)°=5n* - 10n° + 10n* — 5n +1
(n-1)° - (n-2)° = 5(n-1)* — 10(n-1)® + 10(n-1)? — 5(n-1) +1
(n-2)° — (n-3)°= 5(n-2)* — 10(n-2)® + 10(n-2)? — 5(n-2) +1

1° - 0°= 5(1)* -10(1)* +10(1)* -5(1) + 1
Adding the last n equations, we have
n° - 0 =5y r*—10Y"r}+10Yr  r2 -5 r+n

YT ——{n +10YX 7 — 10X + 5% r —n}
:é{n +5 @+ n )_w_n(n+1)(2n+1)+—(n+1)—n}

5{2411 + 60(n* + 2n% + n?) — 40(2n3 + n? + 2n% + n) + 60(n® + n) — 24n)

E {24n° 4+ 60n* + 12013 + 60n% — 80n% — 120n% — 40n + 60n? + 60n — 24n)

= E {24n° + 60n* + 40n3 — 4n}
=l0 {6n* +15n% + 10n? — 1} = :—O(n +1)2n+1)3Bn%+3n—-1)

To prove that;
2
nr :n—(n + D2@2n*+2n—-1) = L(2n6 + 6n° + 5n* —n?)

Actually ZrS = [Zn + 6n° + 5n* — nz]
=t (”“)2 34 4n? +n—1)

=En2(n +1)2@2n%+2n-1)

We use the equation  r®— (r-1)°= 6r° — 15r* + 20r® — 15r* + 6r-1 to generate the following n equations (r = 1
., 1)

n®—(n-1)°=6n°— 15n* + 20n® — 15n® +6n — 1

(n-1)° — (n-2)° = 6(n-1)° — 15(n-1)* + 20(n-1)* — 15(n-1)* +6(n-1) — 1

(n-2)° — (n-3)°= 6(n-2)° — 15(n-2)* + 20(n-2)* — 15(n-2)* +6(n-2) — 1
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(D¢ — 0(1)° =6(1)°—15(1)*+20(1)° —15(1)% +6(1) — 1
Adding these n equations, we have;

n® = 6Zr5 — 1521’4 +202r3 — 1521’2 +6)Yr—n

Therefore Y= 3{152 Y2057 +15% 7 —6 X1 +n° +n}

20 15
=€{%(6n + 15n* + 10n3 —n)——(n +2n? +n2)+—(2n + 3n? +n)——(n +n)+n+n}

_ = 2
—12(2n + 6n° + 5n* — n?)

1
= Enz(n +1)?(2n*+2n-1)

To prove that  r’ —(r-1)" = 7r® — 21r° + 35r* — 35r° + 21r*— 7r+ 1

n’— (n-1)"= 7n® - 21n® + 35n* - 35n° +21n° - 7Tn + 1

(n-1)’ — (n-1)" = 7n® — 21n° + 35n* — 35n® +21n? - 7Tn + 1

(n-2)" — (n-3)" = 7(n-2)® — 21(n-2)° + 35(n-2)* — 35(n-2)* +21(n-2)* - 7(n-2) + 1

(1)"—0=7(1)°—21(1)° + 35(1)* — 35(1)% +21(1)* - 7(1) + 1

Adding these equations, we have

N=7%r* =215 +353r" =355 + 213 r* - 7% r—n

Hence

Zr= [n +21Zr —3527‘ +352r 21Zr2+72r—n]

= —{ 7+ (2n + 6n° + 5n* —n?) — (6n +15n* +10n3 —n) + 2 (n +2n® +n?) — (2n3+
3722+7z + 72722+7z 7}

= E{ 24n” 4+ 42(2n® + 6n° + 5n* — n?) — 28(6n° + 15n* + 10n3 — n) + 210 (n* + 2n® + n?) —
84 (2n3 +3n +n)+ 84 (n?+n)— 24n}

= E{sz + 42(2n° + 6n° + 5n* —n?) — 28(6n° + 15n* + 10n3 — n) + 210 (n* + 2n® + n?) —
84 (2n3 +3n? +n) + 84 (n? + n) — 24n}

= %{ 24n7 + 84n° + 252n° + 210n* — 42n? — 168n° — 420n* — 280n3 + 28n + 210n* + 420n3 +

210n? - 168n3 — 252n? — 84n + 84n? + 84n — 24n}

= —(24n” + 84n° + 84n5 — 28> + 4n)
=—(6n” + 21n° +21n° = 7% +n)
={6n® + 21n° + 21n* — 7% + 1}

To prove that ¥"_; 77 —4{3n8 + 12n7 + 14n° — 7n* + 44n? — 42n)

We use the equation
r® — (r-1)°= 8r — 28r° + 56r° — 70r*+ 56r°~ 28r*7r+ 8r -1
and arguments as in previous summation to obtain the equation
n®= 82r7 — 2821’6 + 5627’5 — 7021’4 + 5627”3 — 2821‘2 + 8)Yr—n
On re-arranging the last equation, we have
nr’ —l[ns + 2837 —563r° + 70X — 56X + 28X 12 — 8% r +1]

= —{ n®+ 2 (6n +21n® + 21n° — 7n® +n)——(2n + 6n° + 5n* —n2)+ (6n + 15n* + 10n3 —
n—5 64724+27z3 +n2+ 2862n3+3n2+n—82n2+n+n }
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1 2 14 7
= g{n8 + §(6n7 +21n% + 21n° — 7nd +n) — ?(Zn6 + 6n° + 5n* — n?) + §(6n5 +15n* + 10n3 —n)

4 3 2 14 3 2 2
—14 (n* +2n° +n°) + ?(Zn +3n°+n) —4(n° +n+n}

1

= g{ 3n8 4+ 12n7 4+ 42n° + 42n° — 14n3 + 2n — 28n°® — 84n°> — 70n* + 14n? + 42n° + 105n* + 70n3
— 7n —42n* — 84n3 — 42n? + 28n3 + 42n% + 14n — 12n® — 12n + 3n}

= - (3n® + 1207 + 14n® — 7n* + 2n?)

2
= Z—4(n +1)?’@Bn*+6n® —n? —4n +2)

IV. Results

The results for the first n natural numbers, first n squares, first n cubes, etc are as follows:
(using their earlier numbering)

Yrr= %(n+1):%(n2 +n) (11)
e r?= %{2113 +3n3+n}= %{an +3n+ 1}:%(71 +1)(2n+1) (12)
2
nrd= %{n4 +2n3 +n?}= i{n2 +n)?= nT{n + 1)? (13)

n
1
Zr“ = %{6715 + 15n* + 10n3 — n}

r=1

=o{6n* + 1507 + 10n* — 13
= :—0{(11 +1)@2n+1)Bn%2+3n-1) (14)

2
nrt = %(Zn6 + 6n° + 5n* —n?) = %(n + 1?2 @2n*+2n-1) (15)

n
n
Zr6 = E{6716 +21n% 4+ 21n* — 7n? + 1}

r=1

=—(6n” +21n° + 21n° — 7n* + n) (16)
r_yr7 = —-{3n° + 12n7 + 14n° — 7n* + 2n?)
2
= ;—4(71 +1)?(3n* + 6n® —n? — 4n + 2)(17)
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