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Abstract. In this paper, we introduce the generalized (7, 5,%, u,¥) numbers sequences and we deal with, in
detail, three special cases which we call them (7,3, f, u,v), Lucas (7, 5,%, ,v) and modified (r, s,%,u, V) sequences. We
present Binet’s formulas, generating functions, Simson formulas, and the summation formulas for these sequences.
Moreover, we give some identities and matrices related with these sequences.
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1. Introduction
The generalized (7, 5,1, u, v) sequence (the generalized Pentanacci sequence or 5-step Fibonacci sequence)
{Walnzo = {Wa(Wo, W1, Wa, W3, Wy; 7, 8,t,u,v) }nz0
15 defined by the fifth-order recurrence relations
W, =rW,_1+sW,_o+tW,_3+uW,_4y +vW,_g, Wo=a, Wy =0, Wo=c Wyg=d Ws=e (1.1)

where the initial values Wy, Wy, Wa, W3, Wy are arbitrary complex (or real) numbers and 7, 5,¢, u, v are real numbers.
Pentanacci sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example [3,4,5]. The sequence {W,},.5¢ can be extended to negative subscripts
by defining
Wen = —2W_(not) — z.“"—(n—z.\ Wty — W (ugy + l.“"—(n—s)
v v v v v

forn =1,2,3, ... Therefore, recurrence (1.1) holds for all integer n.

In literature, for example, the following names and notations (see Table 1) are used for the special case of 1, 5, ¢, u

and initial values.
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On Generalized (r,s,t,u,v)-Numbers

Table 1. A few special case of generalized Pentanacci sequences.

Sequences (Numbers) Notation OEIS [6] Ref
Pentanacci (P} ={W.(0,1,1,2,4;1,1,1,1,1)} A001591  [§]
Pentanacci-Lucas {@.}={Wa.(5,1,3,7,15;1,1,1,1,1)} A074048 [8]
fifth order Pell (PP} = {(Wa(0,1,2,5,13;2,1,1,1,1)}  A141448 [9]
ffth order Pell-Lucas  {QF'} = {W,.(5.2,6,17,46:2,1,1,1,1)} [9]
modified fifth-order Pell  {EY} = {W,(0,1,1,3,8;2,1,1,1,1)} 9]
5-primes {G} = {W,.(0,0,0,1,2;2,3.5,7,11)} 10]
Lucas 5-primes {H,} = {W,(5,2,10,41,150;2,3,5,7,11)} 110]
modified 5-primes {E.} ={Wan(0,0,0,1,1;2,3,5,7,11)} [10]

Here, OEIS stands for On-line Encyclopedia of Integer Sequences.

As {W,} is a fifth order recurrence sequence (difference equation), it’s characteristic equation is
2 —rzt—s2® —txl —ur—v=0 (1.2)

whose roots are a, 3,7,d, A. Note that we have the following identities:

a+B3+7+0+A = 71,
a8+al+ay+8A+ad+ 87+ A7+ 83+ A+ = —s,
aBl+a8y+ardy+aB8+aNd + B8y +ayd+ BN+ 870+ A8 = ¢,
aBdy+af e +aB8yd+aryd+ 88 = —u
afydA = w.

Generalized Pentanacci numbers can be expressed, for all integers n, using Binet’s formula.

THEOREM 1. (Binet's formula of generalized (r, s,t,u,v) numbers (generalized Pentanacci numbers))

”

pre p2 8" 3"

W + + 1.3
G-Pa-Ne-0a-2 B-aE-NE-0E-N o-aG-s0-9n-» ¥
+ L —t ) =,
(f=a)(d=8)(@ -7 —-A) A=a)A=8)A—-7)(A—-3d)’
where
P1 = Wae(8+7 48+ X)W, +(8A + 8y + Ay + 86 + A8 + 18)W,— (87 + 8AS + 876 + M)W, +(SME)W
pr = Wi—(a+v+8+AN)Wit(ad+ay+ad+ Ay + A6 +70)W,o—(ady + ald + ayd + AMy6)W  +(aAvd) W,
Pz = Wi—(a+8+0+ANWit(ad+ar+ BN+ ad + 85+ A0)W,o—(aBA + a8 + ald + AW, +(aBAd) W,
pa = Wi—(a+8+7+ AW, H(a8+ar+av+ 8+ 87+ M)W ,—(aB8A + aBy + ady + BAY )W, +H(a8Ay)W
ps = Wi—(a+8+7+)W,+(aB+ay+ad+ 87+ 80 +v0)W,—(a8y + a8d + ayd + 8v0)W,+(afv0)W .

Usually, it is customary to choose 7, 8,%, 4, ¥ so that the Equ. (1.2} has at least one real (say o) solutions.
Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid for all integers n, (see

[1], this result of Howard and Saidak [1] is even true in the case of higher-order recurrence relations).

DOI: 10.9790/5728-1605033852 www.iosrjournals.org 39 | Page



On Generalized (r,s,t,u,v)-Numbers

(1.3) can be written in the following form:

Wo = A1a" + 428" + A37™ + Aad™ + As\”

where|

i _ 2l

SR P T Py TPV

A e p25"
(B—a)(8—)(8-8)(8—N)’

A5 = Lo :
(=) ¥ =8) (¥ =) (v—A)

As = pad” 2
(6—a)(6—8)(6—7)(6—A)

e e PsA”

B—a =AM =8
We have the following formula: for n =1,2,3, ... we have

a "X pr + 87" Xops + 77" Xaps + 0T Xups + AT X ps

W n S o Xip1 + B Xaps + 7" Xps + 0 Xapa + X Xeps "
where
X1 = =A== A-7(B-8)(B-7(8-2),
X; = (=)A= A-1)(a=8(a—)(a=,
Xs = (A=8)(8—06)(8—N(a—2d)(a—r)(a-A),
Xe = (v=2B=-MNB=-N(@=7)(a=A)(a=2),
Xs = (-=-7(@B-9)B-7(a=09)(a—7)(a—28).

We can also give Binet’s formula of the generalized (7,5, %, v) numbers (the generalized Pentanacci numbers)
for the negative subscripts as follows: for n =1,2,3, ... we have
ot —ra® —so’ —ta—u
vi@—=8)(a—7)(a—4d)(a—2A)
; 7'4 — r';r3 — s*yz —ty—u
sG-a (=B (=90~ N
. Meipddicigdt X —n
TeA-a)(A -8 (A -1 (A -9)

8t —r3® —s82—t8—u
v(8—a)(B—7)(8-0)(8—A)

5 -1 —s8° —ts—u
(0=a)(6=8)(6—7)(6—21)

W_,= piat " +

ngl—n

P?"}"_" ot - p451—n

psAl—n-

o0
Next. we give the ordinary generating function 3 W,.2" of the sequence W,,. The following lemma is a special
n=0
casze of a well known formula of generating functions of the generalized m-step Fibonacci numbers which can be found

in the literature (see for example [11]). For completeness, we include the proof.

o0
LEmMA 2. Suppose that fw,(x) = 3 Waa™ is the ordinary generating function of the generalized (r,s.t,u,v)

n=0

o0
sequence {W,}n>o. Then, > W.z™ is given by

n=0

i g Wok (W =rWo)a + (Wo—rW 1 —sWo)a +(Wg—rWa—sWs—tW o)+ (W ;—rWa—sWa—tWs —ulW o)a*
" 1 —rz — sx? — tz? — uzrt — vat ’

n=0

(1.4)
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Proof. Using the definition of generalized (7, 5, t,u, v) numbers, and substracting 7z Y oo, Waa™, sz’ Y Waz™,

ta® 30 Woa™, ur* T2 W,a™ and va® 20 W,az™ from 300 W,2™ we obtain
oo

(1—rz— sz —ta® —uzt — vz®) Z W,.z" Z W,oz" —rzx Z W,.a" — sz’ Z W,z

n=0 n=0 n=0

—tzgzﬂ,‘x —ur”zu’z —vx Zu,,x

n=0

= Zn z" —TZ“ —sme"“

n=0 n=0

i Z 1 ) Z Wzt — v i W,z 2

n=0 n=0

= Zn z" —rZH,,_lx ‘SZ“" 2"

n=1 n=2

—t Z Wo_sz™ —u Z Wooaz™ —v Z Wosz™
n=3 n=4 n=6

and so

o
(1 —rz — sx® — ta° — ua — vz®) Z W,z"
n=0

= (Wo+ Wiz + Waz” + Waa® + War*) — r(Woz + Wiz? + Waz® + Waat)
—s(Woz? + Whia® + Waz?) — ¢(Wea® + Wiat) — uWyat
oc
+D (W = 2We g — sWig — tWy g — uWpog — 0W,_g)2"
n=5

= Wo+ (Wi —rWo)z + (Wa — rWy — sWo)a® + (Ws — rWa — sWi — tW)a®

+H(Wa — rW5 — sW2 — tWh — uWo)z".
Rearranging above equation, we obtain (1.4). O

We next find Binet formula of generalized (7, 8,t,u,v) numbers {W.} by the use of generating function for W,.

THEOREM 3. (Binet’s formula of generalized (r, s, t,u,v) numbers)

W q0” 928" " 937" (15)
(a=8)(a—7)(a—26)a—2A) (3 a)(8-1)(8-98)(8-A) (v—a)(y=8)(y-0)(v-A) '
qsd” gs A"
(5 a)(6—8)(d—7)(0 - ) (A=a)(A=8)(A-7)(A-9)
where
q = "1»’oa‘+(l"£-’1—rWo)a3-+-(l~i-"'2—rl-’lv"1—sWo)az+(I-1f'3—rl‘VQ—sH-"l—tWo)a + (W —rWa—sW,—tW,; —oW),
@ = Wi+ W, —rWy ),83+( Wo—rWy—sWy) 82 4( Wo—rWo—sWq—tW)8 + (W —rW3—sWa—tW;—vWy),
g3 = W, '}"‘+(I-’V1 —rWy )’y3+(lﬂ1"2 —rWqi—sWy )7'2 FH(W—rWa—sW —tW )y + (W —rW3—sWo—tW,—vWy),
QG = }1"'064+(H=’1—rliﬂ"o)63+(l‘1l"2—rI"Vl—sWo)62+( Wo—rWa—sW1—tW)d + (W, —rW3—s3Wo—tW1—vWy),
G = W )\"*-+-(‘-‘V1 -—rWo)/\3+( W,—rW, —sWo)/\Q-:—( Wo—rWo—sW,—tW o)A + (W, —rWa—sW—tW —0W).
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Proof. Let

h(z) =1 —rz — sz’ — tz° — uz® — vz’
Then for some o, 3,7,0 and A we write

hiz) = (1 —az)(1 — Bz)(1 —yz)(1 — dz)(1 — Ax)

1—rz — sz’ —tz® —uz —va® = (1 —az)(1—38z)(1 —qz)(1—éx)(1 — Az) (1.6)
Hence %,%, %% and % are the roots of A(x). This gives @, 8,7.,d and A as the roots of

1 r s t u v
7y 0t N L. DU .. P 2 =o.
(:z:) z x2 3 zt 2B

This implies 2° — rz* — s2° — ta” — uz — v = 0. Now, by (1.4) and (1.6). it follows that

i wgn — Wt (W, =1 Wo)a + (Wy =W —sW o) + (W —r Wy —sWs —tWo)a® + (W, ~rWs—s W —tW1 —ulWy )a*
Vnx = 2
(1 —ax)(1—38z)(1 —qz)(1 —dx)(1 — Ax)

n=0
Then we write
Wo+(W,—rWo)a + (W, —rW1—sW o)z  +(W ,—rWa—sW1 —tW )2’ +(W ,—rW 3 —sWo—tW; —uW)z*
(1 —az)(l — 8z)(1 —vyx)(1 —dx)(1 — Az)
B, B, Bs By Bs
(—az) T (=82 "= TU=00 T2

(1.7)

So
Wo + (Wi — rWo)z + (Wa — rWs — sWo)a® + (Ws — riWa — sWi — tWo)a® + (W — rWs — sWa — tWs — ulWo)z*
= Bi(l—8z)(1 —vx)(1 —déz)(1 — Az) + Ba(1l — az)(1l —vz)(1 —dz)(1 — Az)
+B3(1 —az)(l — 8z)(1 —dz)(1 — Az) + Bs(l — ax)(1 — 3z)(1 —yz)(1 — Az)

+B:(1 —az)(l — 8z)(1 —yx)(1 — oz).

If we consider x = %, we get
Wo + (W1 —rWo) 2 + (Wy —rWy — sWo) 25 + (W3 —rWy — sWy — t‘fl""o)?l.; + (Wy — W3 — sWa —tWy —uly) ¢
=Bi(1-D)(1-2)(1-21-2).
This gives

a"'(W0 +(W,—rWo) £+( W,—rWi—sWy) Lt (W= Wa—sW —tW o) Zp+(W —rWs—sWo—t W —ul ) Xr)

(a=8)a—7)a—E8)(a—A)
i‘l-’oa“—;-(l‘l-"l —7‘1‘»"0)6\34—(W2 —rW, —sWo)a2+(l’l"3—'rl-1~’2 —sWi—tWy)a + (W, —rWa—sWy—tW—ulW,)
(a=B8)(a—1){a—d)a—A)

Similarly, we obtain
Wo8%+( W, —rl-’l"o)53+(ﬂ"'2 —rWy—sW,)8? +H(W,—rWa—sW;—tWg) 8 + (W —rW3z—sWo—tW 1 —ulW,)
2 = ~ ’
(B—a)(8—7)(8-0)(8-A)

Woy (W, —rW o )y° (W, —r Wy — W g+ (W g —r Wy —s W —tW o )y + (W ,—rWg— Wy —tW; —uW)

Bz =
(y=2)(v = B)(y=9)(v =)
- Wod* (W, —rW )85+ (W y—rW 1 —sW g )8 (W 3—rW o —sW 1 —tW )8 + (W ,—rWz—sWo—t W —ulW )
5 i G-a)0-80-10-N :
B WA (W =W o)A (W, —r Wy —sW o AT (W ,—r W o —sW 1 —tW o)A + (W ,—r W3 —sW o —t W1 —uW,)
5 = .

A=a)A=8)(A -7 -9)
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Thus (1.7) can be written as

oo
> Wz =Bi(1—az)" + Bs(1—8z) "' + Bs(1 —yz) " + Ba(1—6z) "' + Bs(1 — Az) .

n=0

This gives

oo oo oo oo oo o0
Z Weaz" = B Z a"z" + B Z 8"z" + B3 Z y"x™ + Ba Z §"z" 4 Bs Z A"z”
=0

n=0 n=0 n=0 n=0 n=0

oo
Y (Bia” + B18" + B3y" + Bud” + BsA" 2"

n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain

W, = Bi1a"™ + B23" + B3y" + B4d™ + Bs A"

and then we get (1.5). O

Note that from (1.3) and (1.5) we have

Wi — (84740 + A)Wa + (8) + 87 + Ay + 86 + A8 +78)Wa — (8Ay + BAS + 878 + Ayd) Wi + (8\y8)Wo
Woat +(W, —rWo)a® +(W,—rW1—sWo)a? + (W, —rWa—sWq—tWo)a + (W ,—rWa—sWy—tW 1 —uWy),
Wi—(a+7+d+ A W3+ (@d +ay+ad + Ay + Ad + 7)o — (ady + ard + ayd + Ayd) Wy + (aAyd) W
WoB (W, —rW )8+ (W y—r Wy —sW o) 82 (W y—r Wy —sW, —tW )8 + (W ,—rW 3—sW o —t W, —uW),
Wi—(a+8+06+A)Ws+ (a8 +ak+ 8\ +ad + 35 + A8)Wa — (aB8) + a88 + ald + SAS)Wi + (aBA6)Wo
Wy '7'4—0- (W, —rW, )",‘3+( W,—rW;—sWy) '}“2 H(W,—rWo—sW1—tWy )y + (W, —rW3—sWa—tW; —ulWy),
Wi—(a+8+7+A)Ws+ (a8 + o+ ay+ BN+ 87+ A )Wa — (a8X + a8y + ady + BAv)W; + (a8Ay)W
Wod (W, —rW )8+ (W y—r Wy —sW )82 (W ;W 5 —sW; —tW ()8 + (W ,—rW 3—sW o —tW; —uW),
Wi—(a+8+7+8Ws+ (a8 +ay+ad+ 8y+ 80 +v0)W2 — (aBy + aBd + ayd + 5v6)W1 + (aBvd)We

WA (W, —rW o)X (W, —r W1 —sW o)A (W —rW 2 —sW1 —tW o)A + (W, —rW 3—sW a—t W1 —ulWy).

In this paper, we define and investigate, in detail, three special cases of the generalized (7, 5,,u, v) sequence {W,.}

which we call them (7, s, ¢, u,v), Lucas (7, 5,,u,v) and modified (r, 5,t, 4, v) sequences. (r,8,t,u,v) sequence{Gx }n>0,

Lucas (r,s,t,u,v) sequence {H,},>0 and modified (r,s,t,u,v) sequence {E,}.>¢ are defined, respectively, by the

fifth-order recurrence relations

Gn-‘-5

= 7Gntda+ 8Gn43 +1Gny2 + uGr+1 + VG,

= 0,G1=I:Gg=r703=r2+s,G4=r3+2sr+t,

= rHpiq+8H, 13 +tH,po+uH, o1 +vH,,

= 5, Hi=rHy= 2s+r2,H3 = 7*3+3sr+3t,H4 =r' +4r%s + dtr + 26 + du,
= rEnt4+8En+3+tEnt2 + uEn+1 +vEx,

3

= 1,E1=r—1,E2=—r+s+r2,E3=-r —-r2+2sr—s+t,E4=r4—r3+3-r23—2rs+2tr+32—t+u.
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The sequences {Gn}n>0, {Hn}n>0 and {Er}r>0 can be extended to negative subscripts by defining

u t s T 1

Gl 1= =Gy Gy = s s gy = = gyl = G K4 18
5 O—(n=1) = 2 C=(a-2) = 2CG—(n-3) = ZC-(a-9) + ;G =(n-5), (1.8)
w t s r 1

Hop = ——Hofueay— —Hofuet) = 2 Ho (o) — = uay = H (), 1.9)
S H-t=1) = SHo(n-2) = ZH(n-3) = ZH-(n-9) + S H-(n-5) (1.9)
u t s r 1

ey e B e = o e o L e ) B I =y o L o 8 1.10
g E-(n=1) = 2 E-(n-2) = 7E_(n-3) = ZE-(n-8) + S E_(n-5) (1.10)

forn =1,2,3, ... respectively. Therefore, recurrences (1.8}, (1.9) and (1.10) hold for all integers n.
Next, we present the first few values of the (r,s,t,u,v). Lucas (r,s,t,u,v) and modified (7,5, t, %, v) numbers

with positive and negative subscripts:

Table 2. The first few values of the special fifth-order numbers with positive and negative subscripts.

n 0 1 2 3 4

Gn 0 1 r 7‘2+s r3+2sr+t
G_n 0 0 0 L

H; 5 r 25 +r? r3 + 3sr + 3t rd 4 4ris + dtr + 257 + 4u
H_, -2 L?_2w) —L(uf -Stuv43s0?) L(2t%07 — dtulv 4 ut 4 45w’ — 4r®)
E, 1 r—1 —r4+s+r? rP—r? L 2r—s+t r4—73-§-3r23—2-r3+2tr+32—t+u
E_n 0 0 0 -1

Some special cases of (r,s,%,u,v) sequence {Gn(0,1,7r, r? +5,7° + 25 + t;7. 5.t u, v)} and Lucas (r,s,t,u.v)
sequence {H,,(4,7,2s + 72, r% 4+ 3sr + 3t r* + 4r2s 4 Atr + 257 4 4u; 7, 5,t,u,v)} are as follows:
(1) Ga(0,1,1,2,4;1,1,1,1,1) = P, Pentanacci sequence,
(2) H.(5.1,3,7,15;1,1,1,1,1) = @,., Pentanacci-Lucas sequence,
(3) Gn(0,1,2,5,13;2,1,1,1,1) = P, fifth-order Pell sequence,
(4) H,(5,2,6,17,46;2,1,1,1,1) = @,., fifth-order Pell-Lucas sequence,

For all integers n, (r.s5.t,u,v), Lucas (r,s,t,u,v) and modified (r,s,t,u,v) numbers (using initial conditions in

(1.3) or (1.5)) can be expressed using Binet’s formulas as

Ga = ot grt3 , A3

" T G- -0E-N  B-aBE-NE-9B-N -G-8 -9FT-N

67:—.’3 /\,,+3
-2 -BE -0  C——AA -7 —9)

Hn = O.“ +5n+,\'n +6n+An’
E, = fg= Do 5 (8- 18~ , (y=1yt*

"7 @=-8la—-MNe-9=-x1 " (F-a)B-NE-8B-1  (1-a)7-8r-9{r-N

(6 — 1)o~+? (A= 1A+

i — - 5y
(6—a)(d =80 —7E-2) A-a)A=8)(A-7)A-0)
respectively. Note that for all n we have

En = G,,.‘_l - G,,,.

Lemma 2 gives the following results as particular examples (generating functions of (r, 5,%, u, v), Lucas (r, 5, ¢, u, v)

and modified (7, 3,¢, %, v) numbers).
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COROLLARY 4. Generating functions of (r,s,t,u,v). Lucas (r,s,t,u,v) and modified (r, s,t,u,v) numbers are

E G,z = i
" 1 —re — szx? — tad — uz? —vas’
n=0
o0 4
& 5 — drx — 3sx° — 2tx° — uxt
E:an = 2 3 1 ;
2 1—rx—sz? —tx’ — uxt — vt
e

ZE,J:" - 1—2

1—rzx— sz? — tz® — ux® —vzb’

respectively.

Proof. In Lemma 2, take W,, = G, with Go =0,G1 =1,Gy =r.Gz =1’ +8,Gy =1r° +2sr+t, W,, = H,
with Ho = 4,H1 = r,Hy = 25 +7°,Hs = r° + 3sr + 3t, Hs = r* + 4r°s + 4tr + 25° + 4u, and W,. = E,. with
Eo=1,Ei=7r—1,Ey=—-—r4+8+1r,E3=r"—r*4+2r—s+t,Es=r*—r*+3r2s—2rs+ 2tr + s> —t + u,
respectively. O

2. Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F,. }, namely,
anan-l - Ff = (__1)"1

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This can be

written in the form

Fn+1 Fn
F. Faa

= (1)~

The following theorem gives generalization of this result to the generalized (r,s.t, u.v) sequence {Wn}azo.

THEOREM 5 (Simson Formula of Generalized (. s, u,v)-Numbers). For all integers n, we have

Woisa Waps Weais Wap W, We W W, W, W,
Wits Waps Warr Wa Wi Ws Wa Wi We W-o
Wota Wapa W, Way W, |[=0"|Wh W, W, W_; W_, | (2.1)
Wopr W, Way W,_a W,.g Wy Wy W_y W_, W_3
Wn Wno1 Wiz Waoz Waa Wo W-_1 W_2 W_3 W-_4

Proof. (2.1) is given in Soykan [7]. O

The previous theorem gives the following results as particular examples.
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COROLLARY 6. For all integers n, Simson formula of (r,s,t,u,v), Lucas (r,s,t,u,v) and modified (r,s,t,u,v)

numbers are given @s

Grys Griz Gnia Gupr G
Grnt3 Griz2 Gra1 Gn  Gnaa
Gava Chipy B Cues G| & a5
Eopy G Opzn Cuon iy
Gr  Gn-1 Gr-2 Gn-3 Gn-u

Hp.t+s Hn+3 Hny2 Hn+1 Hn
H..3 H,.» H.,.. H., H.,,
Hpys Hppn Hp Hooq Hoa | = v"7Yf(r,s,t,u,v),
Hyt1 H,. Hn.-1 Hpn-2 H.-3
H, Hyq Hiee Hasg Ha-a

E.ys E.4y3 E,42 E.yz  E,
En.t3 Ent+2 Enta En En
Enys Enin En Enoi En_a | = V'Y r+s+t+utv—1),
Eid By i Bad S
E. En-1 En-2 En-3 En-

where

f(r,s,t,u,v) = 256r°0°% — 192rtsuv? — 128702 + 144ritu’y — 27rtu? + 14407% 57107 — 6r° 52wy — 80r°st’uw +
18r%stu® + 1600r°sv® + 16r°t%y — 4% — 160r°tur? + 36r°u’v — 27rlste? + 18r2s%tuww — 4r2s%u® — 4r?s% v +
r2a?t?u® — 10207 s*uv® — 560r°st2v? + TA6r stulv — 144rtsut — 2497 uw - erit?u® + 2000r°t0® — 50r2u’y? <+ €30
rs°tv? — 24rs%ulv — 356rs t uv + 80rs’tu’ +2250rs?v® £ T2rstty — 18rst®u® — 2050rstuv? + 160rsu’v — 900rt¥v? + 1020
rt?ulv —192rtu* +2500ruv® — 108s%0? + 725 tuv — 165*u® — 165750 + 45%¢%u? — 90053 uv? + 8255720 + 56052 tu’v — 128
s2u® — 630st7uv + 144st’u’ + 3750st0° — 2000su’v? + 1085y — 27¢%w? — 2250t2un? + 1600tu’v — 256u° + 31250%,

respectively.

3. Some Identities

In this section, we obtain some identities of (r,s,%,u.v), Lucas (r,s,t,u.v) and modified (7, 5,t,u,v) numbers.

We can give a few basic relations between {G,} and {H,}.

LEmya 7. The following equalities are true:

(a): v?H, = —(v° —3tuv+350%)G s+ (ru® — 200 +ulv+3rsv? — 3rtuv) G, 13 + (3570 + su® — Btsuv —rulv—
w? +2rt02)Gsa + (=3t uv 4 tu’ + 5stv? — sulv 4 ruv? + 50%) G, 1 + (26207 — dtuv+ud +dsuv? — 4r0%)G,..

(b): v’ Hn = (u® — 2t0)Grss — (ru’ + vu — 2rtv)Gaye + (—su2 + ruv + 50% + 25t0)Grs1 — (—2870 + tu’ —
sSuv + 41‘1;2)6‘,. - (u3 — Jtuv + 3sv2)G,,_1.

(¢): vH, = —uGpis + (50 +ru)Gphiq + (su — 4rv)G, + (fu — 350)Gre1 + (u2 — 2tv)G,.—2.

(d): H, =5Gp1 —4rG, —33G,_1 — 2tGr_2 — uG,_3.

(e): H, =7rG, +28G,._1 +3tG,_2 +4uG, _3 + 5vG, _4.
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Proof. Note that all the identities hold for all integers n. We prove (d). To show d), writing
He=0XGrt1+0XGrn+cXGro1+d X Grnoa+eX Gn-3z

and solving the system of equations

H = axGi+0xGo+cexG-1+dxG-2+exG-3
H = axG:r+bxGi+cxGo+dxG-1+eXxG-2
Hy, = axG3+bxGa+exGi+dxGo+ex Gy
Hy = axGy+bxGs3+cexGa+dxGi+exGy
Hy = axGs+bxGi+cxGs+dxGr+exG

we find that a = 5,b = —4r e = —33,d = —2t, e = —u. The other equalitities can be proved similarly. O

We present a few basic relations between {G,,} and {E,}.

LEmyma 8. The following equalities are true:
(a): v B, = (u+v)Coie— (V+TU+T0)Crss — (SU—T0+ 50)Crrs — (tu — 50+ 10)Grsz — (U2 +vu —t0)Gsa.
(b): vE, = —Gpis +7Gris +5G,3 +1Grio + (U +0)Gria-
(c): E, =Gpne1 —G,..
(d): B =(r—1)G, + 8Gn—1 +1Groa +uGn_3 + VG, 4.
(e): (r+s+t+u+v—1)Gn = Ents—(r—1)Ensa—(r+s8—1)Ent2—(r+s+t—1)Ens1 —(r+s+t+u—1)E,.
(f): (r+s+t+u+v—1)G.=E 13— (r—1)Eppo—(r+8—1)Epeqn —(r+s+t—1)E, +vE,_;.
(g): (r+s+t+u+v—-1)G.=Ejo—(r—1)Epss —(r+s—1)E, + (u+v)En_1 + VE,._a.
(h): (r+s+t+u+v—-1)G.=E 1 —(r—1E. +(t+u+v)En1 + (u+v)Ens +vE,.—3.

Next, we give a basic relation between {H,} and {E,}.

LEmymaA 9. The following equality is true:

(r+s+t+ut+v—1)H, =(r+2s+3t+4u+5)E, +(29+3t+4u+5v—rs—2rt —3ru—4rv) E._; —
(2rt — 4u — 5v — 3t + 3ru + st + 4rv + 2su + 3sv) En—2—(3ru — v — du + 4rv + 2su + 3sv + tu + 2tv) En—3—v(dr+
3s+2t+u—5)E,_4.

Note that all the identities in the above 3 lemmas can be proved by induction as well.

We now present a few special identities for the modified (r,s,t,u,v) sequence {E,}.
THEOREM 10. (Catalan’s identity) For all integers n and m, the following identity holds
En+mEn.—m o E: — Gm+n+1 (G—m+n+1 e G—m-rn) -+ Gm+n (G—m+n S G—m+n+l) 5 (Gn+1 = Gn)2 -

Proof. We use the identity

En — Gn+l = Gn. O

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the modified (r,s,?,u,v) sequnce.
COROLLARY 11. (Cassini’s identity) For all integers numbers n and m, the following identity holds

Eﬂ.+1E'n—1 - E?. = (Gn+2 - Gn+1)(Gn - Gn—l) i (Gn+l - Gn)g-
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The d’Ocagne’s, Gelin-Cesaro’s and Melham's identities can also be obtained by using E. = Gn+1 — Gn. The

next theorem presents d'Ocagne’s, Gelin-Cesaro’s and Melham’s identities of modified (7, 8,t,u, v) sequence {E, }.
THEOREM 12. Let n and m be any integers. Then the following identities are true:

(a): (d’Ocagne’s identity)

Eni1En — EmEnt1 = Gms2 (Gnt1 — Gr) + Gomt1 (Gr — Gnt2) + G (Gnta — Grs1) .
(b): (Gelin-Cesaro’s identity)

Eni2En+1En—1En—2 — Ep = (Gnt3 — Gnt2)(Gnt2 — Gn1)(Gn — Gno1)(Grot — Gne2) — (Gni1 — Gn)*
(c): (Melham’s identity)

Ent1En+2EBn+6 — B33 = (Gnt2 — Gnt1)(Gntd — Gnt2)(Gntr — Gnt6) — (Guts — Gnts)’.

Proof. Use the identity E,, = G,o1 — G,.. O

4. Linear Sums

The following theorem presents sum formulas of generalized (7, s,t, u, v) numbers.

THEOREM 13. For all integers m and j, we have

S A+ T :
D Woaksi = t) : (4.1)
k=0 s

where

A = 6Winn 4 3t i H6(1 = Ho W2+ 3(H2 — Hoon — 2 Hon 4 2) W ik s HWomis s 0™ —60™ (Ho o — 1) Wonnj

Uy = —6Wins; —6(1 — Ho )Waps; — 3(HZ, — Hap — 2H, +2)W,y; —6W_ 0™ + (HS, —3HZ —3H), H,. +
2H3m + 3Hom + 6Hm — €)W,

Q= H} —3HZ — 3H3,nHyn + 2Hz0 + 3Haps + 6H,y — 60™ (H_,,, — 1) — 6.

Proof. Note that

n n—1 n—1
D Wokti = Winti+ > Wonksj = Wonnij + 3 (A1075H 4 4387 4 Agy™h5d 4 4,505 4 Aamti)
k=0 k=0 k=0

mn_l

R A a H Bmﬂ_l 2 ,).mn_l

Wny; + Ajod | ———— . Y L O Ay (1 ———
+j T Aic (a"‘—l)+ 23 (5"‘—1)+ 37 (')’"‘—1)
cj s oA\

+A4d (—o.m_l)-f-As)\ (Am—l)‘

Simplifying the last equalities in the last two expression imply (4.1) as required. O

Note that (4.1) can be written in the following form:

> iy =2
k=1

where

Uy = —6Wapmtj — 6(1 — Hon)Wamsj — 3(HE — Ham — 2H, + 2)Winsj — 6W_ oy 0™ + 60™ (Hop — 1) W,

As special cases of the above theorem, we have the following corollaries. Firstly, as special cases of the above

theorem, we have the following corollary for the generalized Pentanacci numbers.
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COROLLARY 14. The following identities hold:

(1) m=1,j=0.
(): Xpoo Po = 1(Pata — Pay1 +2Pa + Pac1 — 1),
(b): Tr @k = 3(Qnsz — Qui1 +2Qn + Qnor +5).
(2) m=—1, j=0.
(@) g P = 3(=Pops1 =3P pq —2P_ g — P 3+ 1).
(b): 3 ho@-%=3(—@-nt+1 —3Q-n—1—2Q_n_2 —Q_n—3+15).
(3 m=4, j=—6.
ORI TS 5 SO SR . ;. (OISO, SO, |
(b): iy Qak—6 = 75(Quan+6 — 14Qun+2 — 13Qun—2 + 2Qun—6 + Qan—10 — 145).
4y m=-3, j=2.
(a): i o Posisr = 55(—P_gniz + 6P gnpo —6P_ 3,1 — 2P_3,_4 — P_3._7 + 20).
(b): il @-3r+2 = 15(—Q-3n+s + 6Q-3n+2 — 6Q—3n—1 — 2Q—-3n—14 — Q—-3n—7 + 52).

Secondly, as special cases of the above theorem, we have the following corollary for the generalized fifth-order

Pell numbers.

COROLLARY 15. The following identities hold:

(1) m=1,j=0.
(@A) B B (Bl o= PBropa— B py b BB B )
(B): heo @k = 3(@n+3 — @ni2 —2@n+1 +2@n + Qn-1+9).
(€)F Ty B = L (Bats — Eazz — 2Bnya + 3B + Baza).
(2) m=—1, j=0.
(a): Yr_y Pk = 2(—6P iy +6P_, —18P_,_; —12P_.,_, —6P_, 5+6).
M): Y 0@k =2(—Qont1 +Qon —3Q 1 —2Q_n_2 — Q_n_3 + 16).
(¢): Yhoo Bk =i(—E-nt1+E—n —3E_n—1 —2E_—n_2— E_n-3).
(3) m=4, j=—6.
(a): Yp_o Pik—6 = =(Pins+6 — 45Pin+2 — 58Pin—2 + 6Pin—6 + Pin—10 + 5).
(b): Tr_; Qui—6 = = (Qunss — 45Quns2 — 58Qun—2 + 6Qun—6 + Qin—10 — 640).
(o) 310 B =L (Baie— A6 Bifsyg— B8 E i + 6B ot Baag— B):
(4) m=-3, j=2.
(A 38 ooy = (P gt 108 gy b8 gy AP g e P Y,
(h): >ro@-3r+2 = %(—Q—3n+5 + 16@Q-3n+2 — 6Q-3n—1 — 2Q-3n—1t — @-3n—7 + 219).
(¢): Yheo E-sk42 = 25(—E—_3n25 + 16E_3n22 — 6E_3,_1 — 2E_3n_2 — E_gn_7 + 45).
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5. Matrices Related with Generalized (r, s, t,u,v) Numbers

Matrix formulation of W,, can be given as

Wita ( r s t u v Wa
Witz 1 0 0 0 0O W3
Watz [=]1 0 1 0 0 0 w2 (5.1)
Wt 0 01 0 0 Wi
W, 00 01 0 Wy
For matrix formulation (5.1), see [2]. In fact, Kalman give the formula in the following form
Wa ( 01 0 0 O Wo
Wita 0 0 1 0 O Wi
Wase =10 0 0 1 0 Wa
Witz 0 0 0 0 1 W3
Wiss il S - T S Wy
We define the square matrix A of order 5 as:
( r 8 t u v
1 0 0 0 O
A=]10 1 0 0 0
0 0 1 0 0
00 0 1 0
such that det A =v. From (1.1) we have
Weta y 8 1 wmw Witz
| ) 1 0 0 0 O Wito
Weeo |=] 0 1 0 0 0 Wais |- (5.2)
Wt 00 1 0 0 W,
W 00 0 1 0 Wnoa
and from (5.1) (or using (5.2) and induction) we have
Wasa r s t u v Wy
Wets 1 0 0 0 O W3
Wiasa =10 1 0 0 O Wa
West 0 0 1 0 O Wi
W, 00 0 1 0 Wy
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If we take W, = G in (5.2) we have

Grta r s t u v Gr+3
Grt+3 10 0 0 0 Grs2
Geta [=]1 0 1 0 0 O Grsr |- (5.3)
Grt1 0 01 0 O Gn
G. 000 10 Gt

We also define

Gn+1 SGn 5 th—l + UGn—Z o+ UGn—3 th + 'ucn—l + an—Q uG,, + an—l UGn
Gn 3Gn—1 + th—2 + an—? ¥ an—i th—l =+ ’an—2 + an—3 UGn—l + UGn—? UGn—l
Bro=| Gno1 8Gn_2+1tGn-3+uUGn_y+VGn-s 1Gn2+UGn_3+0VGn_y UGn_2+VGn_3 VGn_3

Gz 8G3+1G_a+ UG5 +VGr—6 IGr_3+ UG, _s+VGns UG,_3+VGr_4 VG._3
Gn-3 8Gn-a4+1tGn-t5+uUGrn-6+VGrn—7 tGn-a+uUGn-5+VGn-—6 UGn-s+VGn-z5 UGn-4a

and
Wiast  sWa 4+ tWaa +ulWn_2 +vWa_3 tWe + uWa1 +vWa2 uW, + vWa oW
W, sWo_1+tWeo_atuW, 3+vW,_y tW,_ 1 +uW,_o+vW,_3 uW,_1 +vW,._a oW,
Cn=| Wno1 Wa2+tWag+uWn_a+0Waog tWeoo +uWnz +0Waoy uWnos +0Weez 2Waoo

Weee sWe 3 +tWo_s+uW, s +vWee tWea sz +uW,._s+ovW, s uW,_3+vW,._y vW,_3

Wz 8Wn_g+tW, s+ uW, ¢+ 9Wo7 tWo s +uW, s+oW, ¢ uWn_g+oW, s 9W._4

THEOREM 16. For all integers m,n = 0, we have
(a): B.=A".
(b) C]An = A"Cl.
(€): Cpim =CaBm=DB,C,.
Proof.
(a): By expanding the vectors on the both sides of {5.3) to 5-colums and multiplying the obtained on the
right-hand side by A, we get
Bn == AB.,,_1.
By induction argument. from the last equation, we obtain

B, = A""'B,.

But B; = A. It follows that B,, = A".
(b): Using (a) and definition of C1, (b) follows.

(¢): We have C,, = AC,._;. From the last equation, using induction we obtain C,, = A""1C;. Now
oM L o S g S I U S0 S o ;

and similarly

Cn+m = Ban
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Some properties of matrix A” can be given as

A =pA™ L gAML tA Y LA™ oA

and
An-'rm - AnAm — AmAn
and
det(A™) = v"
for all integers m and n.
THEOREM 17. For m,n = 0 we have
““’n-{-m = "VnGm+1 + H"n—l(SGm + tGm—l + qu—? + 'UGm—S) (54)

FWo2(tCom + UG 1 + VG m—2) + W 3(UG o + VG 1) + VW s G

Proof. From the equation Crim = CrnBm = BmChr we zee that an element of Chtp: is the product of row Ch
and a column B,,. From the last equation we say that an element of C,,4,, 15 the product of a row C,, and column

B,.. We just compare the linear combination of the 2nd row and 1st column entries of the matrices Crntm and CrnBp.

This completes the proof. O

REMARK 18. By induction, it can be proved that for all integers m,n < 0, (5.4) holds. So for all integers m,n,
(5.4) is true.
COROLLARY 19. For all integers m,n, we have

Grtm = GnGmi1+Gno1(8Gm +tGm-1 + UGm—2 + VGm—-3)

+G,a(tG, + UG o1 + VG ) + Gz (UG, + VG 1) F VG s G,
Heitmn = H,Gpi1+H,1(58Gm +1Gm-1 + G2 +VGm—3)

+H,o(tGp + UGy + VG s) + Ho3(uG,y + VG 1) + vH,—uGon,
Evtm = EnGmt1+ En-1(5Gm +1Gm-1+ uGm—-2 +VGm-3)

+E,; 2(tG + UG 1 + VG p2) + En_3(uG,. + VG 1) + VE, 4G .
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