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Abstract

In this study, by using the conformal structure in Euclidean space, the conformal structures in spherical space
and the equality of the internal angles and vertex points of conformal triangles in spherical space are given.
Especially in these special conformal triangles, the conformal spherical equilateral triangle and the conformal
spherical isosceles triangle, the internal angles and vertices are shown.

Keywords: Conformal spherical triangle, Conformal spherical isosceles triangle, Conformal spherical
equilateral triangle

Date of Submission: 05-10-2020 Date of Acceptance: 19-10-2020

. Introduction
The set S/ Z{XE M x,x>:1} is also called the n-dimensional unit pseudo-spherical space. Standard

model for n-dimensional spherical geometry, S" ={x e IR™ : x| =1} defined as S"is the unit sphere of R™.

Euclidean metric over S" as follows d¢ (x,y)=|x—y| [1.2,8].
Firstly, we remember the concepts of lines and triangles in the spherical plane.
Asfor a:IR—>S" ve x,yeS"

curve a(t):costx+sintw is called S"'s line through x,y [9].
ly =0 x|
Similarly for ¢: IR —>S" ve x,y e S",
a(t)zCOStX+SintW, te[0t]
sint,

curve segment is called the line segment of S" limited to x,y [9].
x,¥,z, three of which are three points are not on the same spherical line;

(y—cost, x)

t)=cost int , tel0t
a(t)=costx+sin Y e[0t,]
ﬂ(s):cossy+sinsm, se[0,s,]
sins,
_(x—cosu, z)
= —1 o,
7(u)=cosuz+sinu st uelo,u,]

The combination of the «(t,)=p(0),8(s)=7(0)ve »(u,)=a(0) segmented line segments is called the spherical
triangle, and the spherical zone bounded by the triangle is called the spherical triangular zone [9].
Q isspherical triangle with B, P,, P, vertex points;

1 CoS¢, COS@,
M =|cosg, 1 COS @,
COS@,, COSQ,, 1
matrix is called egde matrixof Q [4].R,P, Q's two vertices;
cosg; = (R, P)
the real number ¢, in the property cosg, =(PR,P;)is called Qs edge length limited by P, P, [4].
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If the edges of the B, P, P, -pointed Q spherical triangle through P, point are also

a:IR—S",
B:IR—>S";
the 6; angle, which is to be (o' (t)|Pk Af (s)|Pk>=cost9ij , is called the internal angle of Q at point P, [9].
F,
, 0,
o (t 2 ij
jP‘  / B[(-Y]R
Pk P
\ |
P P
s

Figure 1. Triangle with internal angle in Spherical Space

Il1. Conformal Triangles in Spherical Space
Definition 2.1.The set{P eS?2:(m,P) = cos r}, as meS? and relR" , is called the m-centered r spherical

circlein S* [9].
Definition 2.2.Let Q2 be the spherical triangle with B, P,, P, vertex points.If there are real numbers r,,r,,r, € IR

as 0<gy=r+r < % with an edge length ¢, limited to P, P,;Q is called conformal spherical triangle [9].

Theorem 2.1.Let Q bespherical triangle with B, P,, P, vertex points. € to be conformal if and only if

If r, e[o,%j, r,e(0,r)and r, (O, ] (2.1)

or

T =2
If rle[z,zj, r2,r3e(0, 5 1]

where r,r,,r, € IR"[9].

-2

Now, we give egde matricies for conformal sphericaltriangles. These matricies play very important roles
throughout the paper for calculations.

Lemma 2.1.Edge matrix of conformal spherical triangles, edge matrix of conformal spherical equilateral
triangles and edge matrix of conformal spherical isosceles triangles as follows

1 cos(r,+r,) cos(r+r,)
M =| cos(r,+r,) 1 cos(r,+1;) |(2.2)
| cos(r+1,) cos(r,+1,) 1

1 cos(r,+1,) cos(r,+r,)]
cos(r,+1,) 1 cos(r,+1,) (2.3)
| cos(r+1,) cos(r+1,) 1]

<
[

1 cos(r,+r,) cos(r+r,)
M =|cos(r,+1,) 1 cos(r, +1,) | (2.4)
| cos(r+1,) cos(r,+r,) 1

respectively [9].
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From[4]

cosg; = L Ji#j51,j=12,3(25)
i Y
and from equation (14) in [5], we can define
: M| o
sing; =——= ,i#j;1,)j=123.
M;M;

(2.6)

I11. Equality of Internal Angles and Vertex Points in Conformal Spherical Triangles
In this section, using the expressions of the internal angles and vertex points we have defined earlier, the
equations of internal angles to vertex points of the conformal spherical triangle and special conformal spherical
triangles will be shown.
Now, in Eg. 2.5

c08f, = —— =] 1]=123

was given.

AssinP=—Y"1 iz jizk jzk;ijk=123.31)

Itis
cosé, = ﬁ

If M,,,M,,and M,, from Eq. 2.2 are calculated and replaced,
cos(r, +1r,)cos(r, +1,)—cos(r, +T,)

cosé, =
\jsinz (r,+1,)sin’(r,+r,)

is obtained.

Similarly, if M,,,M,, and |[M| are used at Eq 3.1, calculated from Eq 2.2,

sinPk, :ﬂ

Mll MZZ

\/4smr sinr, sinr, sm(r +1+13)

\/sm )sin®(r, +1,)

would be. From here

Sink, =

6, = arccos{

Jsin(r, +1,)sin(r, +1,)

cos(r, +1,)cos(r, +1r,)—cos(r, + rz)J

4sinr sinr, sinrsin(r +r, +r
P, = arcsin Jasint; sint, sint sin(5 +1, +75) (3.2)
Jsin(rz +r)sin(r +r,)
areobtained.
We calculate the cosine of the right side of Eq 3.2. It would be
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_ \/4sinrlsin rsingsin(n+r,+r;)
cos| arcsin

Jsin(r, +1,)sin(r +1,)

Jasingsinr, sinrsin(r, +1, +r3)]

= [1-sin?| arcsin
\/sin(rz +r)sin(r+r,)

2
) L\/4sinrlsin r,singsin(r +r, +r3)J

\/sin(rz +1r)sin(r +r,)

\/sin(rl+rz)sin(r1+r3)—4sinrlsinr2 sinf,sin(r+r,+1,)
- sin(r, +1,)sin(r, +1r,)
When necessary calculations are made, we get
ssin(r1 +1,)sin(r, +r,)—4siny sinr, sinr, sin (1, +1, +1,) = (cos(r, +1, )cos (1, +r,) —cos(r, + rz))2 .

0,=h

equation is obtained.By using similar method
023 =R

and

013 =k

are obtained [6].

111.1. Equality of Internal Angles and Vertex Points in the Conformal Spherical Equilateral Triangle
Let Q be a spherical triangle with B,P,,P, vertex points, dihedral angles and ¢,,, ¢, ¢, edge lengths. Let

QeS*;if ,=0,=0,, ¢, =0, =0, and 6, > % Q is called equilateralspherical triangle [7].

Now, in Eq. 2.5
-M, S

COSO, = ———=—= ,i#j;i,j=123

x}MiiMn’
was given.
Including

(M|

sinh =————— |i#],izk,j#k;i,j,k=123.3.3)

S
If M,,,M,,and M,, are calculated and replaced from Eq. 2.3;
cos(r, +r,)(cos(r, +1,)-1)

q/sin(rl +1,)
is obtained.

Similarly, if M,,,M,, and |M| calculated from Eq. 2.3 used in Eqg. 3.3, it becomes as

cosd, =

Z
1=

sinP, =
Mll MZZ

=

cos(r, + rz)—l)2 (cos(r,+1,)+1)

sinP, =
sin(r, +1,)
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Here,
8, = arccos cos(r, +1,)(cos(r, +1,)-1)
sin(r,+r1,)
2
cos(r,+r,)—1) (cos(r, +r,)+1
P, =arcsin \/( (1 2) )( (1 2) ) (3.4)

sin(r, +1,)
areobtained.We calculate the cosine of the right side of Eq. 3.4. It is

cos| arcsin \/(cos(rl+r2)—1)2(cos(r1+r2)+1) I T - \/(cos(rl+rz)—l)z(cos(r1+r2)+1)

\/sin(rl+r2) \/sin(rl+r2)

\/(cos(rl+rz)—l)z(cos(rl+r2)+1) 2 _ \/sin(rl+rz)—(cos(rl+rz)—l)z(cos(rl+r2)+l) |

Jsin(n+1,) sin(r, +1,)

= 1—

We get

2
sin(r, +r, Cos 1) (cos +1)=cos(r, +r,)(cos(r,+r,)-1
when nﬁecessa)ry galcu(latlons,)ar made. (11h s) ) (1 2)( (1 2) )
6, =F
equality is obtained. By using similar method
623 = Pl
and
913 =k
are obtained [6].

111.2 Equality of Internal Angles and Vertex Points in the Conformal Spherical Isosceles Triangle
Let ©Q be a spherical triangle with B, P,, P, vertex points, dihedral angles and ¢,,¢,,®,;edge lengths. Let

QeS?;if 9,=0,and 26, > r—0,,, Q is called isosceles spherical triangle [7].
Now, in Eq. 2.5

oSO =———= ,i#];i,j=123
i
was given. Includlng

=<
Z

M|

(M )(M5;)
If M,,,M,, and M,, are calculated and replaced from Eq. 2.4;
cos(r, +, )(cos( +1,)-1)

sinP, = i# jizk, j=k;i,jk=123.(35)

cosd, =

\[sm )sin(r, +1,)

is obtained.S|m|IarIy, if M,;,M,, and |M| calculated from Eq. 2.4 used in Eq. 3.5, it becomes as

M|
Sin P3 = r—_—
\AMll MZZ
SinF, = \/4sinrlsin rsin(r+r,) |
\/sin(rz +1,)sin(r, +,)
Here,
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cos(r, +1,)(cos(r, +1,)—-1)
\/sin(rz +1,)sin(r+r,)
\/4sinr1 sinr, sin(r, +1,)

\/sin(rZ +1,)sin(r, +,)
areobtained.We calculate the cosine of the right side of Eq. 3.6. It is

6,, =arccos

P, =arcsin (3.6)

] 4sinr, sinr, sin(r, +r ] ]
cos arcsm\/ i sin; sin(s + ) = [1-sin?| arcsin

Jsin(r,+1,)sin(r +r, ) Jsin(r, +1,)sin(r, +1, )

Jasiny sint, sin(r, +r,)

A \j4sinrlsinrzsin(r1+r2) i \/sin(rz+r3)sin(r1+r2)—4sinrlsinr2sin(r1+r2)

Jsin(r, +r)sin(r, +,) sin(r, +1,)sin(r, +1,)
We get
. . . . . 2

sin(r, +r3)smﬁr1+r2)—4smrlsm r,sin(r, +1,) =cos(r, +r,)(cos(r, +r,)-1)
when necessary calculations are made. Thus
0,=Ph
equality is obtained. By using similar method
0, =R
and
0,="F,

are obtained [6].
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