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Abstract

In this paper,using A.Rosenfeld [1] definition of fuzzy group,we have tried to establish some independent proof
of fuzzy group homomorphism and anti fuzzy group homomorphism.
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I.  Introduction
The concept of fuzzy sets was introduced by L.A.Zadeh in 1965.Study of algebraic structure was first
introduced by A.Rosenfeld [1].After that a lot of researches have done in this direction.We have tried to
establish some independent proof about the properties of fuzzy group homomorphism and anti fuzzy group
homomorphism [2].

Il. Preliminaries
In this section, we recall and study some concepts associated with fuzzy sets and fuzzy group,which we need in
the subsequent sections.

2.1 Fuzzy Set
Over the past three decades, a number of definitions of a fuzzy set and fuzzy group have appeared in the
literature (cf., e.g., [15, 1, 3, 7, 1°]). In [15], it has been shown that some of these are equivalent. We begin with
the following basic concepts of fuzzy set,fuzzy point and fuzzy group.
Definition 2.1 [15] Fuzzy subset A fuzzy subset A,of X is a function A : X — [0,1].The set of all fuzzy subsets of
Xis called fuzzy power set of X and is denoted by F P(X).
Definition 2.2 [15] Support of fuzzy set. Let A € F P(X).Then the set {A(x) : x € X} is called the image of A and
is denoted by A(X). The set {x &€ X : A(x) >0} is called the support of A and is denoted by A~
Definition 2.3 [15] Let A € F P(X) such that A(x) < B(x), forall x € X. Then A is said to be contained in B we
say that A ©B.
Definition 2.4 [15] Let A, B, € F P(X). We denoteA U B and A N B belongs to F P(X), ¥x € X,such that
(A UB)(X) = A(X) VB(x) = max{A(x), B(x)}
(4 N B)(X) = A(X) A B(x) = min{A(x), B(x)}
For any collection of {4,}iq of fuzzy subsets of X where I is an index set,the least upper bond U;A;and greatest
lower bond N; 4;, are given by bx €X
(Ui4))(x) =v; A;(X)
(N A)(X) =A; A; (X)
2.2 Fuzzy subgroup
In this section, we discuss the concept of a fuzzy subgroup in details (c.f.,[1]).
Definition 2.5 Fuzzy subgroup (or F(G)) Let G be any group, we de fine the binary operation o’ and unary
operation *on F P(G) as follows, ¥A, B €F P(G) and vx €G
(AoB)(x) = |/{A(y) AB(2) :yz=x, ¥,z €G}
A = AX Y
Proposmon 2.1[3] Let A, B €F(G),and A; € F P(G) for each i &1,the following hold
(AoB)(x) = VyEG{A(y) AB X} = KesfAXy ) ABY)}

. (ay0 A)(X) =A(y'x), ¥k, y €G, (Aoay) =A(xy L)
. (A=A

. ACA oA TcA A=A

. AcB oA lcBt
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. (UiAi)_lzui(Ai_l)
. (N;A)™'= ni(Ai_l)
. (AoB)'=B0A™

Proof : (i) Let x, y €G Since Gisagrouptoeachy €G =y €G, hence xy * € G,now
Ves{A(Y) 2By *X)}

Kes{A(Y) /IB(y’l)l/lB(X)}

Kes{(AY) A B(y 1) AB()}

{(AoB)(e) 1 B(x)} = ((AoB) 0B) (x)

= (Ao (BoB)) (x) = (A 0 B)(x)

Similarly, we can prove that

(A0 B)(X) = Kes{A(Y "X) A B(Y)}

(ii)We have to show that (a, 0 A)(x) = VyEG{A(y’lx) AAX)}

Ve Al X) 21 AX)}

Kec{(Ay ) A AX)) A AX)}

VKec{(AY ) A(A(X) A AX)}

Kec{(A(Y ) A(AM))}

Ay ')

In similar way we can prove that

(Aoa)(x) =Axy )

(iii) To each x € G,there exists an element y € G such that xy = yx = e implies that x = y’l, y= X1=x=
(x 1) !, we have, A"{(x) = A(x 1)

AH M =ADHKY
=AY
= A(X)
(A=A
(iv) To each x €G there exists x ' €G, such that if A(x) <A(x %) ,then
A(X) <A7'(x) i €G
AcA™....(3)
Since, A €F P(G),if A(XY) < A(X),then
AN(X) <AKX) ¥ €G
At A, ....(ii)
From (i) and (ii) we have A = A.
(v),Let A, B €F P(G),Let A € B then we have to show that A™* € B, from (iv) we have A(x) = A(x"") and B(x)
=B(x 1), Let A(X) <B(x), vx €G, then
A <BXh
AY(x)<BY(x), ’x €G
Atcp™!
(vi) For each {A;: i €1} €F P(G) showthat(U;A) "= U; (A) " Let
(UiA)7H(X) e {(Ui4) (XY 1 rk €G}
= max{Ai(x ") : x €G}
= max{(A) '(x) : x EG}
U (A) '(X), vx €G
(Ui A)7'=U; (A)*
(vii) Similarly we have
(N;A)71(X) & min{A(x ) : x €G}
s mind(A) (x) : vk €G}
=N(A) X), vk €G
(NA) =N, (A)
(viii) Let A, B € F P(G) then we have to show that (AoB) *=B o A™*, since G is a group then to each x, y € G
there exists x %, y ' € G,such that
(B0 AN = Kee(B (XY ) AAT(Y)}
Kes{B(XY ) T AA(Y H}
Kes{B(YX ) AAY )}
VesfA(Y ) AB(yx )}
(AoB)(x ")
= (AoB) 1(x), ¥x €G
B'oAYH=(A0B)*
Proposition 2.2[3] If A € F(G),then for all x € G
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« (i) A(e) = A(x)

- (i) A(X) = A(x ")

Proof (i) : Letx €G,thenx.x '=e
A(e) = A(x.x 1

> A(X) AAX DY

= AX) A1A(X)

= A(x)

A(e) = A(x), X €G

AX) =AY ) =AY > A(X)
A(X) = AX Y

Anti fuzzy subgroup In this section we define the basic concept of anti fuzzy subgroup

2.3 Anti fuzzy subgroup
In this section we discuss the basic concepts of anti fuzzy subgroup of G,[5]
Definition 2.6A fuzzy subset A of G is said to be anti fuzzy group of G,and is denoted as AF(G) if for all x,y €
G
() A(x.y) < max{A(x), A(y)}
(if) AQx ) = A()
Definition 2.7Let G be any group we define the binary operation "o’ and unary operation °~*" on anti fuzzy
group of G as follows, VA, B € AF(G) and x €G
(i) (AoB)(x) = H{A(Y) VB(2) :yz=X, X € G}
(i) Ak ) = A" (x)
Proposition 2.3[5] Let A, B € AF(G),also A; € AF(G) for each i €1,the following hold
(A0 B)(X) = AyesfA(Y) VB(Y "X} = AesfAXy ") VB(Y)}
(a0 A)(x) = Ay X), (A0 a,)(X) = A(xy )
Proof :(i) We have x, y €G =y * €G, therefore (x.y 1)y = x(y"'y) = x.e = x,hence
AvesfA(xy 1) VB(Y)} = AesfA(X) VA(Y ) VB(Y)}
= Nyeo{AKX) VA ) VB(Y) }
= Myes{A(X) UAOB) (y 1Y)}
= {(Ao(AoB))(x.e)}
=(AoB)(x), ix €G
Similarly we can prove that
AvesfA(Y) VB(Y ")} = (A0 B)(x)
(ii)We have to show that (a,0 A)(X) = Ayec{A(y X) VA(X)}
AvesfAYX) VAX)}
= Ae{(AY ) VAX) VAX)}
= Myes{(AY ) UAK) VAKX))}
= Mes{(AY ) AX))}
=AY X)
In similar way we can prove that
(Aoa)(x)=A(xy ™)

2.4 Abelian fuzzy subgroup[6]

Definition 2.8If A € F(G) and if A(x.y) = A(y.x) forall x, y €G,then A is called an abelian fuzzy subgroup of G
3 Main Result

In this section author have extend the properties of fuzzy homomorphism in abelian fuzzy subgroup and anti
abelian fuzzy subgroup.

Proposition 3.1If f : G — H be a homomorphism of group G into group H. Let A € F(G) is abelian group,then
show that f(A) € F(H) is also an abelian group.

Proof : Let u, v €H,then

(f(A)(uv) = fA(2) : z €G, f(2) =u.v}

> KAXXY) : X,y €G, f(x) = u, f(y) = v}

= KAWYX) Xy €G, f(x) =u, f(y) = v}

> AY) 1AKX) 1 X,y €G, f(x) = u, f(y) = v}

= W{AY) 1y €G, f(y) = v}) A(HAK) : x €G, f(x) = u})

= H(A)(v) 1 f(A)(u)

= (f(A))(vu), u,v €H

Hence f(A) € F(H) is an abelian fuzzy subgroup of H
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Proposition 3.2Let f : G — H be a homomorphism of group G into group H. If B € F(H) is an abelian fuzzy
subgroup of H, then show that f }(B) € F(G),is also an abelian fuzzy subgroup of G.

Proof : Let f: G — H be a homomorphism of group G into H. Let B € F(H),be an abelian fuzzy subgroup of H.
Then we have to show that f *(B) € F(G) is also an abelian subgroup of G. Let x, y € G, we have

(F(B))(x.y) = B(f(x.y))

= B(f(x).f(y))

= B(f(y).f(x)

= B(f(y.x)

= (f'(B)(yX), ¥,y €G

Hence f *(B) € F(G) is an abelian fuzzy subgroup of G.

Proposition 3.3If f : G — G'is a homomorphism of group G into G and g : G— G is a homomorphism of
group Ginto G . Let A € F(G) then show that the composition of mapping (gof)(A) € F(G)

Proof : Leta, # €G . If possible let a &(g 0 )(G) or # &g o f)(G), then (g 0 H)(A)x A(g o f)(A)8 = 0< (g 0
f)(A)ap

Since a &(g o f)(G),then o * &(g o0 f)(G), implies that (g 0 f)(A)a =0 = (g 0 H)(A)a *

If we suppose that o = (g o f)(x) and £ = (g o f)(y) for some x, y € G,therefore

(9 0 )(A)ap) = UA(2) : 2 €G,(gof)z = app}

(9 0 f)(A)(ap) = AA(XY) : X, y €G,(gof)x = a,(gof)y = g/

(g 0 (A)(ap) = AA(X) AA(Y) : X,y €G,(gof)x = a,(gof)y = 5}

= U{AX) : x €G,(gof)x = of) A(A(Y) 1y €G,(gof)y = 5/})

= (9 0 H)(A)a A(g 0 H)(A)B

(9o f)(A)a'= A@) 1z €G,(gof)z = o '}

=A@z ") :z €G,(gof)z '= o}

= (90 f)(A)a .

Hence (gof)A € F(G ).

Proposition 3.41f f : G — Gand f : G— G ,where f and g are homomorphism of a group G into G and from
Ginto G respectivily. Let A € F(G) is an abelian subgroup of G, then show that the image of composition
homomorphism of A i.e.(g o f)(A) €F(G") is also an abelian fuzzy subgroup of G .

Proof : Let a, # € G, Then we have by extension principle

(9 0 N)(A)ap) = LA(2) : 2 €G,(gof)z = app/

(9 0 )(A)(ap) = AAXy) : X,y €G,(gof)x = a,(gof)y = g/

(9 0 (A)aB) = KA(YX) : X, y €G,(gof)x = a,(gof)y = B/

> KA(Y) NAX) 1 X,y €G,(gof)x = a,(gof)y = B}

= U{A(Y) 1y €G,(gof)y = B}) A(KAX) : x €G,(gof)x = /)

= (9 0 H)(A)(B) A(g 0 H(A)(a)

=(@oNA)Pa) ,,

Hence, (gof)(A) € F(G ), is an abelian fuzzy subgroup of G .

Proposition on anti fuzzy subgroup

Proposition 3.51f f : G — H be a homomorphism of group G into group H.Let A € AF(G) is abelian anti fuzzy
subgroup of G,then show that f(A) € AF(H) is also abelian anti fuzzy subgroup of H.

Proof : Let o, f €H,then

(f(A)(ap) = HA@D) : 2 €G, 1(2) = a.p}

<MHAXY) : Xy €G, H(x) = a, fly) = B/

= MAW-x) i x y €G, (x) = a, fly) = B/

< AHAY) VAKX) :xy €G, f(x) = a, fly) = B/

= A({AY) 1y €G, f(y) = /) UMHAKX) : x €G, f(X) = )

= H(A)(B) 1 f(A) ()

= (f(A)(Ba), o, p €H

Hence f(A) € AF(H),is abelian anti fuzzy subgroup of H.

Proposition 3.6Let f : G — H be a homomorphism of group G into group H. Let B € AF(H) is abelian anti fuzzy
subgroup of H,then show that f *(B) € AF(G) is also an abelian anti fuzzy subgroup of G.

Proof : Let f: G — H be a homomorphism of group G into group H. Let B € AF(H) be abelian anti fuzzy
subgroup of H,then we have to show that f *(B) € AF(G) is an abelian anti fuzzy subgroup of G.Letx,y €G we
have.

(F(B))(x.y) = B(f(x.y))

= B(f(x)-f(y))

= B(f(y)-f(x))

= B(f(y-x))
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= (F'(B))(yX), &,y €G

Hence f }(B) € AF(G) is abelian anti fuzzy subgroup of G.

Proposition 3.7Letf: G — G'and g : G— G, where f and g are homomorphism of a group G into group G and
from Ginto group G ,respectively.Let A € AF(G) is an abelian anti fuzzy subgroup of G,then prove that the
image of composition of homomorphism of fuzzy anti sub group A of G is also an abelian anti fuzzy subgroup of
G.

Proof : Let a, f € G,Then we have by extension principle

(9 0 )(A)(apB) = HA(2) : z €G,(gof)z = ap}

(g 0 N(A)(ap) < MA(xy) : X, y €G,(gof)x = a,(gof)y = B}

(9 0 )(A)(aB) = HA(YX) : X,y €G,(gof)x = a,(gof)y = g/

<MA() VAX) : X,y €G,(gof)x = a,(gof)y = 5}

= A{A(y) 1y €G,(gof)y = B}) UMA(X) : x € G,(gof)x = o)

= (g0 H)(A)B) Ug o H(A)a)

=(@oNAPa) ,)

Hence, (gof)(A) € F(G ), is an abelian anti fuzzy subgroup of G .
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