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ABsTRACT. We concern in this paper new Bernstein type operator
with parameter A € [-1,1 — 1/jn]. We discuss the Rate of Conver-
gence of Bernstein operator, prove that Bernstein approximation
theorem with that new parameter and also prove that Voronovska-
ja type theorem using by exponential operators.
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I. Introduction

In 1912 Given by S.N.Bernstein. A function f on [0, 1] they define

the polynormmal

. /n k
B =3 (7)ta— o i) (1)

k=0

for each positive integer n. Known as Bernstein polynomials.We
will discuss in this paper, if f is continuous on [0, 1], its sequence of
Bernstein polynomials converges uniformly to f on [0, 1], thus giving
constructive proof of Welerstrass theorem. There are several proof of
this fundamental theorem beginming with that given by K. Welerstrass
after Bernstein gave its constructive proof in 1912, We introduce by
using Exponential operator rate of convergence of Bernstein operator
and proof the Bernstein approximation theorem with new parameter
A € [—1,1—1/n] and also prove that Voronovskaja type theorem by ex-
ponential operator with new parameter. Now this new operator known
as A-Bernstein operator such that

B, f{.]"]l = Z f{g“."{'}'l'}an:i{rj [2]
k=0
where z € [0,1], and n = 1,2, ... where the function b, x(z) are defined

as in the paper by Ye.Z. Long [10] new Bezier bases with parameter A
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by

rE’ﬂ,O{)‘; T) = n,u(i“]' - RLH'E}R+1_.1{I}1

{ brk(A; ) = be(x) + A =2 b k(2) — H_;EEE—TIE"R+1,F:+1(I))-.
for —all. ke [1,n—1]
,‘bﬂ,n(’\; I} = bﬂ,n(l‘] - niﬂbnﬁ—l,n(r)

where A € [—1, 1] and using A = 0 then reducing to classical Bernstein
polynomial. Above section given by Qing-Bo Cai et al. [8] in 2018 some
Bezier type results for A- Brostein operators with parameter A € [—1, 1]
where

T
BurlFir) = 3 bas(i) f(5) ()

where By, (f:x).and (k :k_lj, l...n) are defined i (3) and A € [—1,1].
Many papers about Bernstein polynomials given by [4, 6, 9]and re-
cently in 2018 Qing-Bo Cai [8] gives Approximation properties of A-
Bernstein operator.In 2015 Ivan Gaverea [7] proves the classical Bern-
stein -Voronoskaja type theorem for Positive hinear approxamation op-
erators. In 2019 Adrian holhas [2] presents a Voronovskaya formula
for the first dervatives of Positive linear operators.In these paper we
discuss the convergence properties of new type Bernstein operator with
parameter A € [—1,1 — 1/n] and New Bernstein Approximation theo-
rem also prove that Voronovskaja type theorem for this new parameter
with Exponential operator and Bezier bases. This gives new type of
work because combination of Exponential operator and Bezier bases
formula. In 2018 Cai et al. [8] gave some Lemma and Corollary for A
Bernstein operators and uses Bezier bases.

Lemma 1.0.1. For A-Bernstein operators, they have the following e-

qualities.
Baua(liz) = 1; o (8)
1—9r+pntl_(1—x)nt
Bua(t;z) = o + — ), (6)
-1 —4r2i9pn+l n+1 1— r|+1_1
Boa(t?x) = 2?4 HZ J+/‘\[QI e T ] (7)

Corollary 1.0.2. For fired z € [0,1] and A € [—1,1], using above lem-
ma and by some easy computation,we have

1 —2¢ 4+ :.L'"’"'l _ (l _ I)"’"’l 1—9r + $n+1 - (1 _ I}n+1

) <
Buat=z;2) n(n—1) A< nin —1) ()
(1 —xz) [2z(1 —z)" 4 2"+ — 2742 il L (1 — )"t — 1
Boa((t— 2 L) = I( A
Al(t=27;2) n 4{ n(n—1) N n*(n—1)
(1 —x) [2z(1 —x)"t! 4 2z — 2gnt2  gntl 4 (1 — g)ntl — ]
= n +[ n(n —1) - ni(n—1) )
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limy, een By, ) (t — I, I) = 0; {]-D}
limy oonBua(t — )% 2) = (1 — x),x € (0,1). (11)

Remark 1.0.3. For A € [-1,1 — 1/n],z € [0,1], A- Bernstein operators
possess the endpoint interpolation property that is

Bn,)«(f:. {]} — f{ﬂ}jgﬂ__)«(f; 1} - f(]-]

In 2019 Adrian Holhas [2]gave the general exponential operators- Let
I C R be an open interval and let o > 0 be a real number.Consider a
continuous function # : (0, o) — R and we denote by Cj , the space of
continuous functions f € C(I) with the property that exist M = 0 such
that |f(x)| < Me*®*D | for every x € I. Because of the symmetry and
to simplify the notation we consider in the following that I < (0, c0).

Lemma 1.0.4. Consider a sequence of positive linear operators (L,)
preserving the constants and having the property that for every f € Cy
there exists an integer n, € N such that L, f exists for every n = n,.
Suppose that Ly(e®®") converges pointwise on I.Then, for every = € I
and for every a = ()

L, (maﬂ:(e”ﬂ”, e2?z)). I‘) < M,(z).,n = n,,

where M,(x) = 0 depends on a and = but not on n.
2. MAIN RESULTS

2.1. New Bernstein Approximation theorem :-.

Theorem 2.1.1. If f is continuous function in C[0,1] and for any
€ > 0 then there erists an integer N such that
|Bpa(fiz) — flz)] <e,Wz e [0,1] and ¥V n > N.

Proof. In 1912 S.N.Bernstemn given the famous polynomials known as
Bernstemn polynomials

" fn k
Bra(f.x) = (1 —z)" R (=) (12)
0=3- ;) .

Now let

Bur(F52) 1) = Y f{g}(z)z’“(l—z}”“‘—i ()

k=0 k=0
Because we know > ) (1)z"(1 —2)" % = 1 and by (12)

Bua(fn) — 1(0) = 1)~ 1) () a1 -2 (13)
k=0
therefor

DOI: 10.9790/5728-1606013743 www.iosrjournals.org 39 | Page



Convergence of New Bernstein Type Operators

B, |<§QLf - 1)} )ata ot (14

We use the term Zk:ﬂ =2 kes, T 2kgs,
Where S; denote the set of all values of k. in (14)

1Bua(f. ) — )] <
n),—f@)|[") 2*(1—z)"* ) —f@) ") 2E(1—z)E 5
S 0m-t@()) H-arte S I -@()) Ha-ort as

keSs k¢S,
|kfn—z|=4 |kfn—z| <8

By using Exponetial operator given by in 2019 Holhas [2] as
f(x)] < Me0™),
YV zel, M=0and o>10
then

)y — < MUk pe < Mle [n+z)]y) ),
> Ifk/n)a—f(@)] < MU ped® D < M (70| (k/ntx)[))

keS;
|kfn—z| =4

when n tends to oo then k/n is lowest.
< Me®®=) < M (z), ¥V n>N (16)

Now let us

Z:IﬂWMrﬂﬁﬂclﬁﬂ—ﬂ*k (17)

kg S
|kfn—x|<é

is second part of (15) we know that if f is continuous then it is also
uniformly continuous on the closed interval [0, 1] and vise versa, then
¥ € = 0 there exist 4 > 0 depending on ¢  f and its pomts. such

that .
7))l < 5

when |z — y| < 4,
v ooz,y e [0,1].
Now then in (17) we gets

Z:|ﬂﬂﬂl—ﬂﬂ(zhfﬂ—mp4

k¢S5
|kfn—x|<é

Z (1—az) ") << (18)
k), T2

kfsé

By (16) and (18) we get by (15)

|Bnl(f I) - f{I” < -'Mfa('r} + 3
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then if we charge N > 2M /e, for all n > N. therefore finally we
proved that

|Bap(f;z) — f(z)| <efor all n>=N.
O
2.2. Rate of convergence of new Bernstein operators :-.

Theorem 2.2.1. Let f € C(I) and x € [0,1] with the new parameter
A€ [-1,1—1/n] then we have

|Bn_.)«(f; I} - f{:r” < ﬂ'fa(x}'
Now before proving this theorem we give a lemma.

Lemma 2.2.2. Assuming a sequence of new Bernstein operators By ([ x)
preserve the constants and having the property that for all f € Cy,
then there exists an integers n, € N such that By, (f;x) exist for ev-
ery ng € N. Suppose that Bux(f;x) converges pointwise on I then for
every r € I and for every a = 0

Bn)l{f; Ij < j’faf{x:]-. vV n = Mgy
where M,(x) = 0 depends on o and = not on n
Proof. It 1s easily proved the lemma by using lemma 1.0.4 U

Proof. theorem 2.2.1:- Since By, ,(f;x) 1s the Bernstein operator and
f € C(I) we have

Bua(fix) — flx)| < By, et ) () LT
[ Bna(f; _ e,
_ B’iﬁ. \ (EﬂH[L]+aH(I]:I

= Bna(f;7) < Ma(z).

by using the above lemma so proved the theorem. O

Now we give proof of the famous Voronovskaja type theorem for
Exponential operator using by new Bernstein polynomials with shape
parameter A which is given by Elizaveta V. Voronovskaya(1898-1972).

Theorem 2.2.3. If f(x) is a bounded functions on the closed interval
[0,1]. Then the ¥ =z € [0,1] at wchich " (x) exists s.t.

: 1 .
limpoon(Bn, A(f; 2) = f(z)) = 52(1 — 2) £ (2).
Before proving the famous theorem we use a result which was given
by [1].
Theorem 2.2.4. [1| Let m be a nonnegative integer and let f € Cyq

such that f is m times continuously differentiable with f™ € Cy,.
Then

s U‘}x ' 1 n,m\T Y
105,23 L k) < 2 (o) + P Y (1.5

m

DOI: 10.9790/5728-1606013743 www.iosrjournals.org 41| Page



Convergence of New Bernstein Type Operators

where
Apm(z) = Ly, (ma:r{e”‘f"m,e“&m]) it —z|™, I),

Bmmua=la(wmxw““héwwn)n—<ﬂmwa1L;ﬁﬂhz),

f(t) — f(=)]
W d) = su
poalf;9) I,teP;) maxz(e®t) g2(z))
|elth—p(x)| <8

and @ is a continuous and strictly increasing function on I such that
Bop~! is uniformly continuous on (I).

Proof. Theorem(2.2.3) Let = € [0, 1] and using the Taylors expansion
for proving that

fla) = f(:r)+f’(ﬂ:)(ﬂ-—:r}+%f” (x)(a—2)*+hp(x, a) (a—z)™ (19)

where m = 2 Now using the properties [1]lemma4
hn(, )| < —.maz(e6(a), e"ﬁ{x}}(l—l—wwgﬁaf m.5) (20).
m

now using the above theorem(2.2.4) we get by (20)

|ha(x,a)| < %.ma_f(eﬂg(a)__ €*0(x)) (1 N gSHP(_mal{i:;(;]{iiy(ﬂ) ))

< %{1 + 1).e < € where € is an arbitrary and very small therefore the

term |hp(z,a)| in (19)will be left. Then now (19) given by
f(@) = f@) + f(#)(a— 1)+ 5 (x)(a -2 (21)

f(z)
2

Bua(f;x) = f(x) = f(2)Brala — z;2) + Bua((a —x)*z)
We take hmits on both sides
Tim n[Byx(f:7) — f(z)] =

fHLEI] ?}LH;J nBua((a—z)%; z) (22)

We using Corrollary (1.0.2) equation(10) and (11) gives that

f'(z) im nBpa(a—z;x)+

lim nBy,(a —x;2) =0

and

lim n*Bya((a — )% 2) = 2(1 - 2).

after using these results we get by (22)
lim soon(Ba, A f:7) = (@) = (1 = 2) " (2).

So proved the famous theorem using property Exponential operators
and Bezier form. 0
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