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Abstract:In this paper we formulate a mathematical modelbased on the dynamics of Diabetes Mellitus and
HIV(AIDS). The co-infection model has a locally asymptotically stable disease-free equilibrium (DFE)
whenever, the basic reproduction number (R,) that is a certain epidemiological threshold, is less than unity. It
is also shown, using a Lyapunov function and Lasalle Invariance Principle, that the DFE of the co-infection
model is globally —asymptotically stable (GAS) whenever R, < 1. If R, > 1 then the model has locally-
asymptotically stable endemic equilibrium point (EEP). Numerical simulation suggest that the reduction of the
effective contact rate of HIV and increase in the treatment rate can reduce the disease burden of co-infection.
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I.  Introduction

Diabetes mellitus (DM) which is commonly known as diabetes and is a group of metabolic diseases in
which there are high blood sugar levels over a prolonged period. If it is left untreated then many complications
can arise for diabetes. Such acute complications are diabetic ketoacidosis and nonketotic hyperosmolar coma.
Cardiovascular disease, chronic kidney disease, stroke, foot ulcers and eye damages are serious long-term
complications?. Diabetes is causedwhenever the cells of the body do not respond properly to the insulin
produced orwhenever the pancreasdoes not produce enough insulin.

The human immunodeficiency virus (HIV) is a lentivirus which causes HIV infection and over time
acquired immunodeficiency syndrome (AIDS)'. Mostly, HIV is a sexually transmitted infection and this
infection is occurred by contact with or transfer of blood,semen, pre-ejaculate, and vaginal fluids. HIV can
transmit from an infected mother to her infant during pregnancy, during childbirth by exposure to hervaginal
fluid orblood, and through breast milk®. In the human immune system, helper T cells (specifically CD4'T cells),
dendrite cells and macrophages are infected by HIV. HIV infection can lessen the number of CD4'T cells
through pyroptosis of abortively infected T cells, apoptosis of uninfected bystander cells, viral killing of infected
cells, and killing of infected CD4'T cells by CD8" cytotoxic lymphocytes that identify infected cells. When
CDA4'T cell numbers decrease below a critical level, cell-mediated immunity is lost, and the body becomes more
susceptible to opportunistic infections, leading to the development of AIDS*.

The combination of Diabetes Mellitus and HIV infection creates a collision of two chronic conditions.
HIV infected patients are twice as likely to develop diabetes mellitus compared with HIV uninfected
individuals.The study of co-infection of HIV and diabetes mellitus has been of great interest due to its universal
threat to humanity, which drives to use mathematical modelling to acquire knowledge about their transmission
dynamics and from which we can identify effective control strategies.By studying some model®** a
mathematical model is formulated based on co-infection of HIV and diabetes mellitus. In section 1l the model is
formulated and analyzed (for the stability of the disease-free equilibrium and endemic equilibrium) in section
11,1,V and VI and in section VIInumerical simulations are carried out

Il. Formulation of Model

The total sexually-active population at time t, denoted by N(t) , is subdivided into ten mutually-
exclusive compartments, namely susceptible (S(t)), individuals who are HIV positive(H(t)), individuals
having AIDS (A(t)), individuals having diabetes mellitus without complications (D(t)), individuals having
diabetes mellitus with complications (C(t)), individuals having diabetes mellitus with and without
complications, who are taking treatments (A(t)), individuals who are HIV positive and having diabetes mellitus
without complications (Dy(t)), individuals who are HIV positive and having diabetes mellitus with
complications (Cy(t)), individuals who are HIV positive and having diabetes mellitus with and without
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complications and are taking treatments (T (t)), individuals in the AIDS class having diabetes (Ap (t)). So that
the total population at time t is denoted by, N(t), where,

N@®)=S@E)+H@E)+A@)+D(@) +C(@t) + T(t) + Dy(t) + Cy(t) + Ty (t) + Ap(2).

The susceptible population is increased by the recruitment of individuals (assumed susceptible)at a rate =, into

the population. Let y denote the incidence of diabetes mellitus. Susceptible individuals acquire HIV at a rated ,

where, 1y = @; n > 1. Where A4is the force of infection for HIV, § is the transmission rate for HIV and

the parameter n(n > 1) indicates that an individuals with AIDS is more infectious than an individual having
HIV positive.
Combining all the assumptions mentioned above, the model becomes:
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Parameters of the above model are mentioned in table 1.

I11. Disease-Free Equilibrium Points
For a disease model, in the absence of infection or disease, its steady-state solutions are called disease-free
equilibrium (DFE) point, E,. The model (1) has a DFE,which is given by

s
Ey=(S,H,AD,C,T,Dy,Cy, Ty, Ap) = <;,O, 0,0,0,0,0,0,0, 0)

IV. Local Stability of the Disease-free equilibrium
To establish the local stability ofdisease-free equilibrium, we first calculate the basic reproduction
number that depends on the associated non-negative matrix F, for the new infection terms, and the non-singular
M-matrix, V, for the remaining transfer terms, are givenby,
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where , ki =u+wk, =u+8,ks=u+o+1p,ky=pu+v+38 +1,
ks = u+oy+tpy +opke=pt+ork;=vy+u+6+tcy+ockg=pu+8,
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The associated basic reproduction number, R, = p( FV™1). Here p is the spectral radius of the matrix

FV~1.We getR, = % In a completely susceptible human population, the average number of secondary

cases which is generated by a single infected individual, is measured bythe threshold quantity R,".
Lemma 1% The Disease-free equilibrium (DFE), E, of the model (1), is Locally-asymptotically stable (LAS) if
Ry < 1 and unstable if Ry > 1.

V. Global Stability of the Disease-free equilibrium
Before to prove the global stability of DFE, we consider the region,

T
Y ={(S,H,A,D,C,T,Dy,Cy, Ty, Ap) ER:S+H+A+D+C+T+Dy+Cy+Ty+Ay < ;}
Theorem 1:If R, < 1 then the DFE, E,, of the model (1), is globally asymptotically stable (GAS) in 1.
Proof: Consider the Lyapunov function, F = fiH + f,A, where f; = "‘”kz , f> = 1, with Lyapunov derivative

(where dot represents differentiation with respecttot),
. . . w+k, [BS(H+nA Hk
F=fH+fAd=" " Z[ﬁ ( - " _ i, | + wl — Ak, =TZ(R0—1)+Ak2(R0—1)
1
As all the model parameters are nonnegative, it follows that # < 0 if R, < 1 with F = 0 if and only if H=A=0
and R, = 1.It follows from the LaSalle’s Invariance Principle® that, whenever R, < 1, every solution to the
equations of the model (1), with initial conditions in y approaches E, as t — o,

V1. Existence and Local Stability of Endemic Equilibrium point:
To determine the conditions for the existence of the endemic equilibria of the model (1), denoted by E; =
(S*, H™,A*, D™, C*™, T, Dy*", Ty™", Cy™", Ap™),the equations in the model (1) are solved in terms of the
associated forces of infection at steady-state, namely
ok ﬁ(H HnA*)
Ay ==

N
We get the following expressions of the modelfor the state variables:
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kskekskg(Ay ™ +k3)(Ay + k) + 2y )

+ky)(u+ A4y ) (keocoy + ork,Tpy + k6k701) + 0royTey)

+(Ay" + ky)optpksk; + aks(u + Ay ™) (kgoc + orTen)]
Thus using (3) in (2) we get:a(A)* + b(A)? + c()? +dA; +e =0 ()
where, a=wkskgk,kgtk, kskgkskg, (5)
b= yk1k2k6k7k8 + k2k4k5k6k7k8 + yk1k2k7k8TDH + ]/klkzkeo'co'l.l + /la)k5k6k7k8+ﬂk2k5k6k7k8 +
ykikokokson + kikykskgk kg + wkykskok kg + vk ko kgkgoy + vk ko kgoytey + vikikyoqorteoy +
wkzkskekskg+kokskskekskg + vkikyky0rTpy — kskekzkgf(nw + k)
Cc =
y0k1k2k5k6k8 + Vﬂk1k2k7k8 + yk1k2k4k6k7k8 + yk1k2k5k6k7k8 + ﬂk1k2k5k6k7k8 + ﬂwk3k5k6k7k8 +
ﬂk2k3k5k6k7k8 + k2k3k1k5k6k7k8 + ua)k4k5k6k7k8 + ﬂk2k4k5k6k7k8 + k1k2k4k5k6k7k8 +

AD** —
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wkskykskek kg + kokskykskok kg + yoockikyksketykikokgkouop + vk kokoikgksop +
Ykikokokekgoy + yukikokekgoytyukikokeocoy + vkikokokeocoy + yukikokskgtp +vkakikokokgtp +
yukikoksorty + vkakikyky0rtp + yokikykstokg + yoyukikokgte + voykakikokgte + yokikykstoor +
Ykikytcoroy(u + ky) + vkikaoksk;tp (o7 + kg)—kskekskgf(nw + ko) (1 + k3k,
d = yukikokekg(oks + koky + ksky) + kikykskekskg(vo + pks + vk, + uky) +
kskskskekskg(uw + pky + kiky) + yukikoke(oksoc + koks0p + kykgoy + kyocoy)
+ yukikokg(kokyTp + Tcoy + kyteoy) + yukikyteor(kso + kyoy)
+ vkikzksk;(okgte + aorte + kokgTp + kekgTp + ksorTp) — kskekskgf(mw + k) (uks
+ ks + ksky)
e=kikykskekskg(yuo + ypuky + pksky +yote + ykytp)-pkskskskekskgB (nw + ky)
From (5) it follows that a>0 (since all the model parameters are non-negative).By applying the Descartes rule of
signs*? on the equation (4), we get the following result.
Theorem 2:The model (1) has:(i)a unique endemic equilibrium if b,c,d>0 and e<0, (ii) a unique endemic
equilibrium if b,c >0 and d, e<0, (iii) a unique endemic equilibrium if b>0 and c,d,e<0, (iv) a unique endemic
equilibrium if b,c,d,e<0, (v)two endemic equilibrium if b,c,e>0 and d<0, (vi) two endemic equilibrium if b,d,e>0
and ¢<0, (vii) two endemic equilibrium if b,e>0 and c,d<0, (viii) two endemic equilibrium if b<0 and c,d,e>0,
(ix) two endemic equilibrium if b,c<0 and d,e>0, (x) two endemic equilibrium if b,c,d<0 and e>0, (xi) three
endemic equilibrium if b,d>0 and c,e<0, (xii) three endemic equilibrium if ¢,d>0 and b,e<0, (xiii) three endemic
equilibrium if b,c,e<0 and d>0, (xvi) three endemic equilibrium if b,d,e<0 and c¢>0, (xv) four endemic
equilibrium if b,d<0 and c,e>0.
The local stability of endemic equilibrium point, E;, of the model (1) is consider for the special case where we
useN=N*,andS=N"*"—-H—-A—-D—-C—T—Dy—Ty —Cy—Apin(2).
Theorem 3:Whenever R, > 1 ,the endemic equilibrium, E;, of the reduced basic model (6) is Locally-
asymptotically stable.
Proof: The proof of theorem is based on using a Krasnoselskii sub-linearity trick’. Using N = N**, and
S=N"-H—-A—-D—-C—T—Dy—Ty—Cy— Ap inthe system (1) we get nonlinear system of equations.
Now linearizing that system around the endemic equilibrium, E;, we get

dH

E: (_a1 _kl +a2)H+(_a1 +T)a2)A—a1(D+C+T+DH +TH +CH +AD)
aA H —k,A

at ¢ 2

db k3D D

dt as 3 a b,

dc D —k,C C

ac ¢ 4t T @b

daT

E = TDD + ch - (,Ll + al)T,

dD

d_tH = alD - kSDH'(G)

dr,

F = TDHDH + alT + TCHCH - k6TH,

dCy

W = a1C + O-HDH - k7CH‘

dd,

W = UDDH + O-TTH + O'CCH - k8AD.

Where,qy = £CI0) o RO Hdo0-cT-Dy-T-Gu=to),

a3 = y[N**_H_A_D_C_T_DH_TH_CH_AD]
It follows that the Jacobian of the system (6),at E;is given by

—a; — ki +a, —a;+am -y -y -y -, —a; —-a; —q
w —k; 0 0 0 0 0 0 0
0 0 —k3 — a4 0 0 0 0 0 0
0 0 o —ky— a4 0 0 0 0 0
J(ED) = 0 0 Tp Tc —u—a 0 0 0 0
0 0 a, 0 0 —ks O 0 0
0 0 0 0 a; Tpy —ke Tcn 0
0 0 0 a 0 Oy 0 —k;, O
I 0 0 0 0 0 op or oc —kgl
Assume that the system (6) has solution of the form
Z(t) = Zye, @)
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WithZ, = (Z1,Z3,23,24, 25, Z¢, 27, Zg, Z9), 0Z; € C(i = 1,2,3, ....,9). Substituting (7) into (6), we get
Z[1+F0)]+T = MZ),,

Z,[1+ F,(0)] = (MZ),,
Z3[1+ F3(0)] = (MZ)3, 8)
Z[1+ F(0)] = (MZ),,
Zs[1+ F5(8)] = MZ)s,
Zg[1+ Fg(8)] = (MZ)s ,
Z;[1+ F,(0)] = (MZ)7,

Zg[1 + F5(0)] = (MZ)g,
Zo[1+ Fo(0)] = (MZ)g .

_ [0+a1—a; ajw __nwap _i _ 0+aq _ 0+aq _ 0+aq _i _i _
where,Fy = |2 4 e Iy = By = Ty = T = T f = F = Ry =
O g b
k7' % T kg

0 0 0 0 0 0 0 0 O

ki 00 00 0 0 0 O

2
000 0O 0 0 0 O
00 0 0 0 0 0 O
kg
002X 0 0 0 0 0
with M = oS
002+ 0 0 0 0 0 0
5
ai TDH TCH
0.0 0 0 2 % 0 & 0
ai OH
000 2 0 2 0 0 0
ap ar ac
000 0 0 > T

Here,M (2); , (with i=1,2,3,4,5,6,7,8,9) denotes the ith co-ordinate of the vaector M(Z). Here, the matrix M is
non-negative, and the equilibrium E; satisfiesE; = ME; and the coordinates of E; are all positive. Therefore if Z
is a solution of equation (8), then there exists a minimal positivereal number , s, such that |Z| < sE;, where ,
1Z| = (1Z11,121,,1213,1Z14,1Z15,1Z16,1Z17,1Z1g 1 Z]5), where |.| is a norm in C.we have to show that Re6 < 0.
We assume Ref > 0. At first we consider 8 = 0. The determinant of this system corresponds to that of the
Jacobian of system (6) at E;, which is given by
A= (=k3 — a;)(—ky — ay)(—p — ay)kskekskg(—nwa, + way + atk, — azk; + kiky)
= —(ks + a;)(ky + a))(p + ay)kskekskgla; (@ + ky) + kika (1 — Ry)]

since parameters of the model are non-negative ,then A= 0 ,whenever a;(w + k;) # k1k,(1 — R,).Therefore
the system has a trivial solution Z=0 , (corresponds to the DFE, E;). Now we consider 8 = 0 and and assume
thatRef > 0. In this case |1+ F;(8)| > 1 for i=1,2,....,9 and we define F(0) = mini§j1 + F;(0)|,i =

1,2,....,9} then F(6) > 1. Here, % < s. Here, s is the minimal positive real number such that |Z| < sE;, so
|Z| > %El and we obtain the inequality, F(68)Z < MZ < s(ME,) < sE;, which follows that Z < %El,

which is a contradiction.Therefore, Ref < 0 and this provesfor R, > 1 the EE, E;, is locally asymptotically
stable.

Table 1. Description of the parameters of the model
Parameter Description

Recruitment rate of humans

y Incidence rate of Diabetes Mellitus
B Effective contact rate
g
n

Transfer rate between D(t) and C(t)
Modification parameter

oy Transfer rate betweenDy, (t) and Cy (t)
op Transfer rate betweenDy, (t) and Ap(t)
oc Transfer rate betweenCy, (¢t) and Ap (t)
or Transfer rate betweenTy (t) and A (t)
v Disable rate

Vi Disable rate

T Transfer rate between D(t) and T(t)
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Tpy | Transfer rate between Dy, (t) andT},(t) |
Table 1. Description of the parameters of the model(continued)
Tc Transfer rate between C(t) and T(t)
Tey Transfer rate between Cy(t) andTy (t)

u Natural mortality rate

w Transfer rate between H(t) andA(t)

6, Disease induced mortality rate due to complication

6, Disease induced mortality rate due to co-infection

83 Disease induced mortality rate due to HIV

Oy Disease induced mortality rate due to co-infection

VII. Numerical Simulations and Discussions:

The model (1) is simulated, using the different parameter values. From figure (1), it is monitored that,
if the effective contact rate (B), decreases and the treatment rates (tp, ¢, Tpy, Tey) iNCreases then the total
number of infected human population decreases rapidly (R, < 1). Figure (2) and (3)indicates that if the rate S,
the effective contact rate increases and the rateu, the natural mortality rate decreases, then the total number of
infected human population increases rapidly (R, > 1). Figure(4) presents a contour plot of R, as a function of
effective contact rate () and modification parameter () which depicts that if the rate 5 and n increases then
the burden of the disease increases and if the rate 5 and n decreases then the burden of the disease decreases.

x 10
8

-

@

e

-

w

Total Number of Infected Individuals
1

] 50 100 150 200 250 300
Time (days)

Figure 1:Graph of the model (1) showing the total number of infected human population as a function of time,
Where B = 019, Tp = 0.7 ,TC = 076, Tpy = 08, TCH = 07, RO = 06571

Total Number of Infected Individuals

[+] 50 100

150 200 250 300
Time (days)

Figure 2 :Graph of the model (1) showing the total number of infected human population as a function of time,
where 8 = 0.21, R, = 1.7796.
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Figure 3:Graph of the model (1) showing the total number of infected human population as a function of time,

where § = 0.3, = -, Ry = 3.7813.

10r 187

o o o
~ @ ©
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0.5 : 253
1.0 1.2 1.4 1.6 1.8 2.0

Fffectivie contact rate(R)

Figure 4:Graph of the model (1) showing a contour plot of R as a function of effective contact rate () and

modification parameter ()

VIIl. Conclusions

In summary the main findings of this paper are itemized below

1.
I1.
V.
V.

[1.

2.
[3].

[4].
[5].
[6].
8.
9.
[10].
[11].

[12].

The disease-free equilibrium, Ej, is locally asymptotically stable when the basic reproduction number,R,,
is less than unity.

The disease-free equilibrium, E, is globally asymptotically stable when R, < 1

The endemic equilibrium, E;, is locally asymptotically stable when®R, > 1

Reduction of the effective contact rate 5 of HIV can lessen the disease burden.

Increase in the treatment rate (tp, T¢, Tpy, Tcy) €an lessen the disease burden of co-infection
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