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Periodic solutions of an impulsive functional differential equation
with delay and a parameter
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Abstract: This paper is concerned with a second order impulsive functional differential equation with delay
and a parameter. By using Krasnoselskii 5 fixed point theorem, sufficient conditions for the existence of positive
periodic solutions to the impulsive delay differential equation are obtained.
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I.  Introduction
In recent years, impulsive and periodic boundary value problems have been studied extensively in the
literature, see [1-9]. In [2,4,5,10], periodic boundary value problems were studied extensively. Jiang [4] has
applied Krasnoselskii’s fixed point theorem to establish the existence of positive solution to problem

([-x"+ax €.t X, et [Or, 2

) (1.1)
(X(0) x (R ). % £0% 7 (

he proved that there exists at least one positive solution. Zhang and Wang [10] studied (1.1) for singularity.
They gave the existence of multiple positive solutions via the Krasnoselskii’s fixed point theorem.

On the other hand, impulsive differential equations were studied extensively. In [6,8,9], authors used the method
of lower and upper solutions with monotone iterative technique to study impulsive differential equations. In
[1,7], authors used the Krasnoselskii’s fixed point theorem in a cone to impulsive differential equations and
obtained the existence of positive solutions.

Motivated by the above works, in this paper, we shall deal with the existence of positive periodic solutions of a
second order impulsive delay functional differential equation with periodic coefficients

jx"(t)+a(><)'t(+)b tx)=(Ap t £ (Yt (xtL)t ¢=1t(

+

12
LAXLZ‘ =1(x e, ) -ax| =3, xe ()Yt =2 (1.2)

where

;
(Al) a,b:R—> R", c¢,z:R—> R are all continuous T -periodic functions, and I a(s)ds > 0,
0

J'Tb(s)ds >0, r'(t)=1,forall te[0,T];
0

(A2) f:R°—> R iscontinuous forany (t,x,y)e R° andis T -periodicin t forall (x,y)e R”.
(A3) There exist positive constants L and E such that
|f(t,x,y)— f(t,z,w)|£ L|x—z|+E|y—W|.

+ + + - 1 1
(A4 1, eC(R ,R), J,eC(R ,R") withaconstant m such that —;Jk(x)<lk(x)<;Jk(x),

and AXL:t = x(tk*)—x(tk'),—Ax'L:t = x'(t,)-x'(t, ) » where x(t,") and x(t,") represent the

right and the left limit of x(t;), there existaninteger p >0 suchthat t, =t +T, | =1 jez".

i+p i+p i
For convenience, we first introduce the related definition and the fixed point theorem applied in the paper.
Definition 1.1 Let X be a Banach space and K be a closed nonempty sunset of X , K isa coneif

(1) au+ pBve K forall u,ve K andall «,8>0;
(2) u,~ue K imply u=0.
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Theorem 1.1 (Krasnoselskii [11]) Let X be a Banach space, and let K < X beaconein X . Assume that
Q,,Q, areopenbounded subsets of X with 0e O ,Q, < Q,,and let

s KkN@,\Q) > K

be a completely continuous operator such that either

@ [ey|<|y].vyexNoa, and |gy|=]y] vyek Noa,;or

@ [ley|=|y]. vy ek Noa, and [gy|<]|y|. vyek Noa,.

Then ¢ hasafixed pointin K N (Q_z\ KMo, .
In this paper we always assume that
(H1) f(t,&,7)>0 forall (t,&,7)e RxBC(R,R,)xR,.

I1.  Preliminaries
In order to define the solution of (1.2) we consider the following Banach spaces:
PC(R,R)={x:R > R: x|(‘ e C(t, ;) x(t,; ) =x(t,),3x(t,"), jez'}

)

n
is a Banach space with the norm ”X”Pc =SUP, o1y D, ‘xj (t)‘ .
j=1

PC'(R,R)={Xx:R - R: x| e C(t,,t,. ), x(t, ) =x(t), x'(t, ) =x"(t,),Ix(t, ), x(t,), jez'}

(e tean) X |(tk )
is also a Banach space with the norm ||X||Pc1 = max{||x||PC , ||x'||PC} .
Lemma 2.1. ([12]) Suppose that (A1, A4) holds and

Rl[exqzau@u)—) 1] o
0 >1, .
QT

o exp([ a(u)du) ! z
t b(s)ds|,Q, = (1+ exp(J‘0 a(u)du)) Rlz’

R, = max, o1 J-I T
exp(J0 a(u)du) -1

there exist continuous T -periodic functions p and g suchthat q(t) >0, J'T p(u)du > 0, and
0

p(t) +q(t) =a(t),q'(t)+ p(t)g(t) =b(t) forall te R.

Therefore

p(t) +a(t) =a(t),q'(t) + p(t)a(t) =b(t),teR.

Lemma 2.2. ([13]) Suppose the conditions of Lemma 2.1 hold and ¢ (t) € X . The equation

X'(t)+ a(t) X (® b(t) x&p) (2.2)
hasa T -periodic solution. Moreover, the periodic solutions can be expressed by
X =] G(ts)e(s)ds, (23)

where

‘[tsexp[jtuq(v)dv + j p(vV)dv]du + LHTexp[Luq(v)dv + IT p(vV)dv]du

G (t,s) = p p
[exp(f p(u)du)-1llexp(f q(u)du)-1]

Therefore, the equation x"(t) +a(t)x'(t) +b(t)x(t) = Ac(t) f (t,x(t),x(t-z(t)) has a T -periodic
solution, it can be expressed by

t+

x(t):.[ TG (s Ax s (f)ls xs, x(sy, 7 6 ds(
and by (H1), we have
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G (t,s)Ac(s) f(s,x(s),x(s—7(s)))=>0,(t,s)e RZ.
The following lemma is fundamental to our discussion. Since the method is similar to that in the literature
[14], we omit the proof.
Lemma 2.3. x e X isasolution of (1.2) ifand only if x € X isa solution of the equation

x(t):LHTG(t,s)ﬂC(s)f(s,x(s),x(s—r(s)))ds+ z G (t.t,)J (x(t)))

j:tje[t,l+T]

(2.9)
oG (t,s)
> — 1,(x()).
jitjeltt+T] 0s ot
Corollary 2.1. Green’s function G (t,s) satisfies the following properties:
G(t,t+T)=G(t,t), G(t+T,s+T)=G(t,5s),
5 expj'tsq(v)dv
—G (t,s) = p(s)G (t,s) - - )
os epr‘ q(v)dv -1
0
P exp_[ p(v)dv
—G(t,5) = -q(s)G (t,s) + T‘ :
ot expj p(v)dv -1
0
T 1 .7
Lemma 2.4. ([13]) Let A = I a(u)du,B=T"° exp(—j Inb(u)du) . If A®> 4B, (2.5)
0 T 0

then

(A—NA*—4B):=1,
(A+NA*—4B):=m.

min“; p(u)du,jqu(u)du} >

max{J'oT p(u)du,J'OTq(u)du} <

N e N | e

Therefore the function G (t,s) satisfies

T exp('foT a(u)du)

.
0<N, ==————<G(ts)< o

(e" -1)

=M, se[t,t+T],

G (t,s) N,
> =0.
M 1 M 1
Now, before presenting our main results, we give the following assumptions.
(H2) f(t,¢4(t),4(t—7z(t))) isacontinuous function of t foreach ¢ €« BC(R,R").
(H3) Forany L >0 and & > 0, thereexists & > 0, such that

v esC|g|<L|p|srfp-v|<s.0<s<T}
imply [ (s,¢(s),¢(s — ()~ T (s.p (), (s - 7(s)))| < & -

1>

I11.  Main Results
For every positive solution of (1.2), one has

||x||= suple[O’T]{|x(t)|,x e X}.
Let K isaconein X , which is defined as
K ={xeX :x(t)20||x||,te[0,T]}.

Now we defineamapping T : K — K,
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(Tx)(t):LHTG(t,s)iC(s)f(s,x(s),x(s—r(s)))ds+ z G(t,tj)Jj(x(tj))

j:tJe[t.H-T]

oG (t,s)

Y

jtyeltt+T] 0s

(X)),

s=t;

then we have

(Tx)(t):LHTG(t,s)ﬂC(s)f(s,x(s),x(s—r(s)))ds+ Z G(t,tj)Jj(x(tj))

Jityeltt+T]

|( epr’t'q(v)dv \l
+ Z p(tJ)G(t|tJ)_ TI IJ(X(tJ))
j:t,e[t,nTJL exp J'O q(v)dv —lj

:IHTG(t,s)AC(s)f(s,x(s),x(s—r(s)))ds+ Z G(t,tj)Jj(x(tj))

jtyeltt+T]
(
POy em)pe)l (xt)) - Y ——
it eltteT] i:ne[t,uT]Lepr‘ q(v)dv—lJ

0
Lemma3.1l. T :K — K iswell-defined.
Proof. Foreach x e K , by (H2) we have (Tx)(t) is continuous and

exp J‘:' q(v)dv \|

1 (x(t))).

(Tx)(t+T)=I!+2TG(t,s)ﬂC(s)f(s,x(s),x(s—r(s))ds+ z G(t+T,tj+T)Jj(x(tj+T))
+T jitjeltteT]
|( epr' a q(v)dv \|
+ Y P(t, +T)G(t+T,t, +T)~ - I (x(t, +T))
j:tle[t.t+T]L epr' q(V)dV—lJ

:_[HTG(t+T,v+T)/1C(v+T)f(v+T,x(v+T),x(v+T —7(v+T))dv
)

|( epr‘th(v)dv |
+Y G, (x| PG (L) - =t Jlj(x(tj))

jitjeltt+T] j:tle[t,t+T]L expj q(v)dv_]_
0

:J‘HTG(Lv)/lC(V)f(VvX(V)’X(V_T(V))dV+ z G(t,tj)lj(x(tj))

Pitjelt,t+T]

( epr‘t'q(v)dv \|

> 'Lp(t,.)e(t,tj)— ! Jlj(x(tj))

jityeltt+T] eXpJ q(V)dV—l
0

= (Tx)(t).
Thus, Tx e PC(J,R), since

N, <G(t,s) <M, se[t,t+T],

tI
oG (t,s) exp [ ~q(v)dv
and =p(t,)G (t,t,) - = t eltt+T],
sy, expj q(v)dv -1
0
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oG (t,s)
< —

<SM,, t eltt+T].
0s

2

s=t;

We define M = max{M ,M,},N =min{N ,N,}.

Hence, for x € K , we have

( + )
||Tx||s|v|U0 [ic(s)f € xs(Ns-Cs [sy) > I, xt, (+( ) 1, xt, J(, (3.1)

ite Ft+T ] Jtjert w4, ]
and
( l
(Tx)(t) = N U” lic(s) (s x(s). x(s—e(s)ps+ > I3, (xt )+ Y Ij(x(tj))J
jitjeltt+T] jtyelt,t+T]
N !
-—M U [2c(s) f (s, x(s) x(s—z(s)fds+ > 3, xt N+ ¥ Ij(x(tj))J
M 0 jitjeltt+T] jitjeltt+T ]
> o |Tx|.

Therefore, Tx e K . This completes the proof.

Lemma3.2. T :K — K iscompletely continuous.

Proof. We first show that T is continuous .

By (H3),forany L >0 and & > 0, thereexistsa & > 0 such that

(b cnc ol L= Lol o) imy

SUpy...; [F(s,8(s).¢(s—7(s))— f(S,V/(S),V/(S—T(S))|<—,
2AMTC
where C = max__. c(t)|.
Since J,,1, e C(R,R), wehave ‘Jj(¢)—Jj(z//)‘< £ , ‘Ij(gé)—lj(zy) <
4Mp 4M

If x,y e K with ”x”s L,”y”s L,”x— y”s S , then
(TX)(1) - (Ty)(1)| < j:” |6 (t.s)||2c(s) (5, x(5). x(s ~ 7(5)) = Ac(5) (5, y(5), y(s - 7(s))[ds

oG (t,s)
0s

s Y el oey-soens Y

j:tje[I,HT] j:Iie[I,HT]

o) =1, v,

s=

< AMCJOT |G (t.9)]| F (s.x(5), x(s —2(8)) ~ f(5,y(5). y(s—(s)ds
D ERCUBIEERCIIFE Y M (TN BN

& &
<MATC ———+2Mp——=¢
2M ATC 4Mp

forall te [0,T], thisyields ||Tx —Ty|| < & ,thus T is continuous.

Next we show that T maps any bounded sets in K into relatively compact sets. Now we first prove that
f maps bounded sets into bounded sets. Indeed, let ¢ =1, by (H3), forany x > 0, there exists & > 0 such

that {x,y e BC,”x”s y,”y”é ,u,”x— y”s 5,0<s<T} imply

|f (s, x(s),x(s—=7(s))— f(s,y(s),y(s—7(s))|<1.
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Choose a positive integer N such that L S .Let x e BC anddefine
N

e - x (1)K

,k=0,1,2"" /N .

If ||x||< u , then
x(Ok - x(0)(k -1)|
N

k k-1
X =X

W= Ees
N N
Thus,
‘f(s,xk(s),xk(s—r(s))— f(s,xk’l(s),xk’l(s—f(s))‘<1
forall s e[0,T], thisyields
| £(s.x(8), x(s = 2(9)), :‘f(s,xN(s),xN(s—r(s))‘

<y ‘f(s,xk(s),xk(s —r(s)) = (s, x""(s),x" (s - r(s))‘+ | (5.0,0)] (3.2)

k=1
< N +||f||::W ,
and

‘Jj(x(tj))‘: ‘Jj(xN(tj))‘S ZN: ‘Jj(xN(tj))— Jj(xN_l(tJ))‘Jr‘Jj(O)‘g N +‘Jj(0)‘:=ul,

‘Ii(x(tj))‘: ‘Ii(XN (ti))‘g b ‘IJ(XN t)) - 'J(XN_l(tJ))‘+‘IJ(O)‘S N+ ‘Ij(O)‘::UZ,
we define U = max{U,,U,}.
It follows from (3.1) that for t € [0,T ],

||Tx||=supteR|(Tx)(t)|

T ( \
MﬂCj0|f(s,x(s),x(sr(s))|ds+ML Y |hoayn)s ¥ ‘Jj(x(tj))U

j:tle[t,HT] J:Ije[t,l+T]

IA

IA

MACTW +2MpU.
Finally, for t € R, we have

1
I—q(s)G(t,s)+ S |/?,c(s)f(s,x(s),x(s—r(s))ds
I exp.[0 p(v)dv—lj
(

exp J'ts p(v)dv \|

p
+Z|L—q(s)G(t,s)+ . JJj(x(tj))
(

exp _[‘ p(v)dv

™' = |

epr'0 p(v)dv -1

' ( expjll p(v)dv ) expjqu(v)dv \|
£ ()] ()6 (1) ¢ —— L a1 (x(t,)).
JIL L expj p(v)dv—lJ expj q(v)dv -1 J
(3.3)

Combine (3.1)-(3.3) and Corollary 2.1, we obtain
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(T %) ()]

= SupteR

d
‘—(TX)(I)
dt

exp [ p(v)dv
<[ e f(sx(s).x(s — 7 ())]|-a ()G (t,5) + -~
t expj p(v)dv -1

ds

P epr'Sp(v)dv ‘
+3 |-q(s)G (t.s) + e EREM
j=1 epr'0 p(v)dvl‘

p |( expj‘lj p(v)dv exp'[llq(v)dv \|
3y eee )| |—= p(t )]+ |——= a ()] |1, (xt,)]
j=1 expj'0 p(v)dv -1 epr'0 q(v)dv -1 J
( T P P Y of e” )
< chj{ (s x(s) x(s — (D] + T |, (xe D3 ‘Ij(x(tj))Hp(tj)UdsL(M o]+ |

p epr’t'q(v)dv
+y - a1, (xt,))]
i=1|exp .[0 q(v)dv -1

m

e

em
)+
1 e -1

< AC(TW +U + PU)(M |o]|+ Iu .

I
e

p(t)|.

Hence {Tx :xe K ||x|| < ,Ll} is a family of uniformly bounded and equicontinuous functions on [0,T]. By

where [Q[ = max,._. [a®)]. [|P|=max,..,

a theorem of Ascoli-Arzela, the function T is completely continuous.
Theorem 3.1. Suppose that (H1)-(H3), (2.1) and (2.5) and that there are positive constants R, and R, with

R, < R, such that

SUB a1 (o5 (9)s—€ 5 a5 9P, (3.4)
SUP e s |1, B = 1.,
and
inE e, pex IOT|f (f.s (p)s—¢ s |t(S »P,, (3.5)
infl . LGED|=1,,

for each 4 satisfy

RZ Rl
<A< . (3.6)
MCP, MCP,

Then (1.2) has a positiveT -periodic solution x with R < ||x|| <R,.

Proof. Let x € K and ||x||= R, . By (3.4) and (3.6), we have

DOI: 10.9790/5728-1606043542 www.iosrjournals.org 41 | Page



Periodic solutions of an impulsive functional differential equation with delay and a parameter

|(Tx)(t)|§MJ'tm|ﬂc(s)f(s,x(s),x(s—r(s))|ds+M > ‘Ij(x(tj))‘

jtjeltteT]

< ﬂMCLHT|f (s, x(s), x(s—c(s)|ds+M ¥ ‘I j(x(tj))‘

jtjeltteT]

Rl
< MCP, + Mpl,=R,
MCP,

forall t e [0,T]. Thisimplies that ”Tx”s ||x|| for xe KMo 0, = {xe X ||x||< R}

If

x e K and||x|| = R, . By (3.5) and (3.6), we have
(T[> N[ 2 (6) (5. x(), x(5 - 2 (s)]as

> aNC [ (s, x(s). x(s - 7(s))|ds
I |

R t+T
> —2—NC | | £ (s.x(s), x(s — 7 (5))|ds =R,
NCP, r

forall te[0,T]. Thus, ||Tx||z||x|| for xe KMN00,,Q,={xe X,||x||< R,}.

By Krasnoselskii’s fixed point theorem, T has a fixed point in K I (9_2\(21) . It is easy to say that (1.2)

has a positive T -periodic solution x with R < ||x|| < R, . This completes the proof.
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