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Abstract: In the presented article, we generalize the positive linear operator which is Kantorovich type with
beta bases given by Dhawal. J. Bhatt et al. recently. We introduce the real positive parameters to generalize the
operator, then prove uniform convergence for the sequence of this newly defined operators with the help of
Korovkin’s theorem. We estimate central and pointwise moments and also the rate of convergence through
modulus of continuity. We have shown its asymptotic behaviors in terms of Voronovskaya type asymptotic
formula.
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. Introduction
Most celebrated Weierstrass theorem states that if f is a continuous function on [0.1] then for
¢ >0, O a polynomial P(x) such that
[f(x) —P(x)| <e,x€[0,1]
S.N. Bernstein [1] gave a constructive proof of the above theorem using the sequence of positive linear
operators (Bernstein operators). His polynomial operator B, (f; x) is defined by

Ba(fix) = 2o () x* (1 = 0 (%)
There were some drawbacks associated with the operators one of which was slow rate of convergence and the
other one, Bernstein operator was not suitable for approximating functions which were integrable in the sense of
lebesgue or Riemann.

In those contexts, in 1930, Kantorovich [2] introduced an operator K, (f; x) defined by
k+1

Ko (f;x) = (n+ D Zs (1) o4 (@ =0k [37 f(oydt

n+1

Where f(X) is an integrable function on [0,1]
A lots of generalizations and modifications of Kantorovich operator have been introduced by many researchers
[4-10] with different basis and parameters.
Recently Dhawal J. Bhatt et al. [ 11] defined Kantorovich type operator with Beta basis function as follows :
For f € R[0,1],x € [0,1]

B;:R[0,1] - R[0,1]

r+1

Then Bi(fix) = (n+ DIy Py [¥7 f(D)dt (0
_(n B(nx+r+1,2n-r-nx+1)
where P"'r(x) - (r) B(nx+1n-nx+1)

Where B (a b) is the Beta function defined by
1
B(a,b) = f t* 11 —t)>~'dt (a,b > 0)

0
Now we generalize the operator (1) with associating real parameters (0 < a < ) consequencing the above and

defined generalized form as
B, : R{0,1} - R[0,1] such that

n r+a+i1
_ n+p+1
B(fi)=(+f+1)) By f " f @
r=0 n+p+1
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where f € R[0,1] and x € [0,1] and
(x) _ ( )B(nx+r+1 2n—-r—nx+1)
nr B(nx+1,n—-nx+1)

B(a,b) = [, t* (1 —t)»"'dt  (a,b> 0)isthe Beta function.
It is obvious from the construction that the operator B,, is a positive linear operator.

I1.  Auxilary Results
Here, we have the following lemma, provides some basic results to derive subsequent results.
Lemma 1 : For two given real parametersaand 8, 0 < a <, a,b >0
and non-negative integers n,r we have

_ n n) Blatrbin-r) _
0] For0g<r<n =0 (T B(a,b) =1
) n, (BT Dyembeny o
(i) For 1rg<n Xt (r -1 B(a,b) "~ a+b
n-T)sesmbmoy 1 (n-arle | _a
(iii) For 1r<n Xn, (r -1 B(ab) "n " n(a+b+1)(a+b) = nla+b)
, n-— 1) Bla+rb+n—r) 12 _ (n-D(n-2)(a+2)(@+Da , 3(n-1)(a+1a
(iv) For1<r< (r -1 B(ab) n2  n2(a+b+2)(a+b+1)(a+b) = nZ(a+b+1)(a+b)
a
n2(a+b)
n — 1\ Bla+rp+n-r) r®

(v) For1<r<n XL (r 1) Bah)  nd
(n-1)(n-2)(n-3)(a+3)(a+2)(a+1)a 6(n-1)(n-2)(a+2)(a+1)a
n3(a+b+3)(a+b+2)(a+b+1)(a+b) e

7(n-1)(a+1)a a

n3(a+b+1)(a+b)  n3(a+b)

Now, in the following lemma, we derive the central moment of B,, (f; x) .

Lemma 2. : For x € [0,1], the central moments (moment about origin) of B, are given by
(i) B, (Lx) =1

Proof: We have

r+a+1l
n+B+1
B, (1; x)—(n+[?+1)z Pnr(x)jrm dt
n+p+1
Z Pnr(x)
From (i) lemma 1, we get
B,(1;x) =1
i) B (tx) = n (nx+1)+ 1+ 2«a
(i) By (&ix “n+pB+1\n+2/) 2mn+p+1)
Proof: We have
n r+a+1
~ n+f+1
B0 =m+p+1)) pm(x)fw t-dt
r=0 n+p+1
n n 1 n
= m Z P (x) -1+ az P, (x) +2(n+—,8+1); Py, (x)

Z n—1 B(nx+r+12n—r—nx+1)
n+,8+1 r—1 B(nx+1,n—nx+1)
1

+
n+,8+1 2(n+/3+1)
from (ii) of Lemma 1, we get
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n (nx+1) 1+ 2a

B t; =
n(6:%) n+pf+1\n+2 +2(n+ﬁ+1)

nn—Dhx+2)(nx+1) 2nhx+1)A+a) 1+ 3a+ a?
m+B+1)2(n+3)(n+2) (n+B+1)?*(n+2) 3(n+p+1)?2

(iii) B, (t%x) =

r+a+1

Proof:  B,(t%x) = (n+ B+ 1) Xy P(x) [VE7 t2de =

n+p+1
n? n n — 1\ B(nx+r+12n-r-nx+1) r
m+p+1)2 <=1 ( — 1) B(nx+1n-nx+1) ‘n
+
n(+2a) Z (n — 1) B(nx+r+1,2n-r-nx+1)
(n+,8+1)2 r—1 B(nx+1,n-nx+1) +
1+3a+3a?
3(n+B+1)>?

from (iii) of the lemma 1
nn—Dnhx+2)(nx+1) 4 2n(x +1) (A +a) 1+ 3a+ a?
Ry ety MRS RS CE ey aury
nn—1Dm-2)(nx+Dnx+2)(nx+3) 3@+ 2a)n(n—1)(nx+ )(nx +2)

B (tZ )_

) B (%0 == e N s D 1 3 + 2) 2+ B+ P+ 2)(n +3)
nnx +1)(7 +12a + 6a?) 1+ 4a+ 6a?+ 4ad
2m+B+1)3(n+2) 4(n+ L+ 1)3
Proof: B,(t%x) =+ B+ 1) X", P, (x) "ﬁ’fx“ t3dt
n+ﬁ+1

[473 + 6(1 + 2a)1?
=—2> o Bur(x) +4(1 +3a +3a?)r

4m+p+1)3 TTE
e +1 + 4a + 6a? + 4a3]
n3 = r®  3n2(1+2a) = r? n(1+3a+3a2) = r
e B Y R D B
(n+,8+1)3r:0 T n3 2(n+,8+1)3r: n+p+1)3
+1+4a+6a2+4a3zn:P -
am+ 1 L

n? Zn:(n_1)B(nx+r+1,2n—r—nx+1)r2

=(n+ﬁ+1)3r_1 r—1 Bnx+1,n—nx+1) n?

372(1 + 2a) = (n_l)B(nx+r+1,2n—r—nx+1)r

2n+p+1)° L -1 Blnx+1,n—nx+1) n
n(1+3a+3a2)z n—1 B(nx+r+12n—r—nx+1)_|_1+40:+6a:2+40c3
(n+p+1)3 7‘—1 Bnx+1,n—nx+1) 4(n+p +1)3

Now, from lemma 1 we get the result
(V) Bp(t*x) =
nn-1)(n-2)(n-3)(nx+4)(nx+3)(nx+2)(nx+1)

(n+B+1)*(n+5)(n+4)(n+3)(n+2)
sn(1+a)(n-1)(n-2)(nx+3)(nx+2)(nx+1) + 3n(5+10a+Zaz)(n—l)(nx+2)(nx+1)J_

(n+B+1)*(n+4)(n+3)(n+2) (n+B+1))*(n+3)(n+2)
6n[1+3a+2a?|(nx+1) 1+50l(1+20l+2012+a3))

(n+B+1)*(n+2) s5(n+p+1)*
r+a+1

proof: B,t5x)=(n+p+ 1)2 Pm(x)f t"‘dt

n+ﬁ+1
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n* ™ 2n3(1+4a) 2n2(1+3a+3a2) 72
(n+B+1)* =7=0 Poy(x )n4 (n+B+1)4 =0 P"T(x) (n+B+1)* Xr=o Py () T
n(1+4a+6a ) 1+5a+10a?+10a3+5a*

(n+B+1)* Lr=o P”'T(x) n T 5(n+B+1)*

4

_ n i(n_l)B(nx+r+1,2n—r—nx+1)r3
T 4B+ 4 r—1 B(nx +1,n—nx+1) n3
r=

2n3(1 + 4a) = (n_l)B(nx+r+1,2n—r—nx+1) r?
n+p+1)* 4 r—1 B(nx +1,n—nx+1) n?
r=

2n2(1+3a+3a2)z n—l B(nx+r+12n—r—nx+1)r
(n+p+1)* r—1 Bnx+1,n—nx+1) n

n(1+4a+6a2)z n—l Bnx+r+12n—r—nx+1)

(n+p+1)* r—1 B(nx +1,n—nx+1)
1+ 5a + 10a? +10a + 5a*
S5(n+ B+ 14

Using the results of lemma 1, we obtain the desired result. Now, for local approximation, the pointwise
moments about x € [0,1] are estimated in the following lemma.
Lemma 3 : for x € [0,1] , nth (n=0,1) moments for the operator B,, about any point x are given by

() B.((t-x0)%x) =1

Proof : B,((t—x)%x) =B,(1;x)

From (i) of lemma 2, we have
B,(t—x)x)=1
~ _ . _ nB+2a)-2nx(B+3)-4x(1+p)+2(1+2a)
(i) Bn(E=2)2) = 2(ntp+1)(n+2)

Proof : We know that B, is monotone and linear
B,((t—x);x) =B,(t;x) —x
From (ii) of lemma 2

~ o \—  n(x+1) 1+2a
B, ((t = x);x)= i prDmD T 2epiD)

n3 + 2a) — 2nx(B +3) —4x(1 + B) + 2(1 + 2a)

2m+B+1D)(n+2)
(iii) B,((t — x)%x) = [ {6 x(1- x)} + n*{x*(3p*+18p+30)-
x(180+6af+9p+33)+0’+9a+13}
+n{x*(15p*+60B+36)- x(338 + 66a — 30af — 51)
+50%+330+173+18 x*(B?+2P) - 18 x (1+2a)(1+P)
+6(1+30+0?)]

3n+pB+1)7° m+3)(n+2)

Proof : from monotone property and linearity of B, and taking the results (ii) and (iii) of lemma2,
we obtain the desired result.
Similarly ,we can compute higher order moments of B,, about x using lemma 2.

I11.  Main Results
In this section, first of all, we establish the uniform convergence of the sequence of B, to f€ R[0,1] by
korovkin’s theorem [8].
Here, the norm is defined as

I fll= sup If(x)l

x€[0,1]
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Theorem 1: if f € R[0,1] then
1B.(f5%) = fCOll - 0

as n— oo
Proof : From (i) (ii)and (iii) of lemma 2 ,we have
B,(1;x)=1
B (tx) = n (nx+1>+ 1+ 2a
n( 'x)_n+/3+1 n+2/) 2mn+p+1)
and
B (%) = nn—1nx +2)(nx + 1) 2n(nx+ 1)1 + a)

m+B+1)?n+3)(n+2) n+B+1)2n+2)
1+ 3a + a?
+3(n+[3+1)2

It is obvious that B, (t¥; x) converges uniformly to x*,(k =0,1,2) for x € [0,1] .
Hence by Korovkin’s theorem ,the sequence of operators B,, converges uniformly to f € €[0,1]
Now, the following theorem estimates the rate of convergence of the sequence of operators B, ,in the terms of
modulus of continuity of f € C[0,1] where the modulus of continuity is given by
wr(8) = w(f,6) = i g}fgﬁﬁlf(t) —f),6>0
asxs<b

Theorem 2: If f € C[0,1] then
1B, (f: ) - f@)] < 2 (5, (x))

Where 6, (x) = (Bn((t —x)%; x))
Proof : We have

1B, — £ (0] < (n+ﬁ+1)z P [0

r+a+1

If ) = f()ldt

r+a

n+p+1
w;(6) is an increasing function of § so, [t-x|< &
then
r+a+1
(t - x)z n+B+1
IFO - F@l <1+ w0, () < (n+,8+1)z Pnr(x)j 1+—(t—x)> w,(8) dt
n+B+1
r+a+1
= LI B () [EET (- 202 dt]wy (8)
n+p+1

[1+ B, ((t = )% %)] w(8)

taking 6 = &,(x) = (B,((t —0)%x))°
then |B, (f; x) — ()] < 207 (8,(:))

In the next theorem, we estimate the rate of approximation of the sequence of operators B,, in terms of Lipschitz
inequality.
Theorem 3: If f € Lipy,(p) then

|B(f; ) = F(O)] < M8} (%)

Where 8,(x) = (B,((t - 0% x))*

Proof : from the monotonicity of B, ,we have
r+a+1

1B, 0~ F@| < (n+ B +1)Z P [T 10 - F@lae

n+ﬁ+1

lf () = f < M|t —x|P

M>0,0<p<landtxe€[0,1]

Since f € Lipy(p)
Where

Hence,
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n r+a+1

~ n+p+1

Bufi0) = OOl < M- 4B+ DY B0 [T e = xlrae
r=0 n+p+1

by Holder’s Inequality, we obtain

r+a+1

1B (f: ) — FQO| < M- ((n + B + D) By Poy(0) [TE (£ — 0)?dD)?

n+p+1

((+B+1DIrg Pp(x) —— )2

(n+p+1) 2

NS

r+a+1

M| (+B+1D X0, B () [VET (t—x)%dt

n+p+1

M (B, (e - x)%x))g
M3y (x)

Where,5, (x) = (B, ((t — 0% ) )’

IV.  Voronovskaya type theorem

Under this Section, now we estimate the asymptotic behavior of the sequence of operators B, in terms of
Voronovskaya type asymptotic formula.
We use the results of the following lemma in subsequent theorem.
Lemma 4: If x € [0,1], we have
()  lmn-B,((t—x);x) = S2OECH

n—-oo 2
(ii) T{mn-gn((t—x)z;x) =2x(1—x)
Proof of the above lemma is explicit by using lemma 3.
Theorem 4 : For f € C[0,1] and f', f"” € C[0,1],x € [0,1], we have

£227l-(§n(f;x)__f(x)) _ C3+'2a)';2x(3 +—ﬁ)]”(x)

+x(1—x0)f"(x)

! (t_x)z n
f@O =)+ =0f'C)+——=—f"() 4 h(t)(t — x)?

Proof: From Taylor’s formula, we have

where h(t) is Peano type remainder,continuous function on [0,1] and tlim h(t)=0
—X

then
n(B (i) = FGO) = F OB (€= 5%) + 25 (B, (€~ 0% + - By (e~ 0)%2)
From Cauchy-Schwarz inequality

B (h(®)(t =250 < B2 By (¢~ 005 0)

then

RB(R(E)(E = 2)%5) < (B, (2003 ) (2B, (¢ = %)
refer to lemma 3, it can be seen easily that
limn?B,((t — x)*;x) > 0 and finite
n—oo
Now h(t) € C[0,1], %imh(t) =0
->X

and B, is uniformly convergent for h(t) € €[0,1]
hence

lim B, (h%(t);x) = h?(x) = 0
n-—-oo
now, we get
limn- B,(h(t)(t —x)%x) =0
n-—-oo
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finally, we have
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B+2a)—-2x3+p)
2

mnén((f; x)—f(x) = f'e)+x@—x)f" (%)
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