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Abstract: In this paper, we studied the theory of fuzzy rings, the concept of fuzzy ring with operators, fuzzy
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. Introduction:

In 1982 W.J.Liu [1] introduced the concept of fuzzy ring. In 1985 Y.C.Ren [2] established the notion of
fuzzy ideal and quotient ring. In this paper we studied the theory of fuzzy ring, and the concept of fuzzy ring with
operators, fuzzy ideal and anti-fuzzy ideal with operators, homomorphism and their related elementary
properties have discussed.

Il.  Prliminaries

Definition 2.1:[Liu [1]] Let R be a ring, a fuzzy set A of R is called a fuzzy ring of R if
(i) A(X—y)>min ( A(x), A(y) ), forallx,yinR
(i) A(x y) >min (A(x), A(y)), forallx,yinR

Definition 2.2: [Liu [1]] Let R be a ring, a fuzzy ring A of R is called a ring with operator
(read as M — fuzzy ring ) iff for any t € [0,1], A, is a ring with operator of R
(i.e M —subring of R ), when 4, # @.
Where A, ={x €R: A(x) > t}
Definition 2.3: Let A be M — fuzzy ideal of R, is a M — fuzzy subring of R such that
(iii) Ay +x-y) = AX)
(iv)  AKxy)=A®Y)
(V) Alx +2)y-xy) = A(z)
Forallx,y,zeR
Note that A isa M — fuzzy left ideal of R if it satisfies (i), (ii), (iii) and (iv), and A is said to be a M — fuzzy right
ideal of R, if it satisfies (i), (ii), (iii) and (v).
Definition 2.4: Let R be aring, a fuzzy set A of R is called anti fuzzy subring of R, if for all X, y,€ R
(AF) A(x-y) < max {A(x),A(y)}
(AF;) A(xy) < max {A(x), A(y)}
Definition 2.5: Let R be aring, a fuzzy ring A of R is called an anti-fuzzy subring with operator ( read as anti
M- fuzzy subring) iff for any t € [0,1], A, is an anti-ring with operator of R (i.e.anti M-fuzzy subring of R),
when 4, # @.
Where A, ={x€R:A(x) <t}
Definition 2.6: Let A be M-fuzzy anti ideal of R, if A is a anti M-fuzzy subring of R such that the following
conditions are satisfied
(AF3) Ay +x-y) < A(x)
(AFs)  Alxy) < A(Y)
(AFs)  A((x+2)y-xy) <A(2)
Forall x,y, z € R.
Note that A is an anti M-fuzzy left ideal of R if it satisfies (AF;), (AF,), (AF;) and (AF,), and A is called an anti
M-fuzzy right ideal of R if it satisfies (AF,), (AFy), (AF3) and (AFs).
Example: LetR={ay,a,,as, a,}, be a set with two binary operations as follows
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+ a; a, as a, X a, a, as a,
a, a, a, as Ay a; a; a; a a
a a a, a, as a, a a a a
as as a, a, a; as a; a; a a
ay ay as a; a, Qy a a a, a,

Then (R,+, . ) isaring. We define a fuzzy subset A : R - [0,1],

by A(as ) = Alay) > Aay) > Alay). ) ) ) ) ) ) )
Then A is an anti M-fuzzy right (left) ideal of ring R. Every anti M-fuzzy right (left) ideal of ring R is an anti M-
fuzzy subring of R, but converse is not true as shown in the following example.

Example: LetR = { a4, a,, as, a, }, be a set with two binary operations as follows

+ a; a as Ay X a a, as Qay
a; a; a as Ay a; a a a a
a a a; ay as a, a a, as Qay
as as Ay a, ay as a a a a
ay ay as a; a, Qy a a a a

Then (R, +, . ) isaring. We define a fuzzy subset A : R - [0,1],
by A(a;) = A(a,) > A(ay) > A(ay). Then Ais anti M-fuzzy subring of R. But A is not an anti M-fuzzy
right ideal of R, since

Al(a+a,)a -3 ) = A(a) > A(a,)

Theorem 2.1: Let R be a M-ring and a fuzzy set A on R is anti M-fuzzy ring in R if and only if A€ is a M-fuzzy
ringinR.

Proof : First we suppose that Abe an anti M-fuzzy subring in R. Then we have to show that A¢ is an M-fuzzy
subring in R.

Let x,y € R, we have

A (x—y)=1-A(x-y)
A®(x-y)z1-max{A(x),A(y)}
=min{l-A(x),1-A(y)}

min {A°(x), A" (y)}
T(xy)=1-A(xy)
“(xy)z1-max{A(x), A(y)}

=min{l-A(x),1-A(y)}
min {A°(x), A" (y)}
Therefore, A° is a M-fuzzy subring in R.

Conversely, suppose that A°is an anti M-fuzzy subring in R, then we have to show that A is a M-fuzzy subring
in R. Let X, y, € R, we have

A(x-y)=1-A"(x-y)

A(x-y)=1-max{A"(x),A"(y)]

min{1- A®(x),1- A"(y)}
= min {A(x), A(y)}

Also, A(xy)=1-A"(xy)

A(xy)zl—max{Ac(x),Ac(y)}

Also, A
A
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=min{l-A®(x),1- A°(y)}

=min{A(x),A(y)}
Thus A is M-fuzzy subring in R.
Theorem 2.2: Let R be a M- ring and A be a M-fuzzy subring in R .Then A is an anti M-fuzzy ideal in R if and

only if A®isa M-fuzzy ideal inR.

Proof : First we suppose that A is anti M-fuzzy ideal in R, then we have to show that A°is a M-fuzzy ideal in
R. Let x, y,€ R, by definition of anti M-fuzzy ideal

A(x+y-x)< A(x)SinceA ={xeR:A(x)<t},wherete[0,1]
= 1-A(x+y-x)21-A(x)
= A" (x+y-x)=A°(x)
Also, A(xy)<A(y)
= 1-A(xy)>=1-A(y)
= A"(xy)= A" (y)
And A((x+z)y-xy)< A(z)
= 1-A((x+2z)y-xy)=1-A(z)
= A"((x+2z)y-xy)= A"(2)

Hence, A° satisfies all the condition of M-fuzzy ideal.

Conversely, if we suppose that A ° is an M-fuzzy ideal in R, then we have to show that A is anti M-fuzzy ideal in
R.

Let x,y e R and A‘is an M-fuzzy ideal in R, then by the definition of M-fuzzy ideal we have

AT (x+y=-x)= A" (x)~ A ={xeR:A(x)2t},te[0,1]

= A(x+y-x)< A(x)

Also, A® (xy) = A°(y)

= A(xy)< A(y)

And A ((x+z)y-xy)= A®(z)

= A((x+2)y—-xy)< A(z)

Hence, A satisfies all the condition of anti M-fuzzy ideal in R.

Definition 2.7: Let R be a M-ring and a family { A, :i e 1} of M-fuzzy ideal of R, then the intersection ~ A, of

iel
M-fuzzy ideal of R defined by
(m Ai)(x): inf{Ai(x):ie I}, forall x e R

iel

Theorem 2.3: Let R be a M-ring, { A, :i e I} be afamily of M-fuzzy ideal of R, then ~ A, is an M-fuzzy ideal

iel
of R.
Proof: Let { A, :i e I} beafamily of M-fuzzy ideal of R, and x, y € R then we have
(m Ai)(x—y)zinf{Ai(x—y):ie I}, forall x,y e R
iel
2inf{min(Ai(x),Ai(y)),ie I}

:min{inf(Ai(x):ie L)inf (A (y):ie I)}
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=min{(2A) 00 (2 A) )]
Ai)(xy):inf{Ai(xy):ie 1
>inf {min (A (x),A(y)):iel}, forall x,yeR
= min {inf (A (x):iel),inf (A (y)iiel)}
= min{(2A) 00 (2 A) )]

Hence n A isa M-fuzzy ring of R.

iel

AlSO,(m

iel

Forany x,y,z e R we have
(g Ai)(y+x7y):inf{Ai(y+x7y):ie 1
>inf {A (x):iel}
=(A)

Also, (m Ai)(xy):inf{Ai(xy):iel}

iel

(_m Ai)(xy)zinf{Ai(y):ie 1}

el

=(0A)0)
And (.e| )((x+z)y7xy = nf{A (x+2) fxy):iel}
nf{A (z):iel}
i

Hence n A isa M-fuzzy ideal of R.

iel
Definition 2.8:Let R be a M-ringand { A, :i € 1} be a family of anti M-fuzzy ideal of R, then the union U A
iel

of anti M-fuzzy ideal of R defined by
(u Ai)(x)zsup{Ai(x):ie 1}, forall x e R

iel
Theorem 2.4: Let R be a M-ring, and { A, :i e I} be a family of anti M-fuzzy ideal of R, then U A, is an anti
iel
M-fuzzy ideal of R.
Proof :Let { A, :i e I} beafamily of anti M-fuzzy ideal of R, and x, y € R ,then we have
(u Ai)(x— y)=sup{A (x-y):iel}

Ssup{max(Ai(x),Ai(y)):ie I}
:max{sup(Ai(x):ie ),sup (A (y):ie I)}
= max{(0 A )00 ( A ) ()]

Also (uA)(xy)—sup{A(xy) iel}

iel
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Ssup{max(Ai(x),Ai(y)):ie I}

max{sup(Al(x):ie 1),sup (A (y):ie I)}
= max{(_u Ai)(x),(y Ai)(y)} ,forall x,y e R
Hence, U A, is aanti M-fuzzy ring of R.

Forany x,y,z € R, we have

(u Ai)(y+x—y):sup{Ai(y+x—y):ie I}

<sup{A (x):iel}

~(5A))

iel

And (u Ai)(xy): sup {A (xy):iel}

iel

<sup{A(y):iel}

= (v A)(y)

iel

Similarly, (u Ai)((x+ z)y—xy):sup{Ai((x+ z)y-xy):ie I}

iel

<sup{A(z):iel}

(v A))

iel

Therefore, U A, is an anti M-fuzzy ideal of R

iel
Definition 2.9: Let R and S be two M-ring and f is a function from R onto S
(i) If B is a M-fuzzy ring in S, then the pre-image of B under f is a M-fuzzy ring in R, defined by

f(B)(x)=B(f(x)), foreachx e R
(i) If A is a M-fuzzy ring of R, then the image of A under f is a M-fuzzy ring in S defined by
sup A(x), if f(y)=¢

f(A)(Y) = vt

[ =0, otherwise
Foreach y € S
Theorem 2.5: Let R and S be M-ringand f : R — S ,be an M-homomorphism from R onto S and

0] If B is an M-fuzzy ring of S, then f (B ) is an M-fuzzy ring of R.
(i) If A'is an M-fuzzy ring of R, then f ('A) is an M-fuzzy ring of S.

Proof: (i) Let x,, x, € R, then we have
£ (B) (%, —%,)=B(f(x)-"f(x,))
>min{B(f(x))B(f(x,))
=min{f 7 (B)(x). f "(B)(x,)!
And £ (B)(x.%,) =B (f(x).T(x,))
min {8 (f(x)).B(f(x,))]
min {7 (B)(x). f " (B)(x,)]
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Hence, f (B )isaM-fuzzy ring of R.

(i) Lety,, y, e S then we have

(xixe £ (y, =y, 2 {x-x:xe f (y).x,ef (y,))

Hence FOA) (v, = y,) =sup{A(x)ixe £ (y, -y, )}
>sup {A(x, = x,)ix e (y).x,ef (y,))
> sup (min (A(x),A(x,))ix e T7(y,).x, € 7 (y,))
=min{sup (A(x)):x e f7(y,)sup(A(x,))ix, e f(y,)]
=min{f(A)(y,). F(A)(Y,)}

Since  {x:xe f U (y.y,) 2 {xxx e f(y,).xe U (y,))

F(A(YY,))=sup{A(x)ixe £ (y,y,))

>sup {A(x.x,):x e f(y,).x, e f(y,)

2sup{min(A(xl),A(xz)):xle f 7 (y,). %, € f’l(yz)}
:min{sup(A(xl):xle fﬁl(yl)),sup(A(xz):xze fﬁl(yz))}

=min{ f(A(y,)). f(A(y,))}
Hence f (A)isa M-fuzzyring of S
Theorem 2.6 :Let R and S be M-ringand f : R — S be an M-homomorphism from R onto S and

l. If B is an M-fuzzy ideal of S, then f * (B ) is an M-fuzzy ideal of R
1. If Ais an M-fuzzy ideal of R, then f ( A) is an M-fuzzy ideal of S
Proof: (i) Let B be an M-fuzzy ideal of S, then f (B ) isan M-fuzzy ring of R from theorem 2.5(i)

Let x,, x,, x, € R we have

fﬁl(B)(Xl"'Xz_xl): B(f(X1)+ f(xz)_ f (Xl))

Also, fﬁl(B(x.xz)):B(f(xl.x2

Il
—h
|
-
—
w
~
—
x
N
~

Hence, f " (B ) is an M-fuzzy ideal of R.
(IM)Let A be an M-fuzzy ideal of R, then f ( A) is an M-fuzzy ring of S from theorem 2.5(ii).Now for any

Y. Y, ¥, € S we have
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F(A)(Y,+ Y, = Y,)=sup{A(x)ixe f (y,+vy,-y,)}

Zsup {A(x + %, -x):x e f(y).x,ef (y,)
>sup{A(x,):x, e f(y,)}
= F(A)(Y,)

Also  f(A)(y,.y,)=sup{A(x):xe f "(y,y,)}
>sup {A(x.x,):x e f(y,).x, e f(y,)
>sup{A(x,):x, e f(y,)}
= T (A)(Y,)

And - (A)((Y,+ Y,) Y= yays) = sup{A(X)ixe T (v y,) Y - v,y

f(A)((y1+yz)ys_y1y3)ZSUp{A((X1+Xz)xa_x1x3):x16 fﬁl(yl)’xze fﬁl(yz)’xse fﬁl(ys)}

>sup{A(x,):x, e fil(yz)}

= f(A)(Y,)

Hence f (A)isan M-fuzzy ideal of S.

References
[1]. W.J.Liu, Fuzzy invariant subgroups and fuzzy ideals, Fuzzy sets and systems 8 (1982), 133-139.
[2]. Y.C.Ren, Fuzzy ideals and quotient rings, Fuzzy Math 4 (1985), 19 — 26.
[3]. T.K.Mukharjee and M.K.Sen, on fuzzy ideals of ring I, Fuzzy sets and systems 21 (1987), 99 — 104.
[4]. W.X.Gu, S.Y.Li and D.G.Chen, Fuzzy groups with operators, Fuzzy sets and systems 66 (1994), 363 — 371.
[5]. Q.Y.Xiong, Modern algebra, (Science and technology Publication, Shanghai,1978)

M.Z.ALAM. "Fuzzy Rings and Anti Fuzzy Rings With Operators." IOSR Journal of Mathematics
(IOSR-JM), 17(2), (2021): pp. 44-50

DOI: 10.9790/5728-1702024450 www.iosrjournals.org 50 | Page



