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Abstract:

Background: Vekua equation is an areolar equation from a complex function, which cannot be solved in
general case. Its origin is from a practice problem from the theory of elasticity.

Results: In the paper zeros of the solutions of some special cases of Vekua equation are considered and the
results are formulated in theorems.
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. Introduction
The equation

d;j"ZX:Avv+B\/\7+F (1)

where A_- ae;),B=8(z) and r = F(z) are given complex functions from a complex variable ;< b < is the
well known Vekua equation [1] according to the unknown function w =w (z) = u + iv . The derivative on the left

side of this equation has been introduced by G.V. Kolosov in 1909 [2]. During his work on a problem from the
theory of elasticity, he introduced the expressions

Lpdu , 2v  iedv _ duyy_ AW 2
2lo T oy TG N @)
and Lpou _ Qv i dv . duyq_ AW 3
2[6x 5y+|(0x+0y)] dz ()

known as operator derivatives of a complex function w -=w (z) = u(x,y) + iv(x,y) from a complex variable
z=x+iy and 7 - x_iycorresponding. The operating rules for this derivatives are completely given in the

monograph of I'. H.ITomoxut [3] (pagel8-31). In the mentioned monograph are defined so cold operator
integrals

[ f(2)dz and [ f(2)d7

from z=x+iy and 7-x—_iy corresponding (page 32-41). As for the complex integration in the same

monograph is emphasized that it is assumed that all operator integrals can be solved in the area D.

In the Vekua equation (1) the unknown function w - w (z) is under the sign of a complex conjugation
which is equivalent to the fact that s = B(z) is not identically equaled to zero in D. That is why for (1) the
quadratures that we have for the equations where the unknown function w -w (z) is not under the sign of a
complex conjugation, stop existing.

This equation is important not only for the fact that it came from a practical problem, but also because
depending on the coefficients A, B and F the equation (1) defines different classes of generalized analytic
functions. For example, for F = F (z) = 0 in D the equation (1) i.e.

%:AW L BW (4)

DOI: 10.9790/5728-1702036165 www.iosrjournals.org 61 | Page



Zeros Of The Solutions In Some Cases Of The Linear Nonhomogenous Vekua Equation

which is called canonical Vekua equation, defines so cold generalized analytic functions from fourth class; and
for A=o0 and F =0 in D, the equation (1) i.e. the equation d%z sw defines so cold generalized analytic

z

functions from third class or the (r+is)-analytic functions [3], [4].
Those are the cases whenp = 0. But if we put B = 0, we get the following special cases. In the case

A=0, B=0 and F =o in the working area p c U the equation (1) takes the following expression d;l,: o and

this equation, in the class of the functions w = u(x, y) + iv(x, y) Whose real and imaginary parts have unbroken

partial derivatives U Uy vy and vy in D, is a complex writing of the Cauchy - Riemann conditions. In other

words it defines the analytic functions in the sense of the classic theory of the analytic functions. In the case
B=0 in D is the so cold areolar linear differential equation [3] (page 39-40) and it can be solved with
quadratures.

Il. Main result and Discussion
We will consider the Vekua equation (1) where the coefficient B = 0, i.e. the areolar linear differential equation

d;jiz,: AW + F . ®)
The solution of this equation is given with the formula
Caemyar] Caryar ]
JA(z,z)dz A —..'A(z‘z)dz
W (z,z7)=e }C(z)+J’F(z,?)e d?l (6)
L ]
In [5] and [6] some approaches of this thematic are considered and some theorems are formulated. These cases
continues that discussion.

First case: A(z,7),F (z,7)are analytic functions from z ,i.e. a = f(z),F=g(z)

In this case the equation (5) is in the following form

C;\Z:f(z)WJrg(z) (7)

Having injmind the solution (6) we have

j:i(z)az’r A 7/1(1)(17 1 Hz;idf’r A 7i(z|}d7 1
W =e IC(Z)+Ie g(z)d?}:e }C(z)+g(z)]’e d?}:
L J L ]
. 7(2)
:emz)\(c(z)+g(z)J’e’mZ)dz*}:em”|rc(z)+g(z) ¢ 1\
L J L -f(2)]
— ae 9(2) 8)
W (z,z)=C(z)e -

This is the solution in this case and its zeroes are the zeroes of the equation
e 9(2) ©)
f(z)c(z)
Since on the right side of the equation is some analytic function from z , and on the left side is not, we can
formulate the conclusion in the following

Theorem. The zeros of the solutions of the equation (7), given with the functions (8), are at the same time
solutions of (9) and it depends from the functions f,g,c (z).

=W +z

Example 1. Let us consider the equation oW . and ¢ (z)=2z- Thismeansthat f = 2 g = 2°
07 ’
2

_Z _1 o ¢ _4 andthe only solution is an isolated zero in the point ; - 0.

For (9) we have that ¢~ —

Example 2. Let us consider the same equation with different C, i.e. MW w2 t=z29=2"C(z)=2"
oz
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The only zero is the point: , [eﬂ 1 0} .

Example 3. Let us consider the equation with f — g - z,c (z)=e¢""

|
N

.
=e’; e =e’(cosy+isiny)

excosy—exz’yz 2 e
= y=nz;e" (£l)=¢" ()

e*siny=0
(

there are not zeros except for ,, _ o, ,(0,1)-

Second case: A(2,7),F (z2,7)are analytic functions from z ,i.e. A - A(Z).F = F (7)

In this case the equation (5) is in the following form

aai_:A(z—)w +F(7) (10)
z
and its solution according to (6) is
}A(z’)dz’ jA(?)d?A 7j'A(?)d?
W (z,7)=C(z)e +e J'F(?)e dz (11)

If these integrals can be solved with quadratures, i.e.

A

[A(Z)dZ =1, [F (D)1, (D)7 =1, (12)

for the zeros we have

W =1[C(z)+1,]=0

and we can formulate the following

Theorem. The zeros of the solutions of the equation (10), given with the functions (11), can be found as a
solution of I,=0, 1,=-C(z) where | and 1, are defined with (12).

Example 1. Let us consider the equation aw

1w +Z, A=LF=17

o0z
jd?l— /\7 J‘dz 7—} T" A7 . 7“
|C(z)+J'z-e <dz‘=e\C(z)+J'Z<e -d7 |

1 | L ]

W =e

Applying partial integration in the integral we get

w :ef[c(z)fz‘e’lei]:c(z)eZ’,z—,l

We get the zeroes w = o, for ¢ (z)e” =7 +1

Z+1
C(z)= 7

e

This equations will not stand for every z , because the left side is analytic function and on the right side is
antyanalytic function (2*1), but it can hold for some z .

z

e
If for example ¢ (z)=2°, We have
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2% = (z+1)e”"

x? - y?+ 2ixy = (x+1—iy)e’my =(x+1-iy)e “(cosy+isiny)

X

xz—yzz[(x+1)cos y+ysin y]efx

{ 2Xy:[7 y cos y+(x+1)sin y]e’
The second egiation is fulfilled for y = 0, and some of the zeroes are y -, 3a 4* - (x+1)-1e ™" We can find
other zeroes if we apply series for sin y and cosy .

Example 2. Let us consider the same equation with different (z)=e"- Then

z

e’ e’ =7+1
2x

e’ = (x+1)+iy.
So y -0 and ¢** = x +1; and two zeroes are for

x, =0 and x, =¢:m, (0,0), M,(e¥-£=10), £<0

Third case : Nonhomogenous linear Vekua equation with constant coefficients

That is the equation

6VX:aW + pB; a,p =Const. (13)
0z
According to the formula (6) we have

w (z,zf):eajﬁ\l (z)-v-i,l}eiaJ szf1

=e U (z)+ﬂje Td?-}=
i
A
d(z)e" - =
a (14)
The zeroes w = 0 are in some points in which
ﬂ —

S(7)= e

where 0 () is an arbitrary analytic function in the role of an integral constant. If

0 (z)=A(x,y)+iB(x,y)
we have
b+ ib, _

~(ay+ia, )(x-iy)

A(X,y)+iB(x,y)=
a, +ia,

We want to find zeroes of A(x,Y) and B(x y) SO

b1 + |b2 ~(ayx+a,y)+i(-a,x+ayy)

(a,—a,i)e ( =

2 2
a, +a,
_ blal + bzaz + |<bza1 B azb1) e—(a,x+a2y) ei(—azx+aiy) _
= 2 2 . =

al + az

ba, +b,a, +i(b,a, —a,h,) ~
e

a;x+a,y) {

2 2

a, +a,

cos(-a,x+ay)+isin(-a,x+ay)}=

—a;x-a,y

=—; 2 {(bla1 +b,a,)cos(-a,x+a,y)-(b,a, —a,b )sin(-a,x+a,y)+
a,” +a,

+i[(b,a, —a,b)cos(-a,x+a,y)+(ba, +b,a,)sin(-a,x+a,y)]|

From here,
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—ayx-a,y
A(X,y)=—— [(bla1 +b,a,)cos(-a,x+a,y)-(b,a, —a,b )sin(-a,x+ aly)]
a’ +a,
and
—a,x-a,y
B(X,y)=——— [(bza1 —a,b )cos(-a,x+ay)+(ba +b,a,)sin(-a,x+ aly)}
al 2

For the zeroes only of 4: A(x,y)= o0, we have a condition:
(ba, +b,a,)cos(-a,x+a,y)-(b,a, —a,b )sin(-a,x+a,y)=0

or ba, +b,a,

tg (-a,x+a,y)= =1

b,a, —a,b,
since ap arereal, sois 2 ; we have that
-a,x+ay=arctgd =k
or a,y =a,x+k
and this represents a line for the zeroes of 4 .
For the zeroes only of B: g (x,y)=0,We have a condition:

(b,a, —a,b )cos(-a,x+a,y)+(ba +b,a,)sin(-a,x+a,y)=0

b,a,—a,b
or tg(-a,x+ay)=-+—21
ba +b,a,
b,a, —a,b
and —a,x+a,y=-arctg =———+=v>
ba +b,a,
SO ay =a,x+v

this is also a line for B-zeroes, that is parallel to the line for A-zeroes. Since they do not have intersection, there
are not common A and B-zeroes, which means that the solution w of (13) does not have any zeroes.
We can state the following

Theorem. The zeros of the solutions of the equation (13), given with the functions (14), do not exist if g - o . If
p -0, zeroof w is every zero of the analytic function 0 ().

I11. Conclusion
We can conclude that the determination of the zeros even of the most simple Vekua equation is not a trivial
work. But for some cases we can say which are the zeros and/or what they depend on.
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