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On Metric Geometry of Weighted Groups
Shreema S. Bhatt and H. V. Dedania

ABsTRACT. Let (G, ) be any group and let w : G — (0, 00) such
that w(zy) < w(z)w(y) (z,y € &); so-called a weight on & and the
pair (G,w) is called a weighted group. In this article, we explore
the geometric and topological structure of (G,w). We associate an
invariant metrie d,, with w and vice-versa. The completion (él’)
of (G,w) is constructed and the structure theorem for topological
groups with an invariant topology is also proved. Several weights
on groups of number fields arising from valuations are exhibited.

Date of Submission: 10-04-2021 Date of Acceptance: 26-04-2021

1. INTRODUCTION

Let G be a group with binary operation multiplicative. A weight on
G is amap w : G — (0,00) such that w(ry) < w(z)w(y) (z,y € G).
Looking to (G, w) as a single object, the analysis on the weighted group
(G, w) 1s an important aspect of harmonic analysis, especially in the
context of the associated Beurling algebra Ll(G, w) and the weighted
measure algebra M (G, w) [BhDe2]. The harmonic analysis on such
a welghted group has at least three exciting novel aspects, which are
not found in the absence of a weight: (1) the structure of the Beurling
algebra L'(G, w) is closely tied up with the structure of the weight
w [BhDel]; (1) the LP(G, w) becomes a convolution Banach algebra for
a large class of weights w [Ku]; (iii) the presence of a weight w tends to
impose an analytic structure on the Gel'fand spaces of L'(R", w) and
(Y(Z", w) making Gel'fand transforms holomorphic thereby bringing in
the theory of complex analysis [RS].

The positive definiteness and submultiplicativity of w suggest that
it 1s an analogue of a norm on an algebra and w(x) can be thought
of as representing the size of = in (G,w) [BDD]. Thus, like a norm,
it should be related with a topological or geometric structure of G.
The purpose of this article 1s to develop this idea. In Section-2, we
discuss the relation between weights and metrics. We also discuss the
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completion of the weighted group (G,w). In Section-3, these results
are applied to show that a topological group with an inner invariant
topology is dense in the inverse limit of a family of weighted groups. In
Section-4, we discuss several weights on groups of number fields such
as algebraic numbers and p-adic numbers in the number theory.

2. WEIGHTS AND METRICS

Throughout G is a group with the identity e. In this section, we
establish the relation between weights and metrics. For this purpose,
we classify strictly positive functions on G as follow.

Definition 2.1. A map w : G — (0,00) is: (1) unitery if w(z) >
1 (z € G); (1) unitary definite if w is unitary and w(z) = 1 iff
r = e; (iii) symmetric if w(z) = w(z™) (z € G); (iv) G-invariant
if w(szs™) = w(z) (z,s € G).

Since the next two results are easy to prove, we skip their proofs.
They are converse of each other.

Proposition 2.2, Let w : G — (0, oc] be any function. Define d,, :
GxG—Rasd,(z,y)=logw(xy ). Then

w(z) = e®=9 (z € Q).
2] d[b is right invariant.
is unitary iff d, is non-negative.
is unitary definite iff do, is positive definite.
is symmetric iff d,, is symmetric.
is G-invariant iff d, is invariant.
is a weight iff d, satisfies the triangle inequality.
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Proposition 2.3. Let d : G x G — R be any right invariant map.
Define wyg : G — (0,00) as wa(z) = ™9, Then

(1) d(z, e) = logwy(x) (I e G).

(2) d(z,y) = logwa(zry ') (x,y € G).

(3) d is non-negative iff wa is unitary.

(4) d is positive definite iff wy is unitary definite.

(5) d is symmetric iff wy is symmetric.

(6) d is invariant iff wy 1s G-invariant.

(7) d satisfies the triangle inequality iff w4 is a weight.

Next corollary establishes the relation between weights and metrics.

Corollary 2.4. Let w : G — (0,00) be any function. Then w is
a unitary definite, symmetric weight on G iff the induced map d,, on
G x G 1s a right invariant metric on G.

Proof. This follows from Proposition 2.2. U

Theorem 2.5. Let G be any group.
(1) If d is an invariant metric, then (G, d) is a topological group.
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(2) If w is a unitary definite, symmetric, G-invariant weight, then
d,, is an tnvariant metric and so (G, d,,) is a topological group.

(3) If d is an invariant metric on G, then wq is a unitary definite,
symmetric, G-invariant weight on G.

Proaf. (1) Let (2, yn) — (z,y) in G x G. Then

d(zny, ' 2y™") < dlaayy wy™") +d(any ™ oy
= d(y, ',y +d(z,,x) (. d is invariant)
= d(ynYn Ys ¥y 'y) + d(zn, ) (7 d is invariant)
= d(rﬂn 1‘) + d(yﬂn y:]
Since d(x,, ) — 0 and d(y,,y) — 0, we have d(z,y; ', zy~!) — 0.
Thus the map f: G x G — G defined as f(z, y) = zy~! is continuous.
Hence (G, d) is a topological group.
(2) This follows from Proposition 2.2 and Statement (1) above.
(3) This follows from Proposition 2.3. O

Corollary 2.6. Let G be an abelian group and w be a unitary definite
weight on G. Then there exists an invariant metric d on G such that
(G.d) is a topological group.

Proof. Define wo(r) = w(z)w(z™) (r € G). Then wy is a symmetric
welght on (. Since w 1s unitary definite and & 1s abelian, wy 1s a unitary
definite, G-invariant weight on G. Define d(z, y) = logwp(zy~!). Then,
by Corollary 2.4, d is an invariant metric on G. By Theorem 2.5(1),
(G.d) is a topological group. O

Corollary 2.7. Let G be a compact group and w be a unitary definite,

symmetric, G-invariant, continuous weight on G. Then G s metriz-

able.
Proof. Let 7 be the compact topology of . Define a metric d on
G as d(x,y) = logw(zy™!) + logw(z™'y) (z,y € G). Then d is an
invariant metric on G. By Theorem 2.5(1), (G, d) is a topological group.
Consider f : (G,7) — (G,d) being the identity map f(z) = x. First
we show that f is continuous. Let {z,} be a net in G such that z, — =
in (G, 7). As (G, 7) is a topological group, oz~ ! — eand z, 'z — e.
Since w is T-continuous, w(zr,r ') — wle) = 1 and w(x'z) — 1.
This implies that d(z,,z) = logw(zaz™!) + logw(z 'z) — 0. Thus
f 18 continuous. Since [ 1s an injective, continuous function from a
compact space to a Hausdorff space, it 15 a homeomorphism. O

Theorem 2.8. Let (G, 7) be a o-compact, locally compact group. Let
w be a unitary definite, symmeiric, G-invariant, continuwous weight on
G. If (G,dy) is a locally compact group, then (G, 7) is metrizable and
it 15 determined by d,.

Proof. As m the proof of Corollary 2.7, we can show that the identity
map f: (G, 7) — (G, d,) is continuous. Now the result follows from
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a known result [CoHa, Corollary 2.D.6, P. 46] that an injective, con-
tinuous homomorphism from a o-compact, locally compact group Gy
onto a locally compact group Ga 1s a homeomorphism. O

Definition 2.9. Let w : G — (0,00) be a unital, symmetric weight
on G. Anet {r,} C G is w- Cauchy if it 1s d,-Cauchy. The net {z,}
is w-convergent to x € G if dy(za, ) —+ 0. The weight w is complete
if the pseudo-metric d,, 1s complete in G.

Theorem 2.10. Let w be any unitary definite, symmetric, G-invariant
weight on G. Then there exists a weighted group (G,T) such that
(1) @ is a unitary definite, symmetric, G-invariant weight on G
(2) G is a dense subgroup of (G, ds);
(3) @ =w on G.
The pair (G, &) is called the completion of (G, w).

Proof. Let d,, be the invariant metric on G induced by w. Let (G, d,) be
the completion of the metric space (G,d.). As (G,dy) is a topologica,l
group and d,, is invariant, (G, d, ] 15 also a topologlcal group. Let @
be the weight on G induced by d as in Proposition 2.3. Then @ 1s
a unitary definite, symmetric, G' mnvariant weight on G. This proves
(1). Clearly, G is dense in (G, d, ) which proves (2). It is routine to
prove that the weighted group (G, &) is unique satisfying (1) and (2)
above. O

Examples 2.11. Following are examples of complete weighted groups.
(1) Let (X,|| - ||) be a Banach space. Then w(z) = el is a complete
weight on the additive group (X, +).

(2) Let 6 : R" — [0, oo} be a function satisfying: (1) 8(x) = 0iff z = 0;
(i) 6(z-+y) < 8(x)+6(y); (ifi) (—x) = 6(z). Then wsq(x) = (146(x))*
defines a unitary definite, symmetric weight on (R™, +). It is complete
if (x) = ||zlp, 1 < p < 0.

3. STRUCTURE THEOREM FOR INVARIANT TOPOLOGICAL GROUPS

Our main goal 1n this section i1s to prove the structure theorem for

topological groups in terms of weighted groups. We begin with the
following standard defimitions.
Definition 3.1. [HR| Let (G, 1) be a (Hausdorff) topological group.
A net {z,}aea 18 called a left (resp., right) Cauchy net if, for each
neighborhood V of e, there exists ap € A such that z_'z5 € V (resp.,
za15t € V) for all o, B > ay.

By the continuity of the map = —+ =~ ! on G, it follows that a net in
G 13 left Cauchy iff 1t 1s nght Cauchy. This justifies the following.

Definition 3.2. A topological group G is complete if every (left)
Cauchy net 1s convergent in (5.
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Definition 3.3. The topology 7 of a topological group (G, 7) is inner
wmwvariant 1f the family of all open neighbourhoods V' of e satisfying
wVr~! =V (x € G) forms a base for e.

Definition 3.4. Let (A, <) be a directed set. Let {G,:a € A} bea
farmly of topological groups. Suppose that, for each pair o < 5 1n A,
there exists a continnous homomorphism .5 : Gg — G, such that
Taa 15 the identity map for all o and m,5 0 Tgy = Moy (@ < 3 < 7).
Then the family {(G,, 7as) : @ < 3 in A} is called an inverse system
of topological groups. Its inverse limit 1s the topological group defined
as

ImG, = {z = (z,) € lI,G, : mas(xs) = x4 for allo < fimm A}
i !

with the relative product topology. It 15 a closed subgroup of the prod-
uct topological group [1,Ga.

Let {(Ga,wa) : @ € A} be a family of weighted groups with unitary
definite, symmetrie, G -invariant weights w, on G, inducing the metric
dy. Then the product topology on G = [](Ga.da) is inner invariant.
We know that the relative topology on a subgroup of a group with
mner invariant topology is mner invariant. Thus the inverse limit of
a family {(Ga,wa) : @ € A} of weighted groups with unitary definite,
G-invariant weights w, 18 a group with inner invariant topology. The
following 1s its converse.

Theorem 3.5. Let G be a topological group whose topology is inner
invariant. Then there exists a family {(G \Wa) 1@ € A} of weighted
groups such that the following hold.

—

(1) Each w, Wa is a unitary definite, symmetric, G,-invariant weight.
(2) Each {G Wy is a complete weighted group.

(3) G is homeomorphic to a dense subgroup of lim G,,.
(4)

4) If G is complete, then G = lim Cﬂf‘;

Proof. We know that the topology of a topological group G is inner
invariant iff the family of all invariant pseudo-metrics on G which are
contimious and generate the topology on G. Let D = {d, : a € A}
be the family of all such pseudo—metllcs on G. For each o € A, let

wy(x) = gda(z.¢) (r € G). Then w, is a unital, unitary, symmetric,
G' invariant weight on G. Since the topology T on G 1s Hausdorff,
do(z,y) = 0 (@ € A) implies x = y. So it follows that ua{r} =
1 (o € A) implies x = e. Let N, = {z € G : wy(z) = 1} which is a
normal subgroup of G. Consider the quotient group G, = G/N, and
wa(zNa) = wa(r) (xNa € Ga). Then each wa is a unitary definite,
symmetric, Gy-invariant weight on G,,. Let {G Wy be the comple-
tion of the weighted group (G,.w,). Then &, is a unitary definite,

symmetric, G,-invariant weight on G,,. This proves (1).
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Let dy(x,y) = log@a(zy 1) (z,y € Ga). Then (Gq,d,) is a complete
topological group. This proves (2).

Let G' = [ea(Ga.d :l Then G is a complete topological group
equipped with the product topology. Let w5 : [laea G — G5 be the
projection map m5((z Ny )aea ) = Nz and extended continuously to G*.
These extensions are denoted by same notation m, : Gl —s é; The
maps m, are continuous, surjective homomorphisms. Consider the map
@ : G — G defined as ¢(x) = (rN,)aza. Then ¢ is an injective home-
omorphism. Next we construct a subgroup G, of G' such that G is
1somorphic to a dense subgroup of G, and &, 18 defined independently
of ¢. For a, 8 € A, define o < B if w,(x) < wa(z) (r € G). Then A
1s a directed set. If o < 3, then Ng C N, and hence mag : Gg — Ga
defined as m,5(xNz) = =N, i1s a uniformly continuous, onto homomor-
phism. Hence it can be extended as a contmuous onto homomorphism
Tap 1 Gg — Gy In fact, @a(mas(ms(z))) < T5(ms(z)) (z € G). Let

Go=1imG, = {(z0)aca € G' Tagl2zs) = zafor a < 5 € A}

Then G, is a closed subgroup of G! and the restriction of projection
map T, to G, 18 a homomorphism from G, onto G,,. Next we show that
@(G) 1s dense in G,. Let z = (23)aea € Gy Let U be any neighbour-
hood of the identity element in GG,. Then U contains a neighbourhood
V of the form V = II,V,, where each V, 15 a neighbourhood of the
identity in G and there exists 3 € A such that Vi # Eg let x € G
such that mz(x)z4 ' € V;. Then we have m,(z)z ! € V, (o € A). Hence
&(x) = (ma(x))aca € zU. This shows that cf)(G} 1s dense in . This
proves (3).
Fln&l]v, let G be complete. Then (@) 1s complete, and hence closed
I, G Being dense m hm Ga it follows that G = llmG This

proves (4). [l

Theorem 3.6. Let G be a topological group with an inner invariant
topology. Let P = {wa : @ € A} be a family of unitary, symmetric
G-invariant weights on G which determines the topology of G. Let
w(z) = sup, wy(z) (z € G) and F(G) = {zr € G :w(z) < oc}. Then
(1) w is a unitary definite, symmetric, G-invariant weight on Py(G);
(2) P(G) is a normal subgroup of G;
(3) If G is complete, then (Py(G),d,) is complete.

Proof. (1) Since each w,, is a symmetric weight on G, it is clear that
P3(G) is a subgroup of G and w 1s a symmetric weight on F,(G). Since
each w, 18 a umtary, symmetric, G-invariant weight on G, the weight
w on Py(G) has same properties on FP,(G). Further the family P is
separating as ¢ 18 Hausdorff. This implies that w 1s unitary definite on

F(G).
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(2) Let = € P,(G) and s € G. Then w(srs ') = sup,w,(srs!) =
sup, w(r) < oo. So szs! € F(G). Thus F,(G) is a normal subgroup
of G.

(3) Let d, be the metric induced by w, on G and d be the metric
induced by w on Fy(G). Let {x,} be a Cauchy sequence in ( F(G), d,,).
Since the d,-metric topology on FPy(() is finer than the relative topol-
ogy 7 on Py(G) inherited from the topology 7 on G, the {z,} is a
Cauchy sequence in (G, 7). Since (G, 7) i1s a complete topological group,
there exists x € G such that z, — = In (G, 7). Since {x,} is do-
Cauchy, there exists M = 0 such that d,(z,,z,) < M (m,n € N).
Hence w(zn) = w(znzi'z1) < w(zazyDw(z) = eREny(z) <
w(zy)eM = € (say). Now, for any e € A and n € N, we have

wa(z 1) = walz, 'anz )
wﬂ(zgl}wa{xﬂx_lj - L""{I(Iﬁ-:]e
w{rﬂ)edﬁti"‘rj < CedalmnT),

walx)
o (Tn.z)

AR

Let £ = 0. Since P determines the topology 7 on G and r,, — = 1n
(G, 7), there exists ngp € N such that

do(Tpn, ) < (n > ng;a € A)

do(Tpy, ) < £ (a € A)

walx) < Ce® (a € A)

w(r) < Ce® < oo.

Thus = € F(G). Finally, we show that z, — z in (P(G),d).
In fact, dy(z,,z) < £ (@ € A;n > ng). This, in turn, implies
dy(zp, z) = sup, dy(zy, ) < £ (n > ng). Thus z,, — = n (F(G),d).
So (P(G),d) is complete. O

I

4. WEIGHTED GROUPS FROM VALUATION RINGS

We have shown in [ShDe| that several well known functions such as
ccosh(n), esinh(n),n* + ¢, (n + ¢)¥, ™, log(n*) + ¢, [log(n) + ¢J*, and
others, are weights for some special values of £ € W and ¢ = (. In
this section, we supply some more weights w on additive groups arising
from wvaluation rings occurring in Number Theory and Algebra. The
objective is to search weighted groups from the areas of mathematics
other than Harmonic Analysis.

Definition 4.1. [Ba, P. 139] Let R be a ring. A valuation on R is a
function v : R — R such that, for all =,y € R,

(1) F(I) > 0; and 1"(1') =01iff z = []‘
(2] if(:ry] = V(I]V(y};
(3) V(I +y) < I}(:r:l — :}(y]
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Proposition 4.2. Let v be a valuation on a wnital ring R. Define
wi(z) = 1 + v(z), w(z) = "), and wy(z) = max{l,v(z)} for all
e R, Then
(1) w1 and wo are unitary definite, symmetric, R-invariant weight
on the abelian group (R, +).
(2) If R is a field, then each w; is a unitary, R*-invariant weight on
the multiplicative group (R*, x). Further wi and ws are unitary

definite.
Proof. (1) Notice that 0 < v(1 ) = ;rf{l 1) = v(1)? = v(—1)? implies
v(1) = v(—1) = 1. So that v(—z) = v(—1)v(z) = v(z). Hence w; and

wa are symmetric. The rest 1s clear
(2) Note that 1 = v(1) = v(s7's) = v(s r(s) and so v(s7!) =
v(s)~! (s € R*). Thus each w; is R*-invariant. The rest is clear. O

Examples 4.3. We exhibit some examples of valuations on fields.
Hence, by Proposition 4.2, we get variety of weights.

(1) Let p be a prime number. For = € Q\ {0}, let z = p*2 for some
k € Z and some integers m and n which are not divisible by p. Define
vp(x) = e % and 1,(0) = 0. Then v, is a valuation on @ [Ba, P. 139].
(2) Let Q(vd) = {u+vVd: u,v € Q}, where d € Z\ {0} such that
Vd ¢ Z. Now define vy(z) = |u? — dv?| (z = u + v/d € Q(+/d)) and
v4(0) = 0. Then Q(v/d) is a field with usnal addition and multiplica-
tion, and 4 1s a valuation on Q{‘\/&) If we take d = —1, then we get
the Gaussian field [Ba, P. 62].

(3) Let 2 = {& € C : & is an algebraic number}. Then Q is a field
with usual addition and multiplication. Let d, denote the degree of
the minimal polynomial p,(z) for a. Let {a1,..., a4, } be the roots of
Palx). Define v,(a) = |ay -+ - ag, | and v (a) = |aq| + -+ - + |ag.|. Then
both 1;, and 1, are valuations on the algebraic field €2 [Ba, P. 102].

(4) Let F be a field. Let

Fla] = {Zakxk:ﬂ-ez*'; akEF(OEkS”}}

k=0

x
Fw) = {Z0:pe).a(0) € Fle) and g(o) £0).
Then F(z) is a field with usual additicm and multiplication operations.
Let r(z) = iE—i; = :rm';g; € F(x) \ {0} such that a(0) and b(0) are
non-zero. Define v(r(z)) = m ancl v(0) = 0. Then one can check that

v is a valuation on F(x).
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