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Abstract: In this paper, the discrete-time periodic static output feedback control design problem is considered. A
hybrid conjugate gradient methods are analyzed and studied to tackle an equivalent optimization problem of this
optimal control problem. Finally, the proposed algorithms are tested numerically through several test problems
from the benchmark collection.
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I.  Introduction

The static output feedback design problem for discrete or continuous—time control systems is one of the
most studied problems, where wide area of applications in engineering and in finance are represented by this
problem; see the two surveys [19, 27] and the references therein. Particularly, many special purpose methods are
designed by the engineers for solving this problem; see e.g. [19, 27]. Various gradient-based methods are
available for solving the SOF problem among them is the descent Anderson—Moore method [19] that solves the
SOF problem by minimizing particular quadratic approximation of the objective function combined with
step-size rule. Makila and Toivonen [19] solved the discrete problem by Newton's method with line search
globalization. Rautert and Sachs [26] suggested quasi—Newton method with line search for solving the
continuous-time SOF problem. Mostafa [21] introduced trust region method for solving the discrete—time SOF
problem. All these methods are based on reformulating the discrete or continuous—time SOF problems into
unconstrained matrix optimization problems. The formulation of the SOF problem as a constrained optimization
problem allows utilizing numerous available constrained optimization techniques; see e.g [18, 17, 13, 22, 23]. In
this paper hybrid conjugate gradient (HCG) methods are analyzed for tackling the SOF design problem. The
proposed algorithm is extended for solving the design problem for periodic—time systems. The considered
approach is based on reformulating the optimal control problem into an optimization problem. This approach is
classical and we consider it for the sack of completeness.

Notations: Throughout the paper ||| denotes the Frobenius norm given by ||[M|| = /{M, M) where (-,-)
is the inner product defined by (M,,M,) = Tr(MF,M,) for M;,M, € R™™ and Tr(-) is the trace operator. I,
denotes the m X m identity matrix.

I1.  The discrete—time periodic SOF design problem
Periodic-time control systems have been studied recently in several research articles in particular for the

stabilization of systems of walking and hopping robots, see e.g, among others [1, 3, 4, 8, 29]. Consider the
following problem of designing a stabilizing static output feedback controller of linear periodic discrete-time
systems; see [1]:

min J(K,) = E{X{Zo (x{ Qux; + uf Ryu)} = E{Z?o:o xttht}t ey

S.t. Xepq = Aexe + Beup,  ye = Cexy, 2
where E{.} is the expected value and at: = Q.+ C'KI'R.K.C,, x, € R™, u, € RP and y, € R" are the state,
the control input, and the measured output vectors. Moreover, Q, € R™ ™ R, € RP*P are given symmetric,
periodic and positive semi—definite, positive definite weight matrices, respectively; A, € R™™,B, € RP*P and
C, € R™™ are given d—periodic matrices, i.e.,

Qt+a =CQt Reya =Ry Apa =4 Bua=B, Cg=0C, Vi, d=21
We consider the following control law to close the system (1) — (2) :

ur = Ky, €))
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where K;,, = K, forall t and d = 1. This yields the recurrence relation:
Xey1 = (Ae + B K Cp) xp:= Agxy,
where
A=A, +BK.C,, Apg=A4, t=012,...

We assume for simplicity that d = 2, from Lemma (6.2) in the paper [24], the system (2) is equivalently
rewritten in the following closed form:
Xes1 = ArAoxe = Y (Ko, K1)y,
where
Y(Ko, K1) = A1 4. (4)
From Lyapunov stability theory the matrix variables K, and K, must be chosen from the following set of
stabilizing output feedback gains:
Dy = {Ko, Ky € RP*": p(P (Ko, K;)) < 1}. ®)
Such a restriction ensures that all state variables decay to zero state as t increases.
Let us consider the sum of the first d = 2 terms of the following formula:

1 TN a5 7 — V1 T
1=0 X0 (Qy + Ao Q,Ag)Xo = Li=o Xo L(Ko, K1)Xo, (6)
where
— —_T— —
L(KO;Kl) = Qo + 4, Qle- (7)
Then from (1) and (6) we obtain
J(Ko, K1) = E{xg LiZo (W (Ko, K1)D)TLC)Y (Ko, K1) X}
= E{xq U(Ko, K1)xo}
=TrU(Ky, K)V) ©)
where V = E{xIx,} is the covariance matrix and
U(Ko, K1) = XiZo WP(Ko, K1)t)TL(K0' K ) (Ko, Kp)*
solves the discrete Lyapunov equation:

U(Ko, K1) = (Ko, K1) U(Ko, K1)Y (Ko, K1) + L(Ko, K1) 9)
By the trace properties it holds that; see Lemma 7.1
Tr(U(Ko, K1)V) = Tr(L(Ko, K1)P (Ko, K1), (10)

where the matrix variable P(K,, K;) solves the following discrete Lyapunov equation:
P(Ko, K1) = Y (Ko, K1 )P (Ko, K )W (Ko, K)" + V.
Hence, the periodic discrete-time SOF problem (1) — (3) is stated as the following minimization problem:
min/ (Ko, K;) = Tr(L(Ko, K1)P (Ko, K1), (11)

where L(K,, K;) is as defined in (6) and the matrix variable P (K, K;) is the solution of the discrete Lyapunov

equation:
P(Ko K1) = ¢(Ko:K1)P(K0»K1)¢(K0'K1)T +V, (12)

and K,, K; must lie within the set D, as defined in (5) .
The problem (11) — (12) is an unconstrained optimization problem in the matrix variables K,, K, where the
eigenvalue condition K,,K; € D,.

Note, that the set D, is open and in general unbounded. Therefor, it is convenient to define the following level
set:

L(Ko, K1) = {Ko, K1 € Dy:] (Ko, K1) < J (Ko, K1)} (13)

This level set is compact; see [[19], Appendix A]. For given K, K, € D, the theorem of Bolzano— Weierstrass
ensures the existence of a unique solution to the optimization problem (11) — (12) in the level set L(K,, K;); see
[19].
The CG method was proposed by Hestenes and Stiefel [10] early in 1952 for solving linear systems of algebraic
equations. Fletcher and Reeves [9] in 1964 developed a CG method for solving unconstrained optimization
problems. Moreover, many different CG methods have been proposed in recent years (see, e.g,. [2, 7, 6] and the
references therein). Recently, many literature suggested a hybridization of conjugate gradient methods for solving
unconstrained optimization problems see [11, 12, 16]. The attempt in this paper is to apply HCG methods in
papers [11, 12] for solving (11) — (12) . Moreover, the convergence theorems given in [11, 12] is extended to the
considered algorithm.

2.1 Required derivatives of the objective function
The next Lemma provides a discrete Lyapunov equation required for obtaining the gradient of objective function
(112) ; see [20].
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Lemma 2.1 Let K, and K; € D,. Then P(K,, K;) defined by (12) is differentiable and directional derivatives
AP()AK, and AP(-)AK, of P(K,, K;) are given by the discrete Lyapunov equations: AP(-)AK, = Y (-)AP(-

YKo ()T + ()P ()CTAKT BI Ay + Ay ByAKyCoP(p()T (14)
AP()AK; = (IAP(IAK ()T + ()P (VAo CTAKT BT + ByAK, C AP (()" (15)

where (-) = ¥ (Ko, K, ).
Proof: The directional derivatives of (12) with respect to K,, K, respectively are given

AP(:)AKy = P(-)P(-)CTAKT BT A, + [()AP()AK, * A ByAK,CoP () ()T
= Y(AP()AK Y ()T + Y(IP()CTAKIBI Ay + A, ByAK,CoP( )Y (),

—T —_
AP()AKy = Y(IP()ACTAKT BT + [()AP()AK, + By AK, C AP ()T
—T —_
= YP(APOAK Y ()T + P (IP(A CT AKT Bf + BiAK CLAP(P ()"
The next lemma gives the first—order directional derivative of the objective function J(K,, K;); see [20].

Lemma 2.2 Consider the optimization problem (11) - (12) , where K, and K; € D. The first-order
directional derivatives of the objective function (11) in the directions of AK,, and AK, are given by

Jio(DAK, = 2Tt ((BOT (@7 + A UMW) + RoKoCo) ) P(ICT MK ) (16)

Jk, (DAK, = 2Tr ((BI U(IW() + Ry Ky G Ao )P()Ag CTAKT ) (17)

where P(-) = P(K,, K;) and U(-) = U(K,, K;) solve the discrete Lyapunov equations (12) and (9)
respectively.
Proof: By differentiating the objective function with respect to K, in the direction of AK,,
Jk,(DAK, = Tr(L()AP(-)AK,) + Tr(AL()AK,P(-))
= Tr(L(-)AP()AKy) + 2T1((RoKoCo + BS Q,A)P()CIAKYT).
From the Lyapunov equation (9) and (14) we have
Tr(L()AP(IAKy) = Tr (U(-) (w(-)P(JCJAKJBEZf)) + 77 (UC) (A1 By AKo CP (W)

= 277 (BYA, UOWY()P()CIAKT).
Hence, the directional derivative of the objective function in the direction of AK, is
— — —T

Jky (YAK, = 2Tr ((BOT (04, + A UCWE) + ROKOCO)P(-)CJAKJ).
By differentiating the objective function with respect to K, in the direction of AK; we obtain,

Ji, (AKy = Tr(L(AP()AK,) + Tr(AL(-)AK,P(}))

— —T
= Tr(L()AP()AK,) + 27 ((RyK; €y Ao P()Ag)CTAKT ).
From the discrete Lyapunov equation (9) and (15) we get;
—T —_
Tr(L()AP()AK,) = Tr (U(-> (w(-)P(voclTAKfo)) +Tr (UC)(BLAK, C AP (YW ()T))

= 277 (BTU(W(P() A CTAKT),
we have,
T 1 il T T
Jiy OBKy = 2T { (BIU(W() + Ry K1 Ci Ao )P(VA CTAKT ).

Let us write the directional derivative J (-)AK, as:

Jko(DAKy = Tr(V J()AKT),  AK, € RPX.
This implies that

Vi () = 2(B5 (Q, 4 + A, UIY() + RoKoCo )P(CY). (18)

Also

Jk, ()AKy = Tr (Vg J()AKT),  AK; € RP.
This implies that

Vi J() =2 ((Bf UCY() + Rlxlcﬂo)PoZﬁclT). (19)
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The next Lemma yields the first-order necessary optimality condition for the optimization problem (11) and
(12).

Lemma 2.3 Let K, and K; € D, be a local solution to the optimization problem (11) and (12) Then
B3 (Q,4p + A UMWY + RoKoCo)P(ICT = 0, (20)

—_ —T
(BIUGW() + R K, G4, )P(YALCT =0, (21)
where P and U solve the discrete Lyapunov equation (12) and (9) , respectively.

I11.  Hybrid CG methods for the SOF design problem

In this section two hybrid CG methods are considered to tackle the optimization problem (11) and (12) .
Moreover, these algorithms are extended to tackle the optimization problem originated from the SOF design
problem for periodic discrete—time control systems. Global convergence is established for the proposed algorithm
under a non—monotonic backtracking strategy.
Given G, = [K§o K{o]" € Dy, the nonlinear hybrid CG methods HCG1 and HCG2 generate a sequence of
iterates G, according to the recurrence relation:

Gis1 =G + a,AGL €Dy, k=0,1,2,..., (22)

the search direction AG, = [AK], AK{,]" isadescentdirection for ] at G, that satisfies the following descent

condition:
Tr(VJ(G,)TAG,) <0, k=0,1,2,-, (23)

where V/(G,) = [on_k](Ko,k)T V,(l'k](Kllk)T]T is the gradient of the objective function J. Most of the HCG

methods update the directions AG, by the following relation:
AGyyy = =V](Gyy1) + BiBGy, AGy = —V](Gy), (24)

where 3, is a parameter that differs from one HCG method to the other.
The following Wolfe conditions, see e.g. [25], are used for updating a suitable step—size «,, for the calculated new
iterate (22)

J(Gy + a,AGy) — J(Gy) < yay Tr(V](G,)" AGy), (25)
Tr(VJ(Gy, + a,AG)TAG,) = 7Tr(V](G,)TAG,), (26)
where 0 < y < 7 < 1. Moreover, the strong Wolfe condition replaces (26) by the following condition
ITr (V] (G, + ar AG)TAGY)| < PITr(V](G)TAG)I. 27)

3.1 The descent HCG1 method
Consider the unconstrained optimization problem (11) and (12) . The new search direction AG,.,, is obtained by
using the following recurrence formula method [11]:

AGyyq = =V](Gys1) + ﬁIIcVAGk' AGy = —=V](Gy), (28)
where
191G DIl
o 9GP -maxfo R 17 G 91 610

, (29)

k= max{||VJ(Gp)II2,Tr(AGT Y1)}
and Sy = Gry1 — Gi, Vi = V] (Gryr) — VI(Gr).
Note that & might be chosen as any of the following alternatives: g2* or BER or BYt or BY™H where

py _ IV Gy DI FR _ IV GkrnI?
o Treey! § vs@ol? *
2 IVIGre DIl T
BUYL = 197 Grr =G, T (W Ghr1) " VI (Gk))
‘ oGO
2_ V](Gk+1) i T
ﬁYWH _ V) G+ DIl VGOl Tr(V](Gr+1)TVI(Gy))
i Tr(AGEYy)

Using the weak Wolfe line search rule (25) — (26) the HCG1 method (28) — (29) generates a descent direction to
the objective function J(G). This is proven in the next lemma. The parameter B~ is chosen such that the
sufficient descent condition is satisfied every iteration, where the following conjugancy condition holds:
Tr(YIAGy,,) = 0.

Lemma 3.1 If 4G, isevaluated by (28) and (29) such that AG,,, € Dy, then

Tr(V](Gis1)"AGyyy) <O
holds for each k = 0.
Proof: (See also[11]) For k = 0, it is easy to have that

Tr(V/(G)"AG,) = —IV/(GDII? < 0.

Assume that Tr(V/(G,)TAG,) < 0 holds for k and k > 1. To get

Tr (V] (Gs1)"AGyyq) <0,
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for k we divide the proof into the following four cases. If B = 0, from (28) , one knows that
Tr(V](Gr41)"AGiyr) = —[IV/isa I <O
Therefor, in the analysis below, we always suppose By = 0.
Case(1): If Tr(V](Gr41)TVI(G,)) < 0 and Tr(AGFY,) = lIVJ(G)II?, then from (29) we have
BN _ ||V](Gk+1)||2 __ pDY
k™ rraglyy — Tk
Noting that [|V/ (G, 1)II? > 0, so Tr(AGL'Y,) > 0 holds. Therefore from (29) , we have
Tr(V] (Gi41)"AGry1) = Tr(V](Grs1)" (V) (Gy) + Zﬁl’f AGy))
= =1V Gres ) I? + TEEIL . (V] (G AG)

Tr(AGLYy)
_ VG DI Tr (V) (Gr) TAGY)
- Tr(AGLY) <0. (30)
Case(2): If Tr(V](Gr+1)TVI(Gy)) < 0 and Tr(AGLYy) < IV (G)II?, then from (29) one has
gy = IV GreDI? _ PR
k IV7(GlI2 ko

Therefore, in view of
Tr(AGg V] (Gt 1)) < IV (GOII? + Tr(VI(G)TAG)),
and (29) as well as  (30) we obtain:

T7(%) (Gi1)" BGiar) = Tr (W (Gir)” (V) (Giar) + BYAG)
= =) Ges) 12 + (L T (V) (G )T AG)
< _”V](Gk+1)”2

+ WG (116G + Tr(V) (G)TAGY))
IV (Gl k k k

= _”‘|7|\/7§f("2+)1ﬁi'2 - Tr(V](G)TAGy) < 0. (31)
k
Case(3): If Tr(V](Gr+1)TVI(Gy)) > 0 and Tr(AGLYy) = IVJ(G)II?, then from (29) one has

G
Tr(VJ<Gk+1)TVJ(Gk+1))—”ﬁ’v(,(ak;”)”w(vncm1)T\71(Gk>>

k= Tr(AGLYy)
Noticingthat B # 0 and Tr (V] (Gx41)"VJ(G,)) > 0, we have 0 < cos8, < 1, where 8, is the angle between
V] (Gy4+1) and VJ(Gy). Thus from (28) — (29) one has

TT(V](Gk+1)TAGk+1) = TT(V](GkH)T(_V](GkH) + .BI{CVAGR)) = _”V](Gk+1)”2

T I \20C 0]
Tr(V](Gr+1)" (VJ(Gi+1) WGl V](GK)))

Tr(AGLY)
= _”V](Gk+1)"2
n 9] G e DIPTT (V] (G4 1) TAGK) = IV] (Gia DIPTT (V) (Gis1)AG )OS O
Tr(AGLYE)
VG DIPTr (V] (61)T AGR) —11V) (G4 1) 1P cOSOL T (V] (Gt 1) TAGK)
- Tr(AGEYy)
V) (Gra DIPTT (V) (61T AGK) = 1V) (it DI c0sO, Tr (V] (1) TAG)

Tr(AGLY))
_ 19(Gra )P —cos8y) .
a Tr(aGTY) Tr(V](Gx)"AGy) < 0. 32)

Case(4): If Tr(V](Gr+1)TVI(Gy)) > 0 and Tr(AGTY;) < IV (G)II?, then from (29) it holds that

V(G
T G )"0 G - ek (@ G T G0

ke ™ v/ Gill2
Similar to the analysis of the third case we have
Tr(V] (Gr41)"AGyy1) = Tr (V] (Giy1)™ (=Y (Gys1) + B AGY))

vJj(G
Tr(7) Gies )T (V) G 1)~ ”é(,(’g;;”)”wmk»)

VI (GRIIZ

= gy

- Tr(V] (Grs+1)"AGy)

<

= B,

= _”V](Gk+1)”2 +
X Tr(V](Gk+1)TAGk) )

v - 0
= IV Gy )II? + TG Qocosd . gy YTAG)

vy (Gp)lI?
< =lIVI(GisDII?
+ IV) (Gr+ DI (1—cosby)
VI (G2

= —|IVJ (Gi+1) > cosby +

(V]GO + Tr(V](G)TAG,))

IV) (G4 )II?(1—cosB)) ,
weor  [T(V(G)TAGY)
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V) (Gt DI (1-cos6) T
< T Tr(VJ(G)TAG) < 0. (33)

Therefore, for all k = 0, Tr(VJ(Gr1)TAG,1) < 0 always holds.
From the proof of Lemma 3.1 we can easily obtain the following important property about the formula (29)

Lemma 3.2 Forany k > 0, the relation
Tr (V) (Gr1) BG4
0<p < Tr (V] (G)T AGy)
always holds.
Proof: (See also [11]) From equation (29) , we have g > 0. If g =0 and
VJ(Gys1) # 0 by Lemma 3.1 we have
TT(V)(Giy 1) TAGR11) — pN
Tr (U (GTAGY) 0= B
Assume that B > 0, we now prove
BN < T7 (V) (Gr+1)TAGk41)
k= Tr(vIGTAGK
by considering the following four cases:
Case(1): If Tr(V](Gr+1)TVI(Gy)) < 0 and Tr(AGYY,) = lIVJ(G)II?, then
By = BPY. Furthermore, from Lemma 3.1 and the formula (30) we have
By = 19)GreDI? _ TT (V) (Gres 1) TAG 1)

Tr(AGEYy) Tr(V](Gr)TAGY)
Case(2): If Tr(V](Gr+1)TAG,) < 0 and Tr(AGEY,) < IVI(GOII?, then B = BER. Furthermore, form
Lemma 3.1 and formula (31), we have
gy = WGl T7(V) (Grep 1) AGres1)
kT viGR? Tr (V] (G)T AGK)
Case(3): If Tr(V](Gr+1)TVI(Gy)) > 0 and Tr(AGFY,) = [IVJ(G)II?, then BY reduces to gY"*H.
Furthermore, by Lemma 3.1 and formula (32) one has

y T @ Grern) "V Grep )~ LD (95 6T (610

IviGpl
k= Tr(AGE Yy
_ IVJGRIPA—cosbk) _ Tr(Vi(Gr+1)AGk+1)
- Tr(AGLYE) Tr(V](Gr)AGk)

Case(4): If Tr(V](Gr+1)TVI(Gy)) > 0 and Tr(AGTY,) < lIVJ(G)II?, then BY = B¥YL. Furthermore, by
Lemma 3.1 and formula (33) it follow that

y T @ Grern) "V Gep )~ LD (95 6T (610

@l
k= 19) (G2
_ VIR =cos8) _ Tr(V](Grs1)AGk+1)
- V7 (GlI2 Tr(VJ(Gk)AGy)

Therefore Lemma 3.2 holds.

3.2 The descent HCG2 method

In this section we consider the second alternative of hybrid CG methods HCG2 (see also [12]). It combines the
Fletcher—Reeves and Polak—Ribiére—Polyak CG methods.

The new search direction AG,., is generated by (24), where the updating parameter g, is given by

BERTFR = (1= 8)BERP* + 6, B", (34)
BPRP = {w 0}, ppr = MWkl
k Ivi@Golz  * ) Pk RICE

The hybridization parameter 8, is computed by

0, if Tr(VJ(Ges1)'VI(G) #0 and 6, €[0,1],
6, =10, if 6:<0, or Tr(V/(Ge 1)"VJ(Gy)) =0, (35)
1, if 6;>1.
where
Tr(V](Gk+1)TAGk) TT(AGkTYk)
T Tr(V(Ger)TVI(GL))  NIAG I

Lemma 3.3 If 4G, isevaluated by (24) and (34) such that 4Gy, € Dy, then
Tr(V] (Gry1)"AGyys) <O
holds for each k > 0.
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Proof: For k = 0, itis easy to have that
Tr(V](G)"AG,) = —IVJ(GDII* < 0.
Assume that Tr(V/(G,)TAG,) < 0 holds for k and k = 1. To get
Tr (V] (Grs1)"AGyyr) <0,
for k we divide the proof into the following two cases. If gFR~F® = 0, from (24) , one knows that
Tr(V](Gr41)"AGyyq) = —lIV/ialI? <O
Therefor, in the analysis below, we always suppose BrR~FR + 0.
Case(1): If Tr(V/(Gy41)"Y,) < 0 and 6; > 1 then 8, = 1, from (34) has one
PR-FR _ VI(GrsDI? _ HrR
k V) (Gil2 ke
Therefore, in view of
Tr(AGk V] (Git1)) < IVI(GOII? + Tr(V](G)TAG)),
and (24) as well as (34) we obtain:
Tr(V](Grr1)"AGyyr) = Tr(VZ](Gk+1)T(_V](Gk+1) + B RAG))
_ 2 ||V](Gk+1)|| . T
= =|IV/(GrsDII +—”V](Gk)”2 Tr(V](Gys1)"AGy)
< =VJ (GrsD)II?

+ 197 (Gra DI (”V](Gk)HZ + Tr(V](Gk)TAGk))

IIV](Gk)IIZ2
= % - Tr(VJ(G)TAG,) < 0. (36)
k
Case(2): If Tr(VJ(Gy41)"Yy) > 0 and Tr(V](Gr+1)TV](G,)) =0 or 6; < 0 then 6, = 0, from (34) has one
PR-FR _ Tr(VJ(Gis ) Y) — PR
k IR ke

from (24) aswell as (34) we obtain:
Tr(V] (Gies1)"AGis1) = TT (V] (Gisd)" (=Y (Grsr) + B X RAG)
= IV Gy 12 + TLCOTO 19y (G, YT AG)
V@Gl
< =lV] (G DII?

T
+ T a2 (1) (G2 + Tr( (G)TAGK))
< _”V](Gk+T1)”2 +Tr (V] (Grs ) V)
Tr(VJ(G+1) Yi) T
tcor TTV(G) AG)
= =Tr(V](Gr+1)" Y (Gi))

TV Gre) Vi) r
V(G2 Tr(VJ(G,)TAG)

T
W - Tr(VJ(G)TAG,) < 0. (37)
k
Therefor, for all k > 0, Tr(V](Gy41)TAGy,1) < 0 always holds.

From the proof of Lemma 3.3 we can easily obtain the following important property about the formula  (34)

N+

Lemma 3.4 Forany k = 0, the relation
- T (V) (k1) T AGks1)
0= fc" " < Tr(V](Gi)TAGK)
always holds.
Proof: From equation (34) , we have BER=FR > 0. If BPR-FR = 0 and VJ(Gy,,) # 0 by Lemma 3.3 we have
T7(V)(Grr1) AGk+1) 0 = pPR-FR
Tr (V) (Gi)TAGK) ke
Assume that BFR=FR > 0, we now prove
ﬁPR_FR < Tr(V)(Grs1)TAGr41)
k = TrGTAGK)
by considering the following two cases:
Case(1): If Tr(VJ(Gys1)"Y) <0 and 6; > 1 then 8, = 1, BER-FR = BIR,
Furthermore, from Lemma 3.3 and the formula (36) we have
PR—FR _ IVJ(GraDI? _ Tr(VJ(G+1)TAGk+1)
k CHIE Tr (V) (G0 TAGK)
Case(2): If Tr(V](Gys1)"Y) > 0 and Tr(VJ(Gs1)"V/(G)) = 0 or 6; < 0 then §, = 0 and BER-FR =
PR Furthermore, form Lemma 3.3 and formula (37) we have
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PR-FR _ Tr(V(Grs1) YR) _ Tr(V)(Gre1)T AGki1)
k V(G2 Tr (V) (Gr)T AGy)

Therefore Lemma 3.4 holds.
The overall algorithm for solving the minimization problem (11) — (12) is stated in the following lines, where any
of the considered two updates of £, can be used.

Algorithm 3.1 (Nonlinear HCG methods for solving Problems (11) — (12) )

1. Initialization: Let G, = [Ka o KTo]" Where Ky, K, o € Dy be given and let e*°! € (0,1) be the given
tolerance. Choose 0 <y <7 <1 and calculate P(K,,K; ) and U (Ko, K; o) solution of Lyapunov equations
(12) and (9) , respectively. Calculate ||[V](Gy)ll; Set AGy: = —V](G,) and k « 0.

2. While [IV/(G)Il = e*°, do

(a) Calculate the first element «;, of a decreasing sequence, e.g.,{l/Zf}j20 that satisfies the weak

Wolf conditions (25) — (26) and the stability condition (22) , i.e., Gy + aAGy € Dy.

(b) Set Gyyq: = Gy + a AG,

(c) Given Gyyy = [K{ 41 Kiry1]" solve the discrete Lyapunov equations (12) and (9) for

P(Kor+1, Ky g+1) and U (Ko 41, K1 r+1), respectively. Then calculate VJ(Gy.1); Set Y1 = V] (Gr41) — V/(Gy)
and Sy:= G,,, — Gy; Calculate B, by one of the formulas (29) or (34)

(d) Calculate:

= =V](Gi+1) + BAGy
and choose the new direction as:

AG... = {AG, Tr(V](Gis1)"AG) < =102 [IAGINV] (Gies DI (39)
K1 =V (Grs), otherwise.
(e) Set k « k+ 1 and goto (a).
3. End (do)

IV.  Convergence analysis
The convergence analysis of Algorithm 3.1 is established in this section. Next, assume that VJ(G,) # 0 for all
k; otherwise a stationary point is found.

Assumption 4.1 The following assumptions hold:
1. The objective function J is bounded from below.
2. The level set (13) is bounded.
3. Insome neighborhood I of L, J is continuously differentiable, and its gradient is Lipschitz continuous,
namely, there exists a constant (L > 0) such that
IVI(G) = V]GO < LIG, = G,Il 'V G,,G, €N (39)
4. Atany iteration k there always exists an a;, > 0 such that G, + a,AG, € D,.
The following Lemmas are used for proving the main global convergence theorem, see [5] for the proofs.

Lemma 4.1 Consider the optimization problem (11) — (12), let {G,} = D, be generated by Algorithm 3.1
and assume that Assumption 4.1 holds. then the Wolfe conditions (25) — (26) is feasible.

Lemma 4.2 Let AG, isgiven by (28) —(29) . Then we have
Tr(VJ(G)"AG,) < =2V GO,
holds for any k = 0, i.e, AG,, is descent direction for J(G).
Lemma 4.3 Let G € D, be generated by Algorithm 3.1 and assume that AG,, is a descent direction.
Furthermore, let Assumption 4.1 holds. Then

o  TrIGRNHAGK)?
Zk 1 IIAGkIIZ < +00_

Proof: (See also [5]) From (25) , (26) , Lemma 4.2 and Assumption 4.1 we obtain
27 + Dy llAG1I? = =TT (V] (G AGy)).
Then we have

Tr(V](Gr)TAGE)
@ llaGll = 2 (- HEE)
Squaring both sides of the above formula we obtain
2 2 Tr(V] (G "AGK)
aillAGII* = ( 27+ z) ( 18G ] )

From (25) we have
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O (Tr(VI(G)TAG))? X
A CARPICIE

k=1

(27 + L)
1

X D V(6 = Gn)] < +o0.
k=1

4.1 Convergence result for the method HCG1
The following theorem presents the global convergence result of Algorithm 3.1, see [11, Theorem 6].

Theorem 4.1 Let Assumption 4.1 holdsand G, € D, be generated by Algorithm 3.1 . Then
Jim inf Il V/(Gy) lI= 0. (40)
Proof: Suppose by contradiction that the stated conclusion is not true. Then in view of [[V](G,)I| > 0 there exists
a constant y > 0 such that ||V/(G)II? = 0.
From (28) it follows that AG,., + VJ(G,) = By AG,. This together with Lemma 3.2 implies
1AGk 1117 = BEDIAGII? = 2T7 (V] (Gry )" AGrr1) — V] (Kiey DII?
< (TT(V](Gk+1)TAGk+1))2 "Alelz

Tr(Vj(Gr)TAGy)
=2Tr(V](Gy41) " AGryr) — IV (Gry ) I (41)
Dividing the both sides of (41) by (T7(V](Gy11)TAG,.1))? we obtain
1AGk44 112 IAGII?
(Tr(V) (Gres)T8Gk1)” ~ (Tr(V1G0TAGK))”
_ 2 _ V) (Grer DI
Tr(V)(Grs1)TAGR+1)  (Tr(VI(Gra)TAGKs1))”
__ laG?
(Tr (V16T AGK))°
_( 1 IV (Gres )l )2
||V](fk+1)|| Tr(V] (Gi+1)TAGk41)
IIV](G1|<|+1)|I)2||2
AGy 1
T @rWIGRTAGK)? T VI G DI (42)
Combining with
lAGy |I? _ 1
IrIGDTAG))? — V(G
by the recurrence relation (42) and ||V/(G,+)II? =¥ we have
1AG k411 IAGII? 1
(Tr (V) G DT BG11) — (Tr(VIGTAGY)” IV G )12
1AG_1I? 1 1
T @V Gr-0)TAGK-1)? VG2 T IVI(GraDII?
<Yk <X 43)

=1 vyeplz =y
Thus,
(Tr (V] (Gr41) Ak +1))* 4
1AGk+4 112 e

This further shows that

[0¢]

)

yoo (V) Gie) Gy
k=1 1AG+1112
which contradicts Lemma 4.3. Therefore, the desired result holds.

4.2 Convergence result for the method HCG2
The convergence result for the HCG2 method under Wolfe condition (25) and the follow weakened version of
(26) is given
Tr(V](Gy + @ AG)TAG,) = 7Tr(V](G )" AGY), (44)
where 0 <y < 7.
We need the following theorem which is established by Zoutendijk [30] under Wolfe conditions.

Theorem 4.2 Assume that G € D,; the Assumption 4.1 holdsand 4G, k = 0 is a descent direction where
the step length «;, satisfies Wolfe conditions (25) — (44) . Then

Y=o €0s? P llV](GII* < oo, (45)
where
cosy, = _Tr(V](Gk)TAGk)
T IVIGOIIAGT
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Theorem 4.3 Suppose that Assumption 4.1 holds, the step 4G, k = 0 is evaluated by (28) and (34) with the
following three properties
1. iR >0, v k=>0.
2. The line search satisfies {G; },=o € £ and the sufficient descent condition
Tr(VJ(G)TAG,) < cllVI(GOII?, YV k=0, ¢>0
and the Zoutendijk condition (45)
3. Suppose that the following inequality holds

0<7=<IVIGII<y, Vk=0. (46)
if there exist constants b; > 1 and b, > 0 such that Vv k,
BRI < by (47)
and
ISill < b, = 1BEF | < - (48)
Then
Jim  infl|V/ (GOl = 0. (49)

Theorem 4.4 Suppose that Assumption 4.1 holds and the sequence {G,} be generated by Algorithm 3.1
and there exist a positive constant M such that
O < MIIS,l. (50)

Then (49) holds.
Proof: By the Wolfe condition (25) the sequence {Gy }iso 1S Subset of the level set £ also from Theorem 4.2
, the Zoutendijk condition holds. Therefore, considering Theorem 4.3 , to complete the proof it is enough to
show that the formula (46) holds. Since 8, € [0,1], from (46) we have

|'8,I€3R—FR| S BIICDRP+ + .BlfR

[Tr (V] Gre DTVl | VI (G2
V) (G2 Vi (Gl
< IV (Gre DNl " V) (G DII?
IIV](Gk)ZII2 ) vy (G2

yx2y Y Y

< 7 Ty 3?—2 (51)
from (39)and (50)
|B}I:R_FRI S BII;RP+ + 9}¥‘815'R

[Tr (V) Gre DY | 9] (G DI
AN E + MIISl V)@l

V] (Gr+ DI = IV (Grs+ D
< == A Sl % o YA,
AN E HZHS"” I E

Ly ISkl o
<204 TSl

Ly+My?
< ISl (52)

Therefore, from (51) and (52) if we let
3 __ 7
b, = 2’ and b, = 2by (Ly+My2)

then (47)and (48) hold, Thus the formula (46) holds.

5 Numerical results of the SOF problem
In this section an implementation of the two algorithms HCG1 and HCG2 are described. Two MATLAB codes
were written corresponding to this implementation. The two methods are compared numerically with the classical
PRP conjugate gradient method (see e.g. [25]).
We compared performance of the HCG1, HCG2 and PRP methods with respect to number of iterations, CPU time
and number of wins. In table 1 the first to the fourth columns are, respectively, the iteration counter k, the
objective function J(K,, K;,K>), the convergence criterion ||V/(K,, K;, K,)|l and the spectral radius
p(A(K,, K, K,)) asindicator of fulfilling the stability condition. For every iteration of the HCG1, HCG2 and PRP
methods two discrete Lyapunov equations are solved using the MATLAB function dlyap(:,-). The following
values have been assigned to the parameters of Algorithm 3.1

y=10"%9 = 0.1,e% =107%,

Instead of using the Wolfe conditions (25) — (26) we have also tried the simple sufficient decrease condition (25)
with y = 107*, where the initial step size is chosen as a, = 1 in the backtracking rule. The methods have given
satisfactory results using this alternative.
The following examples quite show the performance of the HCG methods for finding a local solution to the
problem (8) — (12) . A starting feasible point for the method might be obtained by executing the PSO method, see
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[24]. In the following four examples are given for testing the proposed method on periodic systems, where in the
first two examples the period is taken as d = 2 and in the second two d = 3.

Example 5.1 This test problem is borrowed from [15]. The discrete—time counterpart has the following data
matrices with period d = 2:

[ 0.9765 —0.0265 0 0.9628 —0.0316 0
A —|04151 09314 0 | 4 _|-02740 0.9084 0
°©71-0.0211 0.0964 1.0000|"“* " |-0.0140 0.0953 1.0000[
[ 0.0125 0.0163
—0.0770 —0.0984

By = Co=Ci =13

—0.0039["* = [-0.0050|"

Qo=Q1=I3' Ry=R =1L, V=1I.
The uncontrolled system is not discrete—time Schur stable, where p(A4,4,) = 1.0980. Starting with the following
initial Ky, K, € Dy the methods HCG1, HCG2 and PRP require 27, 55 and 37 iterations with CPU times
0.35, 0.62 and 0.51, respectively, to reach the stationary point K, ¢, K; g, The starting and final feedback gain

matrices are:

0.6806 —0.5981 0.1704 ~3.3851 152394 2.7762
Koo = | | o= |

—3.0357 1.2399 0.8052 —3.6371 1.5328 1.0008
Ko,fin=[ ] Kl,fin=[ ]

Example 5.2 This test problem is borrowed from [14]. The discrete—time counterpart has the following data
matrices with period d = 2:
0.0050 1 0
0.1002(,CJ =|0|,Cf =1
Q=0,=105L Ry=R =1, V=1

The uncontrolled system is not discrete—time Schur stable, where p(A4,4,) = 1.2214. Starting with the following
initial Ky, K, € Dy the methods HCG1, HCG2 and PRP require 17, 13 and 18 iterations with CPU times
0.29, 0.23 and 0.29, respectively, to reach the stationary point Kj;,,o, Krin1- The starting and final feedback gain

matrices are:
Koo = [—2.3425], Ko = [—0.6390],
2.1348]_

1.0050 0.1002

Ay = A, = (0.1002 1.0050],30 =B, =

)

Kofin = [-3.4398], Kyfin = [—

Example 5.3  This test problem is borrowed from [28] having the following data matrices with period d = 3:

1.0000 0.1000 1.1052 0.2103 1.0000 0
Ay = 0 1.0000(, 4, = 0 1.0000(,4, =]0.1230 1.4918|,
0.3 0.0103 0 0 2 3
B,=|0 |,B, =0.1000],8, = |0.1230|,c, = [1],c, = |4],c, = |1}
QO =Q1 =Q2 =I3, RO =R1 =R2 211, V=I3.

The uncontrolled system is not discrete-time Schur stable, where p(A4,4,4,) = 1.6165. Starting with the
following initial K, o, K; 9, K> 0 € Dy the methods HCG1, PRP require 24 and 23 iterations with CPU times
0.34 and 0.34, respectively, while the method HCG2 failed to converge the stationary point Ky i, Ky fin, Kz fin -
The starting and final feedback gain matrices are:
—0.2297 —1.0370 —0.5996
Koo =[] ko =[] Ko =[77)

KO,fin = [02919], Kl,fin = [_18203]’ KZ,fin — [01258]

Table 1. Performance of the HCG1 method on Example 5.3

k J(Ko, K1, Kp) 11 V] (Ko, Ky, Kp) ] p(ACKy, Ky, K3))
0 3.1581e+002 | 3.7124e+002 9.07e—001
1 1.6734e+002 | 7.6055e+001 5.79e—001
2 1.6543e+002 | 1.3828e+002 8.23e—001
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3 1.6285e+002 8.6228e+001 9.08e—001
23 1.4220e+002 1.3181e—004 7.38e—001
24 1.4220e+002 8.2648e—005 7.38e—001

Table 1: shows the convergence behavior of the method HCGL1 to reach the stationary point of the optimization
problem (8) when d = 3.

Example 5.4 This test problem is borrowed from [8] having the following data matrices with period d = 3:
1.1018 0.0557 0.0503 1.0069 0.0012 0.0204
0.0253 1.0938 0.0028 0.0378 1.0147 0.0616

°~ [0.0676 0.0845 1.0871|'“*~ |0.0827 0.0205 1.0288|

1.0903 0.0433 0.0761 0.0498 0.0990 0.0208 0.0457
0.0037 1.0878 0.0456 0.0655 0.0786 0.0047 0.0959

A, = B. = B, =
2710.0721 0.0544 1.0341|”°° " |0.0863 0.0248|’"* " 10.0769 0.0505]|
0.0228 0.0330 0.4100 0.4200 0.7000
_[0.0214 0.0567| . _|0.9400| . _|0.8500| . _|0.3800
2710.0703 0.0177]”°° " |0.9200|’ "~ |0.5300|’ "% ~ 10.8600]

Q=0=0;=103 Ry=R, =R, =1, V=1I.
The uncontrolled system is not discrete-time Schur stable, where p(4,4,4,) = 1.5167. Starting with the
following initial K o, K; 9, K, o € Dy the methods HCG1, PRP require 52 and 77 iterations with CPU times
0.68 and 0.87, respectively, while the method HCG2 failed to converge the stationary point Ky ¢, Ky fin, Ko fin -

The starting and final feedback gain matrices are:
0.9021 —8.8787

Koo = |2.7905|, Ky, =|-5.9218

—21.2334
, Kpo=| 0.0641 |,

—1.4173

2.1674
Kofin = | 3.6178

. Kign = [—4.2130

—7.3428
. Kygn = [—5.1525].

V.  Conclusion

The main goal of this research work is to study the performance of some efficient numerical optimization
methods for tackling optimal control problem, namely the static output feedback design problem. The related
problem of the static output feedback design for periodic systems is one of the most important problems in modern
control. For this problem two hybrid conjugate gradient methods are proposed to find its local solution of the
corresponding optimization problem. Global convergence is established for the hybrid conjugate gradient method.
It is important to point out that the numerical method for solving the SOF problem requires a starting feasible point
with respect to an eigenvalue constraint. Such a feasible point can be easily obtained by any of the considered
solvers of the eigenvalue assignment problem. All methods considered in the paper are tested on wide range of test
problems from the literature.
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Appendix

Lemma 8.1 Let K, and K; € D,. It holds that

Tr(U (Ko, K)V) = Tr(P(Ko, K1)L(Ko, K1),

where the matrix variable P(K,,K;) = P(-) solves the following discrete Lyapunov equation:

Proof:

_ P() = A(Ko, K)P(DA(Ko, K" +V,
From the trace properties we can show that
Tr(U (Ko, K1)V) = Tr(U(Ko, K))(P() — A(KO'K1)P(‘)A(K0’K1)T))
=Tr(U(Ko, K)P(-)) — Tr(U(Ko, K1 )A(Ky, K1)P()A(K,, K1)T)
=Tr(P()U(Ko K1) — T’”(P(‘)A(Ko»K1)TU(K0'K1)A(K0,K1))
=Tr(P()(U(Ko, K1) — A(Ko, K1 )TU(Ko, K1 )A(Ko, K1)
=Tr(P(-)L(Ky Ky)).

For the Example 5.3 and Example 5.4 we presented the next lemma follows, let d = 3 we obtained the
objective function:

K Kmli(neD J (Ko, K1, K3) = Tr(L(Ko, K1, K3)P (Ko, K1, K>)), (53)
081,082 d
where the matrix
— —T— — —T—-T— — —

L(Ko, K1, K3) = Qo + A, Q1A0 + A1 A Q2A0A1 (54)

and the matrix P(-) = P(K,, K;,K;) is a solution of the discrete Lyapunov equation:
PO =ypOPOYPO" +V, (35)
where
Y() = 44,4

gives the first—order directional derivative of the objective function J(K,, K1, K;).
The next Lemma provides a discrete Lyapunov equation required for obtaining the gradient of objective function

(53) .

Lemma 8.2 Consider the optimization problem (53) - (55) , where K,, K, and K, € D,. Then P(K,, K,,K;)
defined by (55) is differentiable and directional derivatives AP(-)AK,, AP(-)AK; and AP(-)AK, of
P(K,, K;, K,) are given by the discrete Lyapunov equations:

AP()AK, = ()P (YAK()T + Y(-)P(ICTAKT Bl Ay Ay + AyAy ByAKoCoP(p()T, (56)
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AP()AK, = Y(IAP(IAK ()T + () P(VAgCTAKT BI Ay + A,B, AK, C, Ao P(I ()T, (57)

AP()AK, = YOAP(YAK ()T +P(IP()Ao Ay CTAKT B + B,AK,C, A, AP ()T, (58)

where () = (Ko, Ky, K3).

Proof: The directional derivatives of (55) with respect to K,, K; and K, respectively are given
AP()AK, = (IP(ICTAKT BI Ay Ay + [ (DAP(IAK, + A, A, ByAK,CoP()] ()T
= YOAP(IAK ()T + Y(IP(ICTAKT BI Ay Ay + Ay A, ByAKoCoP (WY ()T,

AP(:)AK, = ()P() Ao CTAKT BT A, + [(-)AP()AK, + A, B, AK, C, A P() ()T
= P(O)APAK ()T + ()P (VAo CTAKT BI Ay + A, By AK, Cy A P(p()T,

AP(-)AK, = (-)P(-YAgAy CTAKT BY + [W()AP()AK, + B,AK, C, A, AP() ()"

—T—-T —_—
= 1/)(')AP(')AK21/)(')T + 1/)(')1)(')1‘101‘11 CZTAKZTBZT + BZAK2C2A1A0P(')1/)(‘)T
The next lemma gives the first—order directional derivative of the objective function J(K,, K;, K;).

Lemma 8.3 Let d =3 and K, K;, K, € D,. The gradient of the objective function (53) J(-) is given by
— = —_ — — —T —T—T
Jko (YA = 277 ([RoKoCo + BY (Q, A0 + Q,A0As Ay + Ay A, U)| PCTAKY),
— —T —T— — — —T —T
Ji, ()AK; = 2Tr (|[Ry K, C, oA P + B (A,Q,404, P + A, UypPA, )| CTAKT),
—_ — =TT —T—T
Jiy (YBK;, = 2T7 (R, K, C,A A PA, Ay + BYUpPA Ay | CIAKYT),

U=vyTUy+L(), (59)
where P and U solve the discrete Lyapunov equations (55) and (59) , respectively.
Proof: By differentiating the objective function with respect to K, in the direction of AK,,
Jio(DAKy = Tr(L(AP()AKy) + Tr(AL()AK,P(+))

—_— — — — —T
= Tr(L()AP()AKy) + 2Tr (RoKoCo + BSQ, A + BYQ, Ao A, Ay ) PCY AK].
From the Lyapunov equation (55) and (56) we have
—T—T — =
Tr(L()AP(-)AKy) = Tr (UGPPCI AKS By Ay Az) ) + Tr (U () (A A; By MKy CoP( ()T )
= 277 (BJ A, A, UYPCI AKY ).
Hence, the directional derivative of the objective function in the direction of AK, is
—_— —_ — — T —T—T
Jx, ()AK, = 2TT ((ROKOCO + B (0,4, + 0,404 4, + A, A, Uw)) PCTAKT )
By differentiating the objective function with respect to K, in the direction of AKj,
Ji, AKy = Tr(L(-)AP(-)AK,) + Tr(AL(-)AK, P(+))
= Tr(L()AP()AK,) + 2Tr ((lelclzozg + B0, 404, ) PClTAKlT).
From the Lyapunov equation (55) and (56) we have
—T —T — —
Tr(L()AP()AK,) = Tr (Up()P(YVAy CTAKT BI A, ) + Tr(UA, B AK, CAP(Yp(-)")
= 217 (BI A, UpPA,CTAKT ).
Hence, the directional derivative of the objective function in the direction of AK; is
— —T (e — —T —T
Jk, )AK, = 2Tr ((RlchleAOP + B (A0Q2A0A1P +4, U¢PA0)> CTAKT )
By differentiating the objective function with respect to K, in the direction of AK,,
Jie, ()AK, = Tr(L(-)AP(-)AK;) + Tr(AL(-)AK,P(-))
— — —T-—-T
= Tr(L()AP()AK,) + 2Tr (R, K, C;AgA; PA; Ao C AKY ).
From the Lyapunov equation (55) and (56) we have
Tr(L()AP()AK,) = Tr (Up()PAoA, CAKY B ) + Tr(UB,AK, C,4, AP ()")
= 2Tr (B, UYPA,A, T AK; ).
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Hence, the directional derivative of the objective function in the direction of AK, is
— — —T-T —T—T
Jiy (YAK, = 2T7 (| Ry K, C,A A, PA, Ay + B UpPA, Ay | CIAKT ).
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