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Abstract: The mathematical modeling of cigarette smoking has an important role in understanding the
transmission dynamics and developing effective prevention methods. In this study, a non-linear mathematical
model is used to examine the extent of smoking from person to person and in a group of large social networks,
as well as the social influence on temporary quit smokers. Firstly, the positivity and boundedness of the model
solution are determined by the complete differential process, followed by the computation of the infection-free
and endemic equilibrium of the system. The basic reproductive number is calculated by the next-generation
matrix method. The local and global stability of the system is also presented. For local asymptotical stability,

linearization and Ruth-Hurwitz criterion are used, which show that when R, < 1, the system is locally
asymptotically stable, otherwise unstable. Furthermore, for global asymptotical stability, the geometrical
approach is used. We evaluate the sensitivity analysis to figure out the rule of most sensitive parameters in the
transmission of smoking. Finally, numerical simulation is performed to show the feasibility of our analytical
work. The results show that when R, = 2.25 > 1, a significant increase is observed in the population of light
and chain smokers.
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I.  Introduction

Cigarette smoking is the single most serious preventable health risk of the modern era, as well as a
primary cause of premature mortality worldwide that kills more than five million people each year, with the
figure expected to rise [1]. Smoking causes several diseases including stroke, diabetes, premature, chronic
obstructive pulmonary diseases, chronic obstructive lung diseases and asthma. Tobacco use also increases the
risk of death from cancers of the mouth, lung, stomach, kidney, pancreas, cervix, and liver. In Australia,
approximately 14,900 people died from smoking-related diseases in the financial year 2004-2005. Heart disease
kills around 4,000 people each year, which is the main cause of heart attack. Lung cancer is related to around
6,057 deaths, COPD is related to 3,870 deaths, and stroke is related to 580 deaths. In 2001, roughly 22 percent
of adults in Australia were shown to be smokers. Males are about 24.3% more likely to smoke than females
(19.9 %). Around one-third of 17-year-old students smoked, and the 20-29 year old age group had the highest
smoking rates [2].

Smoking behavior spreads through both close and distant social links, as groups of related people begin
to smoke together, and smokers become progressively socially isolated [3,4]. Young individuals begin smoking
for the sake of having pleasure. Some people smoke in order to regulate or lose weight, as smoking suppresses
hunger along with the senses of taste and smell. The majority of individuals smoke to unwind and relieve the
stress and anxiety of daily life. However, they are not aware of the several health problems prior to adopting the
habit of smoking. Therefore, different health care programs and strategies have been implemented in several
countries to spread awareness regarding smoking and its adverse effects [5].

Many epidemic models have been presented to study the dynamics of smoking. In 2000, Castillo-
Garsow presented the first simple mathematical model to quit smoking [6]. In their model, the total population
was divided into three classes of smokers, namely potential smokers (P), smokers (S), and quitters (Q). Sharomi
and Gummel proposed a mathematical model by introducing mild and chain classes [7]. Later, Zaman extended
the work of Castillo-Garsow and derived a mathematical model, taking into account the occasional smokers, and
studied its qualitative behavior [8]. In this paper, we use a mathematical model to investigate two types of
smoking transmission in a community. It is important to verify that all solutions of the model with nonnegative
initial conditions remain nonnegative for all time; therefore, the model's positivity and boundedness are
discussed. Then, the system’s different equilibrium points are examined and the threshold parameter R, is
evaluated by the Driessche and Watmough method. We use Ruth-Hurwitz criteria for the local stability of the
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model. The global stability is also investigated by the geometrical approach. We discuss sensitivity analysis to
observe how essential each epidemic parameter is in smoking transmission. Finally, for easy understanding, all
theoretical results are evaluated using numerical simulation.

I1. Model Formulation and Analysis
The total population of smokers is divided into five classes of smokers, namely non-smokers P, light
smokers S, chain smokers S, temporary quit smokers Q,, and permanent quitter Q, The non-smokers begin

smoking when they are in contact with a smoker or are influenced by a large group of social smokers in a
community (at rate f;and B,). The number of light smokers S; do not smoke a pack every day, but sooner or
later, they become chain smokers (at rate ). The chain smoker is highly addicted and smokes about three
packs a day. This smoker is physically addicted to nicotine and convinces himself that he must smoke. The
chain smokers reach for a cigarette immediately upon awakening and often smoke in the middle of the night.
Moreover, they either quit smoking temporarily or permanently quit smoking (at rate ¢ and &). The temporary
quitting smokers may become light smokers again (at rate §), while others permanently quit smoking
(at rate ¢). The schematic diagram of the proposed model is given below in Figure no 1.

.LLQ'p
upP (u+u) S T(wruc)b} HES.
bN | (B.+82)Ps, | asis. s,
u
d(1—8)Sc
Q¢
HQ:
5Q;
Figure 1. Schematic diagram of the model (1).
We construct the following mathematical model:
dap
E=bN_(ﬁl+ﬂZ)PSl — UP,
ds,
—o = (B + BPS, +8Q, — a8, = (u+ 1Sy,
ds,
E = a8 5. — ¢S — (u+ :uC)SC’ (€]
dQ,
dat =¢(1—8)S. —6Q; — 1Qy,
aq,
W = ¢ESC - /"Qp-

with initial conditions
P(0) = 0,5, > 0,5.(0) = 0,Q,(0) = 0,Q,(0) = 0.
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The different parameters used in the model are described below in the table.

Parameter Description Unit

h irth rate ime™
t Birth rat t !
L Natural death rate time ™!
I, Disease death rate of light smokers time ™!
e Disease death rate of chain smokers time—1!
51 Transmission rate from person to person 1

B2 Transmission rate in group of social network 1

o Transmission rate from light to chain smokers 1

b Quit smoking rate time ™1
(1-¢) Fraction of smokers who temporarily quit smoking at ¢ time~1
£ Permanent quit smoking rate time—1
) ate at which temporary quitters revert back to smoking ime™
B Rate at which t 3 tt t back t k t 1

Table 1. Parameters description and units.

1. Equilibrium analysis:

The smoking free equilibrium of model (1) is given by

E—(b—N 00000) )
0 U » MMMy .
The endemic equilibrium E, of the model (1) is given by
E. = (P",S/,5,Q:,Qp). ®3)
Where
e bN o 5Q; P CRIDLY]
p— B+ B)S’ YUt ue) + aSi — (BB P C (=9’
. _ P =8)S¢ . _ $ESe
Qt - S5 — U 4 Qp - U .

2. Positivity and Boundedness of solution:

Theorem: For all time t = 0, there exists a domain D:
bN
D= {(P,S,,SC, Q:,Q,) ER;,0<(P+S,+S,+Q,+Q,) < 7}.

Proof: Let (P, S,,SC,Qt,Qp) be any solution with a positive initial condition P = 0,5, > 0,5, = 0,Q, = 0,Q,, =
0. with (P,S,S.,0Q,Q,) = (P+S, +S.+0Q,+Q,), since N(t) represents the total population. Now
differentiating with respect to time t, we get

d
MO b - N = Sy + 150 < (b — NG @
Equation (4) can be expressed as:
dN(t) 1 <b .
(m TN =P H (5)

Solving the above inequality yields:

N <b-—wl—e )+ N1(0)e H, (6)
Consequently, taking the limitst — oo, gives N(t) < (b —u). Thus, D is positively invariant, and all the
solutions are bounded in the interval [0, oo].

3. Basic reproductive number:
The basic reproductive number or smoking generation number is found by the next generation matrix method
[9]. Here, let X = (P, S;, S., Q,).
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(B1 + B2)PS; [ bN + upP
Fo|BtBIPS +assS.| p_| SQ+wtw)S |
as;S, ' S + (1 + pe)Se
_ b 0 ¢(1 = $8)Sc +6Q, + 0,
The Jacobean matrix for F and V for infectious free equilibrium point is given by
+ N
[0 (B, + B2)b 0 0]
" |
+ B,)bN
J=o BHBN o)
u
0 0 0 OJ
0 0 0 0
And
m 0 0 0
J = 0 (p+u) = 0
Yo 0 p+p+u) 0 [
0 ¢(1-9) 0 §+u
Where
rl
- 0 0 0
U
1 =
0 — 0
1 _ (u+w) W+p)(@+p+u)
v 1
0 0 S 0
(@+u+u)
¢ -1 §p(§—1) 1
G+wu+mw) G+wu+w)(@+p+u) (u+6)

Therefore, we consider the smoking generation number for our proposed model as follows:

_ (B, + B)BN
O A )G+ WPt utu)

Q)

4. Stability Analysis:

The following theorems are used to discuss the system local and global qualitative analysis at the disease-
free and endemic equilibrium.
Theorem 1. If R, < 1, then model (1) is locally asymptotically stable at disease-free equilibrium point E,,
otherwise unstable.
Proof. To prove the local stability of the model (1) at smoking-free equilibrium, linearizing the proposed model
(1) around the disease-free equilibrium E,, we get the following matrix J,

[H 0 0 0 0 1
| 0 —(u+u) 5 0 0|
Ji=lo0 0 —(p+u+p) 0 0|
lo ¢a-9 0 §5—u 0|
l o 0 b¢ 0o —ul
The characteristic equation of the above matrix J, is given by,
det [J, —AI] = 0.
As all the eigenvalues have negative real parts, thus, the system (1) at disease-free equilibrium
is locally asymptotically stable if R, <1, and unstable if R, > 1.

O

Theorem 2. If R, > 1, then the model (1) is locally asymptotically stable at disease-free equilibrium point E,,
otherwise unstable.

Proof. To prove the local stability of the model (1) at smoking-free equilibrium, linearizing the proposed model
(1) around the disease-free equilibrium E,, we get the following matrix J,,
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[+~ By + B2)S: —(BL + B)P 0 0 0 1
| =(B1 + B2)S, —(u+u) — By + B)P 6 0 0 |
I, =| 0 0 —(p+pu+p) 0 0|
0 p(1-%) 0 —6—p 0
0 0 < 0 —u

Auxiliary equation of matrix J, takes the following form,
A+w@A+6+wWA+¢d+u+updad+a, =0,

Where

a; = —(—p— By + B)S) — (—(u+ w) — (By + B2)P),

a, = (—pu— (B + B)S) (= + ) — (By + B2)P) — (=(By + B)P)(=(By + B2)SD.
By Ruth-Hurwitz criteria [10], the equilibrium state E, is locally asymptotically stable if a,,a, > 0. Hence, for
Ry > 1, the model Q) is locally asymptotically stable.
O

Lemma 1: If X = F(x), [F:D — R™] containing an endemic equilibrium of the form x and there is a
compact absorbing set, then this system is globally asymptotically stable around that equilibrium if there exist
a function D(x) and a Lozinskii measure | such that limt%osupsup%fotl(B)dt < 0. We discuss the function
D, B and  in the next section.

Theorem 3. If R, > 1, then the smoking model (1) is globally asymptotically stable at endemic equilibrium E,.

Proof. Let J be the Jacobean matrix and J?! be the second additive compound matrix contained in first three
equations of model (1).

—p— (B + B2)S; —(By + B)P 0
/= (B, + B2)S, —(u+w) —aSc+ (B + B,)P as; )
0 as, —¢—(u+u)+as
ay1t0a;y; azs —ay3
J? = asz a;,+0as;3 A2 |,

—0az; az1 Az 1033

hy as,

= JI2l = |asS, h, —(By + B)P|.
0 (B +B)S hs

Where,
hy =—pu— B+ B)S — (u+w) —aS. + (By + )P,

hy=—pu—B +B)S—p—(+pu)+as,
hy=—(u+w)—aSc+ By + )P —d — (u+u) +as,.

Let us consider the function F(X) = (P, S,,S.) = diag{si,sﬂ,si}, which implies that F~1(X) = diag{%,%,% .
L 21l 91
Taking the time derivative, we have

p
F'(X) =diag{———,—— —5,= ——5. 8
@) lag{P SZ'P SZ'P 55} ®)

g1 — gio (PSP S P S 2ip-1 — 2| _ gl 21 =1
Now F'F —dlag{P S'F TSP Sl},andF] F~t =] thuswecantake B=F F~ + FJl2IF~,
which can be written as

B, B P
B = (Bi BZ)’ where By =5 — 3t == (By + B2)Si = (+ p) = aSc + (B + B)P, By, = (aSi 0),

B,; = (aS, 0)¢, and

(=B + IS —p— (u+u) +as, —(By + B2)P
B = )

(B1 + B2)S, —(u+uw) —aS.+ By + B)P —d — (u+ pe) + as,

Let (x;,x,,x3) be a vector in R® and its norm ||. || defined by
ll2¢3, x5, 25 |1 = max{llxc, ||, [l ] + [|c3 13-
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Let | be the Lozinskii measure with respect to the above norms as described in [11]. We have [(B) <
sup{gs, g2} = sup{l(By,) HIL(Bi I, L(Bz) HIL(B, I}, where g; = L(B;) +[(By)Il, for i =1,2and i #j,
which implies that

g1 = U(By11) HII(B12), g2 = {L(Byz) HIL(B2 )1}
Where

(Bu) = 5 = L == By + B2)Si = (k + 1) — S, + By + B)P, U(Brg) = a5,
P s > §
[(Bz2) = max(p —;ﬁ—u— ¢-(tp)+aS,—5—c-— (+w) —aSe—¢—(u+p) +as)

PS
= UBp) =5 =5 =& = (tp) +aS(—u —(u+p) - as,, and [[L(B)ll = @ Therefore,g, and g,
becomes,

PoS
91 =5, = B+ BIS = (k) = aSe + (B + BIP + a5,

Pos
gz=5—§l—¢—(u+uc)+a51- C))

Thus, we can write g, < ;— w —2u,, and g, < % — ¢ — 21 — u., which implies that I(B) < {%— 2u —
mingl,—g—uc.  Hence, [/B<PP-2Zu. Now integrating the lozinski measure /Z  with
respect to t in the interval [0, t] and taking lim,_,.,, we get
1 t
limt_,msupsup;f I(B)dt < —2u <0. (10)
0
Finally, we can write,
1 t
y= limt_,msupsup?j I(B)ds < 0. (1
0

Thus, the system containing the first three equations of the model (1) is globally asymptotically stable
around its interior equilibrium (P*, S}, S>). Now considering the last two equations of model (1), we have

dQ,

= = 91— S~ 8Q. —

dQ,

= P85 T 1Oy (12)
Taking limits of model (12), we get

d

= p1 - £)S; - 60, ~ 0y

D _ pes: - uo 13)

dt c :u D

Solving system (13) and using the initial conditions Q.(0), @,(0), for large time t, that is t - o, Q, —»
Ot and Qv—Qp~ which is sufficient to prove that the endemic equilibrium point £ is globally asymptotically
stable.

|

I11. Sensitivity Analysis
The sensitivity analysis of the threshold quantity R, has received attention in a wide range of scientific
disciplines. The sensitivity analysis is a significant part of the disease model investigation, although it may be
time-consuming to compute the complex dynamical systems. We perform sensitivity analysis to determine the
relative influence of epidemic parameters in smoking transmission in a community. To conduct this analysis, all
epidemic parameters are observed to see how they affect the basic reproductive number. The normalized
forward sensitivity index S, of R, are calculated as follows:

“  dw R,

Important indices are given thus:

_ DN (u+ ) (6 + ) (@ + p + pe)} y P+ )+ W@ +utul} 1 -0
P 2+ )6 + (@ + p+ u)P R, B,bN "~
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Sp. = >0,
B2 B,bN

3 PuP(u+ p)(S + 1) <
wru+u)@+w(d+u+up)

5¢ =
___ SpruAm) (Pt pt )
ST R+t utu)

_ u
7T (TR TR T TR S

I R CR g IR R,
e wru+p)S+ (@ +pu+p)

2+ pu)S +
_ pet® (u+ )6 + 1) <o

She = T 2t )G + 1@ AT )

0
1 .
05
05
p 0 o
1 8,

(@) Ry vsp; and ;. (b) Ry vs By, and ¢.
Figure 2. The plots show the sensitivity analysis of R, in terms of the sensitive parameters §;, i; and ¢.

f) 0 0 ¢
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(@) Ryvsuand?d. (b) Ry vsp; + B, and ¢.
Figure 3. The plots show the sensitivity analysis of R in terms of the sensitive parameters p, 6, 5, + 5, and ¢.

(@) Rovs¢andé. (b) Ry vs B, and y,.
Figure 4. The plots show the sensitivity analysis of R in terms of the sensitive parameters, ¢, 8, 8, and y;.

The simulation of the critical parameters versus R, is observed in Figures 2-4. The smoking generation
number depends on the transmission rates 8, and S3,, quitting rates ¢ and &, reversion rate &, and death rates
U, Wy, e @s shown in figures 2-5. Figure 2 shows the sensitivity of R, against 8;, ¢, and ; . From figure 2(a), it
can be seen that when the value of 3, increases, R, also increases, whereas the natural death has no impact on
the variation of R,. Figure 2(b) shows the impact of quit rate and transmission rate on R,. It shows that when the
quit rate increases the R, decreases. while the increase in the transmission rate the value R, increases from 1 to
3, as shown in figure 2.

Figure 3 shows the sensitivity of R, against &, ; + B,,and ¢ . It is evident from the figure that the
transmission rate and influence of smokers on temporary quitters may increase the value of R, whereas the
natural death rate and quitting rate have no impact on R,. Figure 4 shows the sensitivity of R, versus

B.,and p; . Itis clear from the figure that when the transmission rate 8, and reversion rate § increases, then
R, also increases, whereas the value of ¢ and y; has no impact on R,. It is obvious from the results of the
sensitivity analysis that the transmission rate S; (person to person), 8, (transmission in a large group of social
networks) and revert rate § have a very high impact on the smoking generation number R, i.e., the value of R,
increases from 1 and reaches 3. Similarly, the quit rate ¢ and death rates u,p;, p#. have no impact on the
behavior of R,,.

IV. Results and Discussion
In this section, we numerically solved the proposed epidemic model by applying the Runge-Kutta
technique of order 4th [9]. To better understand the dynamic behavior of the epidemic model, we employed
numerical simulation to confirm our analytical conclusions. Therefore, we assumed some parameter values,
some of which were derived from the data published given in Table 2. The numerical values of the parameter
are taken to be more biologically feasible. We consider the crude birth rate of the population in Australia as
b = 12.1 (over 1000 population) =0.0121, and the natural death rate is the average life expectancy of 80

years, therefore, we choose u = % = 0.0125. Table 2 lists all of the parameter values, and Table 3 lists the
initial values for state variables.
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Parameter Description Value Source
b Birth rate 0.0121 estimated
I Natural death rate 0.0125 estimated
w Disease death rate of light smokers 0.00021 [9]
He Disease death rate of chain smokers 0.00037 [9]
b1 Transmission rate from person to person 0.0380 [9]
Ba Transmission rate in a group of social smokers 0.05 [12]
@ Transmission rate from light to chain smokers 0.45 [9]
o Quit smoking rate 0.06 [9]
£ Permanently quit smoking rate 0.023 [13]
] Rate at which temporary quitters revert back to  0.025 [14]
smoking
Table 2. Parameter description and values.
State variables  Description Tnitial values
P(0) Non smokers 2000 — 1500
S51(0) Light smokers 1900 — 1400
Se(0) Chain smokers 1800 — 1300
Q.(0) Temporary quit smokers 1700 — 1200
Q,(0) Permanent quit smokers 1600 — 1100
Table 3. State variables with initial values.
2000 T T T 3500 T T
= =P(0)=2000 - =5 (0)=1900
1800 —==P(0)=1900 | ] - S 0}<1800
...... P(0)=1600 3000 j
o0 === PlOR1700 ] :f:.\\ ...... 8 (0)=1700
= =P(0}=1600 ¢ '\.‘\ —==5 (01600
1 | T AR A\ = 501500 |
¢ 1200 g E/N AN
£ 3 \*‘:\\
£ 1000} £ 2000 W
- 2 R
5 5 N
= 800y ] &'!l% N
1600 BT
600 | S
\ SR
400 1 o .
[ 1000 | R
200y
o . . ‘ ‘ . 50 . ‘ . ‘ ‘
0 5 10 15 20 25 30 0 5 10 18 20 25 30
Time(days) Time(days)

(@) Non-smokers population.
Figure 5. Population dynamics of the non-smokers and light smokers with respect to time.

(b) Light smokers population.
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1800
1800 N - =0 0)=1700
— -5 _(0=1800 1800, N —==0,(0)=1600
1600 —=5 (0)=1700 WNN O e Q,(0)=1500
...... § (0)=1600 g MR NN N Q 01400
1400 {3 o g NSNS Q,(0)=1300
"%L\ _(0)=1500 2 N ..‘\\ - =Q 0T
, 1200 \ 3 — =5 _(0)=1400 £ 1200 N -,‘\‘.\\
| 3 = RN
s 1000 \‘%_} T 1000 5 ‘-ﬁ'\\
@ \'3} g ~ ":T\:\‘
£ 5 N
e (e % 800 AN -.‘;S\\
© %3 NN
600 Neiad £ SRS
ALY 600 R
2y, S~
400 T, T ¥an
‘M 400 = :""!'.-.;;-H
200 S—— —] =T
0 200
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time(days) Time(days)
(b) Chain smokers population. (b) Temporary quit smokers population.

Figure 6. Population dynamics of the Chain and Temporary quit smokers with respect to time.

1600
— - (0}=1600
\'.‘b\ o
1400 Fu | ———0_(0}=1500|
e N ~ e Q_(0)=1400
L n~ .
. Q_(0)=1300
£ 1200 [ SO a_(0y=1200| |
£ NS s
.
g | ™ "-.:\‘. ) -
— 1000 - S e
= ~ TN AN
= -~ TN
& 800 | —~— el T l
oo P "'"-:""'.., S
= ~ Yol
= .
a. 600 = AT~ ]
— e
—— ‘-_:‘--»_ .
. L ]
— e — ]
i L Se
400 —
200 : ; ' ' .
o 5 10 15 20 25 30

Time(days)
Figure 7: Population dynamics of the permanent quit smokers with respect to time.

The numerical simulation presented in Figure 5-7 represents the time dynamics of the model (1) at the
endemic equilibrium point when R, = 2.25 > 1. Figure 5(a), shows that the number of non-smokers decreases
with respect to time. Figure 5(b) demonstrates the progression of light smokers over time. The number of light
smokers increases and tends to fall into its equilibrium position after a few weeks. Figures 6-7 show the
dynamics of chain smokers, temporary quit smokers, and permanent quit smokers, concluding that the number
of these populations will decrease and reach their equilibrium position, which ensures the stability of the
proposed model. The biological interpretation of these results shows that if R, < 1, a stable population will be
observed, and if R, exceeds one, then light and chain smokers exist in the population.

V. Conclusion

In this paper, we proposed an epidemic model with two different types of smoking transmission:
person-to-person transmission and smoking among large groups of people. The system equilibrium points and
positivity and boundedness are discussed. The basic reproduction number R,, as an essential parameter in
transmission dynamics, is critical to prevent major epidemics and disease control. We calculated the basic
reproductive number R, by employing the next-generation matrix method. Furthermore, the stability of the
model is analyzed by utilizing the Ruth-Hurwitz criterion, which showed that when R, < 1, the system is
locally asymptotically stable and unstable otherwise. However, the global asymptotical stability is analyzed by
the geometrical approach. Furthermore, sensitivity analysis is performed based on some important parameters,
and the results indicate that the interaction between nonsmokers and groups of smokers, as opposed to a single
smoker, has a greater impact on R,. Finally, numerical simulations are conducted to support our analytical work.
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