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Abstract

The Series of Sobolev inequality in R3*€, e > 0, asserts that || ij||z >S3c (Z||fj||§(3+e)>, with S, being
1+€

the sharp constant. This paper is concerned, with functions restricted to bounded domains 2 c R3*€. Following
H. Brezis, E. Lieb [13] two kinds of inequalities are established: (i) If f; =0 on 8%, then || l7fj||z >

Sare (Zllfllzasa ) + €@ (Zlf Nl ) and BIVENL = Seue (ZIAIL.) + D@ (ZNfill5e ). Gy 1E£ %0
( 1+€ e W zve?

on 942, then X[|vf]| + c (@) (Z”ff”ieag) = (Z”f,”m> with €2 + ae + 5 = 0. Some further results
2+€ 1+e

and open problems in this area are also presented.
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I Introduction
The usual Series of Sobolev Sobolev inequality in R3*€, € > 0, for the L? norm of the gradient is

IIZ vf; ||2 > Sse (ZHG”@), (1.1)
2 1+e

for all functions f; with ¥ Vf; € L* and with f; vanishing at infinity in the weak sense that means{x||f; (x)| >
a<oo for all a>0 (see [12]). The sharp constant S3+e, is known to be
Sape = (3 +€)(1 — 2)[T((3 +€)/2)/T(3 + €)]?/3+=. (1.2)
The constant S5, ., is achieved in (1.1) if and only if
f;(x) = a[e? + |¢[?]"(1+e)/2 (1.3)
for somea € C, e # 0 and (x + €) € R3*¢[1,2,6,7,9,11].
We consider appropriate modifications of (1.1) when R3*€ is replaced by a bounded domain ) ¢ R3*¢,

There are two main problems (See [13]):
(3+€)
Problem A. If X f; = 0 on 09, then (1.1) still holds (with L't+e norms in Q, of course), since f; can be extended

to be zero outside of Q. In this case (1.1) becomes a strict inequality when Y f; # 0 (in view of (1.3). However,
S34c is still the sharp constant in (1.1) (since X [|VE||_ /[f[|2cs+o is scale invariant). Our goal, in this case, is to

1+€
give a lower bound to the difference of the two sides in (1.1) for f; € H3(€). In Section 1l we shall prove the
following inequalities (1.4) and (1.6):

DS = ssec (QIAE) + c@ (X M6 Eee, ). (14)

34€ 3+€

Where C(Q2) depends on 2 and 3 + €, 1—; and w denotes the weak Li+e norm defined by

D l6llse,, = supla /G [ 3 frcolax,
1+€ A A

With A being a set of finite measure |A|.
The inequality (1.4) was motivated by the weaker inequality in [3],

DI = Sy (D6 Ecso) + Careld (D5 e ), (15)
1+€ 1+e 1+€
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which holds for all % (with Caxe(2) - 0 as 2222 The proof of (L.5) in [3] was very indirect compared to the

1+€ 1
proof of (1.4) given here. Inequality (1.4) is best possible in the sense that (1.5) cannot hold with E; this can be
shown by taking the f; in (1.3), applying a cutoff function to make f; vanish on the boundary, and then
expanding the integrals (as in [3]) near € = 0.
An inequality stronger than (1.4), and involving the gradient norm is

2
> V|| =Ss. (D M6 lEsea) + D@ (D M5 iec,, ) (16)
1+e 2+€

with z—: (The reason that (1.6) is stronger than (1.4) is that the Sobolev inequality has an extension to the weak
3+€
norms, by Young’s inequalities in weak Li+e spaces).

Among the open questions concerning (1.4)-(1.6) are the following:

(a) What are the sharp constants in (1.4)-(1.6)? Are they achieved? Except in one case, they are not
known, even for a ball. If e = 0, Q is a ball of radius R and € = 2 in (1.6), then C,(Q) = w2/(4R?); however,
this constant is not achieved [3].

(b) What can replace the right side of (1.4)-(1.6) when Q is unbounded, e.g., a half-space?

(c) Is there a natural way to bound X||Vf; ||j —Sse (2l ||§(3+e)) from below in terms of the “distance”
1+e€

of f; from the set of optimal functions (1.3)?

Problem B. If X f; # 0 on 09, then (1.1) does not hold in Q (simply take X f; = 1 in Q). Let us assume now
that Q is not only bounded but that dQ (the boundary of Q) has enough smoothness. Then (1.1) might be
expected to hold if suitable boundary integrals are added to the left side. In Section 111 we shall prove that for

> f; = constant = ij (@9Q) on 0Q
2 2
||Z Vf,-”z + E(Q) |z £00)| 2 Squc <2||fj||§(3+€)>. (1.7)
1+€

On the other hand, if f; is not constant on 9Q, then the following two inequalities hold.

IYwsl @Il )2 s Cliliew). s
el +s@ (Yol ) 252 (Do) a9

with €2 + 4e + 5 = 0, which is sharp. (Note the absence of the exponent 2 in (1.9)).
In addition to the obvious analogues of questions (a)-(c) for Problem B, one can also ask whether (1.9)

can be improved to
2 2
Xl s n@ (Yl )25 Sliles) a0
m. 1+€
We do not know.

If Q is a ball of radius R, we shall establish that the sharp constant in (1.7) is
E(Q) = 05, R™*€/(1 + €), where o5, is the surface area of the ball of unit radius in R3*¢. With this E(Q),
(1.7) is a strict inequality. Given this fact, one suspects (in view of the solution to Problem A) that some term

could be added to the right side of (1.5). However, such a term cannot be any LE(Q) norm of fj, as will be
shown.

To conclude this Introduction, let us mention two’ related inequalities. First, if one is willing to replace
S2.c, On the right side of (1.10) by the smaller constant 272/3+¢S, . _ then for a ball one can obtain the inequality

f SiE +1@ (Ol ) = 577 S0 (O llfora). @D
! 1+€

This is proved in Section (1.1). Inequalities related to (1.11) were derived by Cherrier [4] for general manifolds.
Second, one can consider the doubly weighted Hardy-Littlewood-Sobolev inequality [7,10] which in
some sense is the dual of (1.1), namely,

Ufzfj(x)fj(x + O)lel x|~ |x + e|~*dxd(x + €)
< Puaee (I le) w1

' '

with (3+€) =23+e/(A+2a),0<A<3+¢€0<a<3+ e/(3+€). If £; is restricted to have support in a

1+e 1+e
bounded domain £ and if P is (by definition) the sharp constant in R3+€, one should expect to be able to add
some additional term to the left side of (1.12). When e = 2 this is indeed possible, and the additional term is:
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]nlﬂl‘l/“fUZ}S(x)IxI‘“dx}z. (1.13)

This was proved in [5] forn =3,A=2,a = i and (2 being a ball, but the method easily extends (for a

ball) to other 3 + €, A. The result (1.4) further extends to general 2 (with the same constant /5, .) by using the
Riesz rearrangement inequality. On the other hand, when e # 2, it does not seem to be easy to find the
additional term on the left side of (1.12): at least we have not succeeded in doing so. This is an open problem. In
particular, in Section 111 we prove that when € = 9,e = 0,4 = 1,a = 0, one cannot even add ||f]||j to the left

side of (1.12).

Il.  Proof of Inequalities (1.4) and (1.6):
Proof of Inequalities (1.4)(See [13]): By the rearrangement inequality for the L2 norm of the gradient we have

XA @

Ml =l
DN lsse,, = D flsse,,

Here, f;* denotes the symmetric decreasing rearrangement of the function f; extended to be zero outside 2.
Therefore, it suffices to consider the case in which 2 is a ball of radius R (chosen to have the same volume as
the original domain) and f; is symmetric decreasing.
Let g; € (22) and define u; to be the solution of
du;=g; in
/) ]
2.
uy=0 on 002 23)

(see, e.g., [8]); in addition we have

2%’

(2.2)

Let
B £ +u(x) + ||uj||oO in 1,
PO =l /b i
The Sobolev inequality in all of R™ applied to ¢; yields

[ D+l + Il R+ ooz 50 (D lile) @9
N 1+€

Since X f; 2 0 and u; + [[y]| = 0. Here

O34c = 2 (M)3*2/T (3 + €/2)
is the surface area of the unit ball in R3*€. Therefore, we find

[ 205 =2 [ figy+ [ Dlrwl +k DMl = Y Wilso. 26

where k = R'€(1 + €)a3.,. Replacing g; by 2g; and u; by Au; and optimizing with respect to A we obtain

[ 30000 2 50e(Yilissa) + Y ([ 58) /][ 1wl +4hsl’] @

In inequality (2.7) we can obviously maximize the right side with respect to g;. In view of the
definition of the weak norm we shall in fact restrict our attention to g; = 14, namely, the characteristic function

of some set A in £. We shall now establish some simple estimates for all the quantities in (2.7) in which C;.,,
generically denotes constants depending only on 3 + €,

| 2na=] 25 29

[ DIrul’ < cypclare, 29)
il < Careldl?/3+, (2.10)
Indeed we have, by multiplying (2.3) by u; and using Holder’s inequality,

5
[ 207l == [ Dy < Yy lhseo 14 P05
A 1+€

<5207 (vl 1aiws) 211

which implies (2.9). Next we have, by comparison with the solution in R3+¢,

(2.4)
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|| < Capelx]=049 % (1)

< Cilafse @1
= €

3+€

since the function |x|~(*€) belongs to L, *<. Since |4| < |2] = 03, R3*¢/3 + € we obtain

fZ|\7u,-|2 + kZ||uj||i < CypclAl/3+eRI¥E, (2.13)
Hence (1.4) has been proved (for all 2) with a constant
1+€
c) = Cs+e|~Q|_3_+é- (2.14)
Proof of Inequality (1.6)(See [13]): To a certain extent the previous proof can be imitated except for one
important ingredient, namely, the rearrangement technique cannot be used since it is not true that
Iz |7f]||3+e <X|vs se - (However, it is still true that we can replace f; by |f;] without changing any of

Tte
the norms in (1.6), and thus we may and still assume that Y, f; = 0). Consequently we have to use a direct

approach and the constant D(£2) in (1.6) will not depend only on [2]; it will in fact depend on the capacity of £2.
It is an open question whether (1.6) holds with D(2) depending only on [£2]. Our result is that:
D(2) = Cs4¢/cap(). (2.15)
We begin as before with (2.3), but (2.4) is replaced by:

- us + ||u in 0,
5 prutll, noa 16
bl e
Where v; is the solution of
AV]' =0 in .QC,
(2.17)

vi=1 on 09,

With v; — 0 at infinity. By definition,
cap() = JZ|‘7VJ-|2. (2.18)
Inequality (2.7) still holds but with the constant k replaced by k = cap(2). Also we note that (2.7) can be

written as ,
JZWJ"Z > Sape (an,.n%) £y (j vf vy, /U|l7uj|2 k] @19

which holds for any u; € C5°(12). By density, (2.19) still holds for every u; in Hg n L* (the reason is that for
every such u; there is a sequence (uj)j € C&(2) with (uj)j - u; in H} and ”(uj)j ” > [lwll ).
0 0 0 Moo ©

We now choose u; to be the solution of (2.3) with

d d
5o =[5t

This function w; is in L™ as we now verify. We can write
where w; satisfies 4w; = g; in all of R3*¢, namely,

w; = Cayelx] =149 « 9j- (2.21)
Clearly h; is harmonic and h; = —w; on a0 therefore |2 h;|| < |[Zw;|| < |[[Zw;| and hence Xlw| <

2% ||wj]|_. On the other hand, and thus
9 af
=63 (g 029) | (song
L L

Wil < Cape( + ©)lx =@+ 5 1, (2.22)

0,002

and thus

Since |x|~@+e ¢ Lij;e/“e we obtain

||Zu]-||w < ZZ||W,-||® < Cl, |A|/3He (2.23)

Next, let us estimate fZ||7uj|2. Multiplying (2.3) by u; we have

J-Z||7uj|2 =fZ(sgnafj/axi)lA(auj/axi) < [fZ|l7uj|2]1/2 |A|1/2
fZ||7u,|2 <14l. (2.24)

and thus
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Finally, since ). f; = 0 on 012,
fZij Ty = —fojAuj = fZ|afj/axi|1A. (2.25)
Using these estimates (2.19) we find

f QI = 5 (leﬂ-ll@) +Case (Z ( fA |8fj/8xi|)2> /(cap@)laf’++),

Since |A|'=@3/3+e) < |[1-(/3+€) < S71 cap() by Sobolev’s inequality applied to the function ¥, = v; in Q¢
and &, = 1 in £2. This completes the proof of (1.6) with the constants given in (2.15).

I11.  Proofs of (1.7)-(1.9) and Related Matters
Proof of (1.8)(See [13]): Let us define:
¢.={fj in 10, 31)
J w; in ¢, '
Where w; is the harmonic function that vanishes at infinity and agrees with f; on d02. Using ¢; in (1.1) we find:

[ X1l [ Yol s (Qlils) @2

2 2
IR . (33)
This concludes the proof of (1.8).

Proof of (1.7)(See [13]): Now suppose that f; is a constant on 0/2. We shall first investigate the case that 2 is a
ball of radius R centered at zero. In this case w;(x) = f;(82)RG+9=2|x|2-G+€) Above Inequality (3.2), then
yields (1.7) with:

On the other hand, we have

= — 1+e — (3 + 6)|'Q| O3+¢
EWQ) =cap(2) = 05, R'*/14+€ = Tt e {(3 o] (3.4)

Furthermore, (1.7) is a strict inequality with this E(2) because the function ¢; is not of the form (1.3). Also,
E(£2) given by the sharp constant. To see this we apply (1.9) with f; = (ff)s’ given by (1.3) with a = 1 and

x + € = 0 = center of the ball. We have:
2 2
J]R3+ez |V(f])e = Sate (Z || (f])e —2(13::),]R3+€).
On the other hand, as € —» 0

o2 lPOL = [ 2]+ [ 6]

2 2
= j v, ] +cav@ (Z [AXeD) ) +o(). (3.6)
N
Here we have to note that as € - 0 for |x| > R
(£),60 — lxl-+0
in the appropriate topologies. On the other hand,
2(3+¢€)
1+e
= | Yl

2(3+€)
fR3+sZ |(f])5
2 2
549 aue = N[ saze, 0D, (3.7)
1+e ’ 1+€ ’

1+€
-], 210,
>,
This proves that E () in (1.7) is greater than or equal to cap(£2) when 22 is a ball, and thus that (3.4) is sharp.
The same calculation with (f]-)g, as above shows that if 2 is a ball there is no inequality of the type:

| DIval + can@ (10 ) 2 Svve (Ylllissa) + 4 Y M5 G0)

with € > 0, because the additional term Y. ||(f])g|| =0(1) ase - 0.
1

Now we consider a general domain with f;(02) = constant = C. We can assume C = 0 and note that
we can also assume f; > C in £2. (This is so because replacing f; by If Z|fj - C| + C = X f; does not decrease

}2/3+e

2(3+€)
1+€ S C.

Thus

2(3+¢€)
the L™+ norm and leaves [|X V ;|| invariant) Consider the function g; = X f; — C = 0 which vanishes on 9.2
and hence can be extended to be zero on 2¢. Apply to g; the rearrangement inequality for the L? norm of the
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gradient, as was done in Section II. Finally considers f] = g; + C in the ball 2* whose volume is |2]. Since
f;(002%) = C = f;(002) we have

| il + @y Qlnonl) = s, (Y, )

0* 1+€

As we remarked, [[2 V£ ||, = [[Z V7|, Alsosince f; > C, itis easy to check that X||f;|2c+0 = Zl|fj|2c+0-
1+€ 1+€

The conclusion to be drawn from this exercise is that (1.7) holds for general 2 with E(2) given by
(3.4), namely, cap(2*). We also note that (1.7), with this E (£2), is strict, since it is strict for a ball.

Question: Is E(£2) given by (3.4) the sharp constant in general?
Proof of (1.9)(See [13]): Given f; in 2 we consider the harmonic function h; in £ which equals f; on 0.2 We

write

[ 217l 2 Sp0e (Y lhaleo) (3.10)
[ Dval= [ Yot -m)l = [ Yivsl = [ Dlonl @an

(note that fQZ||7h]-|2 = [, Xh(0h; /03 +€) = [, X f;(8h; /83 + €) = [, X(Vf;Vh;)). On the other hand,

by the triangle inequality,
§ [ [l = § £ llze = § 17|20 (3.12)
1+€ 1+€ 1+€

Inserting (3.11) and (3.12) in (3.10) we obtain

Y5, + D Wlsso = 5322 (D 1 e ) (3.13)
1+€ 1+€
> s < 6@ (D il ) (314)
1+€ 2+¢€

with €2 + 4e + 5 = 0, which will complete the proof of (1.9). The proof is a standard duality argument. Indeed,
let 1, be the solution of

With u; = 0 on 912 and thus

On the one hand

Next we claim that

a4Y;=Y in Q,
Y;=0 on 01,
where Y is some arbitrary function in L. We have, by multiplying by h; and integrating by parts,

[, Yt

<ClIYll,. In particular,

(3.15)

However, the Live regularity theory shows that y; € W2twith |||
[

WZ t(.ﬂ) -
< C|lIYl; and, by trace inequalities,

> 5%
03+ ¢

SCZ i|l3+e Yil;, 3.19
[fillzee o 1Y e (3.19)

Wl't(.(l)

< Clivll,, (3.17)

t(2+s)

Therefore, by (3.16) and Holder’s inequality,

J

Since (3.19) holds for all Y we conclude that
120, <€D 1l
when e? + 4e +5 = 0.

Finally, we claim that there is no inequality of the type (1.9) with €2 + 4e + 5 = 0. Indeed, suppose
(1.9) holds with some such % We choose f; = (f]-)g, as in (1.3) with a = 1 and (x + €) € 1. It is obvious

thatase - 0
2P/ 0] =z

S Lo/ o

T =1/2+0(0),
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while

[,
and Z ||(f])€

=X,

Z_J:'a”/” (fl)s

2
2(3+€) ~3+4¢
1+€ R

23+6) — o(1).
1+€

This contradicts (1.9).

Remark. The last exercise with (f]-)g given above shows that it is not possible to apply rearrangement
techniques when f; is not constant on 042, even if Q2 is a ball. It also shows that there is no inequality for all

f; € H* of the type
2
12wl + € D Wil > Sove (Y01 )
1+€
with e > —3.

Proof of (1.11)(See [13]): Let 12 be a ball of radius R centered at zero. For simplicity, assume R = 1. Define
_(f@), Xl <1,
gj(x) = {lxl—(1+e)fj(x|x|—2) lx| > 1,

and apply the usual Sobolev inequality (1.1) to g;. We note (by a change of variables) that

J 2(3+¢€) 2(3+¢€)
g - fzg_ |
n ! ne !
2 2 2
[Dwal=[Dlwaf-a+alsl,, @2
QC

Inserting (3.21) into (1.1) yields (1.11) with I(!Z)Q= (1+¢€)/2.

(3.20)

Remark on the Hardy-L.ittlewood-Sobolev Inequality

Consider the inequality (in R3)
Y < QAL (3.22)

ROE jf D 50 G+ OlelMdxd e+ ) 2 0. (3.23)

The sharp constant P is known to be [7]

with

P = 45/3/[3n1/3]. (3.24)
Let 2 be a ball of radius one centered at zero and assume that ). f; = 0 outside 2. In this case, (3.22) is strict
because the only functions that give equality in (3.22) are of the form [7]
Z(fj)g(x) = ale? +|e[*] 75/, (3.25)
For ¥, f; = 0 outside £2, we ask whether (3.22) can be improved to

cQ M)+ > 1) < QMALE,). (3.26)

Our conclusion is that (3.26) fails for any C > 0.
Take f; = (f;)_ = (f) 1o with (f;), given by (3.25) and with x + ¢ = 0 and with a = a, chosen so that

(D)

= 1. The function (f]-)‘g satisfies the following (Euler) equation on R3,

¥h-00.-r (S0l

> (ﬁ (7),) 0 + K. = ) (% «(),) @, (3.28)
where K, is a constant bounded above by D, = [, Z(f]-)g. Multiply (3.27) by (fj)g and integrate over 2.
Then
O REANN (A REPN O RTA DY)
e (A I LY (o}

6/5,R3

However, for [x] < 1

z/s), (3.29)
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where T, = DS/IZ(F])S. From (3.29), we see that (3.26) fails if C > T, for any £ > 0. However, it is obvious
that T, - 0ase — 0.
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