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1. Introduction

The generalized (r, s, 1) sequence [or generalized Tribonacel sequence or generalized 3-step Fibonacci

sequence
{I‘{'-H[HH'-U__ Wi, ﬁ'g;*r. 3, f:l}n;:u

or shortly {H",,_},._-iuj 1z defined as follows:
W, =rW,_1 +sW, s +1W,_35, Wo=a Wi=bW,=¢ n=3 (1.1)

where Wy, Wy, Wy are arbitrary complex (or real) numbers and r, 5,t are real numhers. This sequence has
been studied by many authors, see for example [1,2,34.5,6,7.9,10,12,13]. The sequence {IW,;}nz0 can be

extended to negative subscripts by defining

5 ro_ 1 .
—;H'—(ﬂ—i_u - ?H'—-_‘ﬂ—z;. + ?H'—{ﬂ—a]

W_, =
forn=1,2,3, .. when t %= 0. Therefore, recurrence (1.1} holds for all integer n.
f==1
MNext, we give the ordinary generating function % W, 2™ of the sequence W .
a=0
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b=
LEsmma 1. Suppese that fi (x) = 5 Wox" is the ordinary generating function of the generalized
n=0

==
(r,s,t) sequence (the generalized Tribonacci sequence) {Wolnzo. Then, 3° W.x™ is given by
n=0

(1.2)

i wogn o Mot (W7 — Wz + (Wy — r Wy — a0y )z’
ez = .
— 1—rx—sx? —ta?

We define three special cases of the generalized (r, 5,t) sequence {W,.}. (r, 5,7 sequence{ G, }nzo, Lucas
(r,s,t) sequence {H, }.=0 and modified (r, s, ) sequence {E, }..=p are defined, respectively, by the third-order

recurrence relations

Gl’!+3 = TGH_! b SG"+1 + tgﬂ._ Gﬂ = D,G'_ = 1: Gg =T, I__].E"
H..; = rHya+sH, 1 +tH, Hy=3H =r Hy=2+r" (1.4)
E"’!+3 = TER_3+SE +1 +tEﬂ_._ Eu =1:_E'_|_ =J"—1:Eg= —r'+,5—r2. I__:I.-E_)"

The sequences {{Gu}tnzo, {Hn}nzo and {Eq}nzo can be extended to negative subscripts by defining

& T 1

Gon = =G (n-1) = 7CG—fn-2) + G —(n-3):
L r 1

H_ . = _EH—fn—T] - ;H—{n—zj + ?H-cr.-st--.
L r 1

E_ . = —EE—.}.—:‘_- - EE—(n—z*, + ?E—{n—:}‘]

for n =1,2.3, ... respectively. Therefore, recurrences (1.3)-(1.3) hold for all integers n.
Some special cases of (r,5,t) sequence {G,(0,1,r;r,5,t) }nzo and Lucas (v, 5,t) sequence {H.(3,r, 25 +
rz;rrs,t}]n;:g are as follows:
(1) Gn(0,1,1;1,1,1) = T, Tribonacci sequence,
(2) H.(3,1,3;1,1,1) = K, Tribonacci-Lucas sequence,
(3) G.(0,1,2;2.1,1) = B, third order Pell sequence,
(4) H.(3,2,6;2,1,1) = Qy, third order Pell-Lucas sequence,

(5) Gn(0,1,0;0,1,1) =T,, adjusted Padovan sequence,

(6) H.(3,0,2;0,1,1) = E,, Perrin |Padovan-Lucas) sequence,

(T) Gn(0,1,0;0,2,1) = M, adjusted Pell-Padovan sequence

(8) H.(3,0,4;0,2,1) = B, third order Lucas-Pell sequence,

(9) Gn(0,1,0;0,1,2) = KE,,, adjusted Jacehsthal-Padovan sequence,

(10) H,.(3,0,2;0,1,2) = L, Jacobsthal-Perrin (-Lucas) sequence,

(11) &,(0,1,1;1,0,1) = N,,, Narayana sequence,

(12) H.(3,1,1;1,0,1) = U, Narayana-Lucas sequence,

i(13) &.(0,1,1;1,1,2) = J,, third order Jacobsthal sequence,

(14) H,.(3,1,3;1,1.2) = j., modified third order Jacobsthal-Lucas sequence.
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Lemma 1 gives the following results as particular examples (generating functions of (r, 5, %), Lucas (r, 5, t)

and modified (7, 5,1) numbers).

COROLLARY 2. Generating functions of (r,s,t), Lucas (v, 5,t) and modified (r, 5,t) numbers are

oD
=
Gpx" = ;
Zﬂ " 1—re—ax? —ix?’
=
=]
ZH " 3 — 2rx — sx’
" = .
n T
s 1—rz—ax® —tx?

— 1
E Ez" = —Z
n - .
s 1—re— sz — t7
respectively.

The generalized Fibonacci sequence (or generalized (r, s)-sequence or Horadam sequence or 2-step Fi-

Pl v

bonacei sequence) {V,.(Ve, Vi:r, 8 azo (or shortly {Vo}nzo) iz defined as follows:

Vo = rVaoq + 8Vo_a, Vo=d,¥Vi=e nzx1 (1.6)
where V5, V] are arbitrary complex (or real) numbers and r, s are real numbers. Now we define two special
cases of the sequence {13}, (r, &) sequence {X.(0,1;7, 5) }nzo and Lucas {r, 5) sequence {¥5(2, ;7 &) bnzo
are defined, respectively, by the second-crder recurrence relations

Xovs = X, 41 +8X,, Xo=0X1=1, (1.7

Yotz = Yo +5Y,, Yp=2Y=r (1.8}
Let
.= Vi
k=0
In a quite recent preprint, Prodinger [E] proved the following Theorem via generating functions.

T=EoREM 3. (Prodinger) For n = 0, we have

B — Vo + 1 —Ter (2158 + Vir + 2195 — Vyrs) x 17+ Vs
" 1—-r—s 2(1 —r—5) To2l-r—a)

-

Let
M, = Em*‘n_
k=0

In [11], Theorem 3 was generalized as follows:

THEOREM 4. Let 2 be o nonzero complex (or real) number.
(a): If1 —re — sz £ 0 then

Vo + (Vi —rlh)  2Visz® + 2Vpsx + Vire — Vorez® Viz + Vpsx?
1—rx— sz’ 2(1 — rz — sz”) "

= — (1.9)
2(1 — raz — sa?) \-2

M, =

- ",
E[I—rr—srzjm :
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where
Ale) =20V + (V1 —rig)e) — (8(2V] — rlg)e + (717 + 2615 2™ 71X, — (1] + 2l )™ Y,
(b): fl—rz—sx’=ulzx—a)z—08) =0 forsomeua b C withu+0 anda 5, ie. x=a or

x=="b then

M, =@
—2(r+ 2az)

where
Mz =211 —r5)+ (—(r+nr+dsz+ Inex)1y + 6(—2n+ Irx+nre — D15 )2" X, — 2™ ((n+
1)V + szln + 2)V3) Yo,

(e): Ifl—rzx—sz’ =ulz—c)’ =0 for someu,e € C withu 0. i.e.. x = ¢, then

a"l.g [.'I.':|

M, =
" is

where
Az(z) = (n+ 1){(nr + 482 + Insz)1] + &(In — 2rz — nrz) V)2 1 X, + (n + 1){ne™ 100 +

s (n+ 21150 Y,.

In the next section, we extend the results of Theorem 4 to the generalized Tribonacci numbers.

2. Main Result: The Sum Formula E:=u "W, vin Generating Functions

oo
Next, we give the ordinary generating function 3 2"W,z" of the sequence {21}
n=0
PR =
LEmMa 5. Suppose that fory (2) = 3 2"W, 2" is the ordinary generating function of the sequence

n=0

{2"Watnzo. Then, ZDI"I-T:’,,:/:“ is given by

nd e o Wa+m(Wy —rWylz + 2 (W, — ey — sW7) 22
Z 2 W, 2" =

1 —rxs —sx?2? —tx¥27
=10

Froof. Note that

"W, = ™ (v W + Wy + W, _5).
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Using the definition of generalized Tribonacel numbers, and substracting raes 300 | 2" Wo2™, sa®2 300 2" W, 2™

and tx72" 00 2" W.e™ from Tooo @™ W,z we obtain

o0
2.2 7_a -
(1 —ras — s’z —t;rz,lE "W, z"

=0
oD L= ] = oo
= Z =2 W,x" —rzz Z Z"W, 2" — sxla’ Z w2 W, 2" — T2 Z "W, 2"
=0 =l n=i0 =10
oo oo oo [= )
= Z W, 2" —r Z gt amtl — Z P G e T Zr""‘jl-i-}lz“"'j
n=>0 n=il n=0 =0
oD f= ] f= ] [= =
= Z 2 WL —r Z #2W, 1z — s Z 2 W, 2™ — ¢ z W™
n=>0 n=1 n=2 n=3

= (Wp+aWiz+ mzﬁ’gzn] —r(xWyz + 2 W, z!) — s Wyt

+ 3 @ (W — r Wy — sWp g — W, 5)2"
n=7

= Wip+axzWiz+ mgﬁ’gz! —reWyz — r H"laz - amsﬁ’nz!

= Wy +z(W: —rWylz + 2 (Wa — rily — alig)z’.

Rearranging the above equation, we obtain (2.1). O

Lemma 5 gives the following results as particular examples.

b==] == o
CORCLLARY 6. Genernting functions 3, a"Gnz", 3} «#"Hpz" and 3, a"E,z" are

n=0 n=il n=0
= Tz
T 1] —
E :m Gn2" = 1.2 7,3
1—rzy—sxiz® —ta'z
=i
=] 2
Z o 3— 2rzz — sxta’
z"H, =" = .
. " 1—rxz — sp?a? — tpdgd’
[= =
1 —xx
" mn
rRE, 2" = .
Z_I:J 1—rxy—sx?a? —tx¥2%°
respectively.
Let

b
Sp =3 W,
fe=0
The following theorem presents some sum formulas of generalized Tribonacel numbers with positive

subscripts.

THEOREM 7. Let & be o nonzere complexr (or resl] number.
(a): Ifl1—rx—sx® —tx” £ 0 then

_ 2(z)
T (1 — vz — sx? — t2d)

7
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and
Wz .
Sn = (=) (2.3)
(1l —rax — s — ta¥) o

where
O(z) =t{z* Wy —z(rz —1)W) — (s’ +rz — )Wy )+ (—ta™ Wy + te (re — 1) +tx(sz® +rz —
W)™ Grgn + (#2 (re — )W —tx(re — 1PW) +ta(r —rle — 2 —rex? )W) 2™ G + (Exisz® +

2 2

re — )Wy +te(r — rie — t2® —rex? )W +te(rix® — 5%2? — tz — rex + 5)W ) 2™ G,
and
Viz)=s{z"Wi —z(ra— 1) — (s2? +rz —1)Wy) — (225 + 3tx) W — =+ 3tx)(re — 1)W7 —
tr( 252 + 3rz — 32" G + (2 2rtz® +rsx — 5)W5 —z(ste® + 2%t + x4 vise — 2rte —rs)
Witte (—rsx® — 2z — sz + 2r) Wy 2™ G — (—t2"Wa+ta (re — 1)W1 +ta(sa® +ra— 1) Wy J2" H,.
(bl Florz—sz®—te' =ulz—a)lz—bl{z—c) =0 forsomeu,a,beccCwthu<0anda£b£e,
Le, x=a orx==>b orx=c then
_ O1(x)
—t (Jitx® + sz + 1)

n

where

O1(x) = #2205 — (Zrz — 1), — (r + 252 )W) + -z (n + 3V, + 2(Frz +nre —n— 21147 +
(nex® + sz + 2rz + vz —n— 1)W)2" G e — Hzin — 3rz —nre + 2)Ws + (re — 1)(3re + nrz —
2

n— 107 + (2rlz + 3tz + Frex’ + ntz? + ez +arle — r — e )W )2" G s

—t([—3sx® —mex® — Prez —nrz +n+ 1)V, + (ntx® + Irex® + nrsz® + 32 + rfe el —
r—nr)Wy + (35227 — nrte? — Srte? +nete? + e + ntx + Prsx + nrsz — 5 — ns )W 2" G,
fe): Ifl—rz—sx’ —tz =u(z—a)(z—b6) =0 for some v,a,b e C withu <0 anda b ie,
r=a orx=>"then forxz = we get
_ Salx)
—t (25 + 6tz

o

where

B (x) = (W —rW7 — Wy )+ —2? (n+3) (n+2)Wota(n+2) (Fra+nra —n— 1)1 + (bnea +
nlsx?+Bsx’ +nlre+inre+dra—n? —n) Wy a1 G s —t2(n+2) | —Srz—nrz+n+ 11 W+ (622t +
nlrizt Lonrts? —draz— Intrz—6nrz4n’ +n Wi+ (ontz” +6rsx’ +n'ta’+onrsz® +nlrez’ L6ia’ +

z 2

3 3 ro —_ B 3
Inrlz+nirlz+2riz—nr—ntr )W e T G e — 1 —6sx? —nsx® —nlsz? —Inrz—n?

ra—2rz+ni+n)
Wi+ (nita’ +inrse’ +nlrea’ + 6tz +onte? +orex? + 2rf s+ Inrle +nfriz —nr —ntr W + (65720 +
nisix? —Grtz? —anrtz? — nirte? + inste? + Intx + rex + nirax + Snrsz +nfter + 2t —nls —ns)
Wylz™ G,

and for x = b we get
_ egl:l']
—t {3tz + sz +7)

n

where
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Og(x) = t{2eWsa — (2rz — 1VW — (r+ 252 )W) + {2 (n+ 3)Ws + 2(drzx +nre —n— 2)17 +
(nex® + 3sx” + 2rx +nre —n — 1)W) 2" G — ta(n — 3rz — nre + 2)Ws + (re — 1){(3rx + nrz —
n— 10 +(2rlz + 3tz + Frex” + nte® + nrse” +arle — r — nr )W 2™ Gaxy

—t{(—8sx® — nex® — Prx — nrx + n + )W, + (ntx? + Irsx® + nrsx’ + 32 + %z + nrlx —

$! r i 2 " n " " .
r—ar)Wy + (3572 — nrte? — 3rte’ + ne’e? + a4+ ntx + Yrex + nrsx — 5 — ns )Wy 2" G

3

GAE —rx—sx —tx'=ulx—a)’ = rsomeu,a el withu=0, t.e., x=a, then
(d): Ifl —re—sx® —tx Wz —a)® =0 for some u,a € 3 ,
B0 z)
8, = =2/
—Gt?

where

Oyz) =tin+1) -z n+3)(n+2)Ws +2(n+ 2){(Irz +nre —n)Wy + (6ex® + dnsx® +nlsx’ +
nirz + 2nre — nt +n) W e Ghaa

+tin+1)zn+2)(Fre+nre—n)We — (6r2z? +n'rl2® +onrle® — Inlre —dnre+n’ —n)Wy +
{—ﬁ'txg —nttx? — Bnrsx® — nlrsx® — Gntx? — Grex’ —n'rlz — 2tz 4+ 0ty — ) I-1"n:|m“_:G'n_1

i e 3 L] 9 L] a ] P . 5 a a 5 n
+t(n+ 1) nse” +n'sx” +0sz° +n'ra 4 nre —n” + )Wy + (—nte® — bnrse® —n'rex” —
a _ a5 n 5 9 n - .- i 7 a LI 2 1 i3
Btx? — antx® — Grex’ — 2nrlz —nirlz + nlr —nr )W + (Snrte® +nfrie® — 6502 —n?st2? + i’ —

nslz? — Intr — nlrex — Inrsx — nltr + nls —ns) WY e TG,

Froof.

(a): Note that using generating functions, we get

§ = " 1 W+ (Wi —rWy)e + 27 (W — vy — 51722
50 — 5“ " = \ / _ -.'J
o ; * 1— 1 —rzz— sxla? — 227

A Tz 3 — 2rxz — sxtzt 1—zxz

- +B - +C +D .

1—z 1 —rxz— sx?z? —tx¥:7 1 —rxz—sx?z? —txT27 1 —rxz — sx?z? —tx¥:7

= AZ Z“+BZI“G;—.Z“+CZ m“H,,z“—DZm“Enz“

=0 =0 n=0 n=0

= Y (A+Ba"G,+Cz"H, + Da"E,) ="

p—-—1
where
A - 2 Wy — z(re — 1)W, — (s2® +rz — 1)W,
1—rz—sz? —t2? '
x(3tx? — Wrtx® + sx — rex + 5) W,
4ax(—3rtx’ 4+ ste® + 2t 4+ 5P + Fte + rlsx — vax — Itz 4 5 — re)Wh

+tx(rex® — 2ex® + Irlx — Irz + sz + 3 — 2r) W
B = - 51 —rx —sx? —tx¥)
C = — —tx? Wy +tx?(re — 1)Wy + te(sx® +re — 1) _

51 —rx — sx® — t2¥) '
D = _.',rg{s + Jtx)Wa — x5 + 3tz)(re — 1)W — tx(2s2® + 3rz — 3)W7 _

51 —rz — 522 — £x7)
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Le.,
> 5.2 =) (A+ Ba"G,+ Ca"H, + Da"E,)".
=0 n=0

Comparing on both sides, we cbtain
Z W, =5, = Z (A+ Bx"G, + Cz"H, ~ Dz"E,) .
=0 n=0

Since
-E'-n. = Gr.—l - G'r!
we get

> #*Wi=A+ Da"Gui1 + (B—D)z"G,. + Cx"H,
k=0

The last formula can be written as (2.3).

MNote that using the identity
tH, = —8G o0+ (3t +78)Gpoy + (=2t + 871G,

we obtain (2.2).
(b): We use (2.2). For x =a or x = b or & = ¢, the right hand side of the above sum formula (2.2} is

an indeterminate form. Now, we can use L'Hoapital rule. Then we get (b) by using

" - lefm
— E(t[] —rx — sz’ — tx¥)) i
ia*w,_. - 2=9(z)

d o mn? — tmed 1
= Lit(1 —rx — s2? — t27)) -
n a o

—a
Zc""ﬁ".l.- = =z - ll.;r}-, =0
= =(t(1l —re — sx? — t27)) s

(e): We uze (2.2). For x = o and » = b, the right hand side of the above sum formula (2.2) is an

indeterminate form. Now, we can use L'Hozpital rule. Then we get (¢} by using

L. £ aiz)

St

— Zr(tH1l —rz — s2? —t27)) i

and
L] & 5
—a
) W= = EIJ! Py
= il —re — sx? —t27)) o

(d): We use [2.2). For & = a , the right hand side of the above sum formula (2.2} is an indeterminate

form. Now, we can use L'Hospital rule (three times). Then we get (d) by using

.O

m=a

i Rk'[_{_.'k — d;';rE}{mJ
=0 %Etil —rx — su” —ta¥))
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