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l. Introduction

Date of Submission: 22-06-2022 Date of Acceptance: 04-07-2022

In the whole work , E™ = R"™; n > 3. We will be dealing with equations of the
types

(P): Pu):=V- (A(;{:)(I)(Vu)) + C(z)p(u) + F(z,u,Vu)=0; z k™

@ ply) = (awqﬁ(y’)) T e®)6y) + Flt.py/) = Oadt > 0

(H1) where for some a >0, ¢(s) = da(s) = [s|" s and ®(S) = B,y(u) :=|S|*~18,
(1)  The coefficients a, A, ¢, and C are contionuous and positive .

(2) The perturbation functions f and F are continuous and satisfy :

(i) yf(t,y,9y) and wF(r,u, Vu) are strictly positive whenever ylu|# 0 or

(i) V(t,y '), (V(z,u,Vu)) flt,uy) (resp. F(z,u,Vu)) keeps the same sign.

When the operator contains perturbation terms f(#,y,y’) which is not a damping
term ( e.g. a multiple of ¢(y') or that of ®(Vw)) . the following condition holds:

ty,y Fz,u,V
fthyy) (or lim (i, u, Vu)
lul—0  ¢(y) u—0  dlu)
Here are some properties of the functions ¢ :

{ sha(s) = [s|* s@l(s) = ada(s) and oalst) = dals)dal(t);

SB,(S) =[5 and B,(TS) = . (T)®4(S).

(H2) —0).

The aims of this work is use some Picone-type formulas to establish oscillation
criteria and some estimates of the solutions of the equations in (P) and *Q( above.

Definition 1.1. We recall that a function g € C'(Q); Q © E™ being an unbounded
domaine

a) is said to be (weakly ) oscillatory in Q if YR > 0, g has a zero inside
Qr:={zeQ||z| > R}.

b) g is said to be strongly oscillatory in 0 if it has a nodal set in any Qg; a
nodal set of g, D(g), being any

D=D(g) ={x=Q|glap =0 and g(x) # 0 inside D}.
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c) An equation will be said to be oscillatory if any of its nontrivial solution is
oscillatory.

Remark 1.2. .
1) The leading part of the equations here is their half linear part i.e.

r

V- (4@2(T0) + Cww or (a(0ow)) + ct)ot)

which is even in the sense that whenever u ( or y ) is a solution, so is —u

(or —y ).

2) It is to be noticed that the regularity hypotheses on the coefficients make any
weakly oscillatory solution a strongly oscillationary one.

The condition (H2) implies that a regular solution cannot be compactly supported.
(see [9] )

3) A solution of (Eq) will be said to be nonoscillatory if for some R > 0 it keeps
the same sign in Q. The Picone-type formula we use in the proof requires the

r .

f(tl,y,y ) (or F(chzit)vu) ) to remain positive. That explains (H1)2)(i)
But (H1)2)(ii) could be used if the sign of the perturbation function does not depend
on that of the unknown fuction.

As when there are perturbation terms, the hypothesis of the perturbation term
to keep the same sign could impose the use of D(ut) or D(u™) for the need of
f(t: u'u’)

B(u)

quantity

having the sign of

A Picone-type formula is a functional equation of two functions, K (u,v) which
holds in a domain only if one of the function here u, say, has no zero inside that
domain. So given an equation P(u) =0, = €  we build an equation Q(v) =0
with chosen coefficients related to those of P(w) such that

1) v is oscillatory in €;

2) a 2-form K (u,v) = V[vK;(u,v)] — Ka(u,v) = 0 which makes sense only
wherever w # 0 is built such that K»(S,w) # 0 and keeps the same sign inside
say, a D(v) ¢ Qp for some R > 0. Because v has a nodal set in any such
a Qp, R > 0, the integration of the 2-form over any such a D(v) leads to an
absurdity. This implying that « cannot remain non zero in any Qg.

2. PICONE-TYPE FORMULAS

Given two positive functions P, ) € C(R), to extend the comparison theorem
of C. Sturm for solutions u, v of the Sturm-Liouville

!

— (P(I)u’); +po(r)u=0 and — (Q(I)v') + qo(x)v =0, z €R,
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M.Picone used the fact that if «, v, Pu’ and Qv' are differentiable then wherever

v#0
% E{upu’ - uQ-v*H 2
- u(Pu’)’ - ”‘Tz (Q-v’); = (P—-Q)u'* + Q(u’ — Eu)
I 2
- (P Qi +0(v - ")
( see [10] ).

This implies that if P > @ in I say, and there is a nodal set D(u) C I, v
cannot be non zero all over I; otherwise the integration over D(u) of the formula
above would lead to an absurdity.

Since then such type of formula bears Picone’s name.

Consider for 7 = 1, 2 the equations

Pi(y) = {az(t)qﬁ(y;)} +ei(t)d(y:) + filt,yi,yl) =0, teRT and

Qi(ui) = V- {AI(I)(I’(VUI)} =+ CI(I)Q(UE) + F«;(;L‘,ui., V“u,q;) =0, =€ R™.

Let 3, and yo be respectively solutions of P;(y;), 7 = 1,2. Then wherever y; is
non zero, a version of Picone’s identity reads ( through easy calculations )

{ylal(t)cs(ya) ~mo(2 )az(f)ﬁ")(yﬁ)} -

(P) | =az(t)Ca(yr.v2) + {Gl(f) - az(t)] v* T+ {ca(t) —c1 (t)} g |2

as1| F2(ty2,95) fl(tyl,yi)}
Tl { ®(y2) o(y1)

where, Vv > 0, the two-form function ¢, is defined Vu,v € C'(R, R) by

. U u, o u
L = |/|" = (v + 1)‘“’057(;‘“!) +’}’U!;4°"r(;‘”!)
(Z1) : Gy (u,v) "yl , U, U gy
=" = (y+ Du C‘b“f(;t" ) +’}’|;U '

is strictly positive for non null « # v and null only if v = Av for some A € R .
Similarly, if u; and wuo are respectively solutions of Qu;, i = 1,2, then wherever us
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stays non zero, a version of Picone’s identity reads

' V- {ul_ﬁil(z‘.}@(Vul) - u1gh(%)_42(a!}'il(v-ug)} = As(2) 2, (11, Uus)
—+ (_41(:1‘.} — _42(:1‘.})|VH1|0+1 + (C:g(:t‘) — C—l(ﬂf))luﬂ“-’_l

e | Fa(zyua, Vug)  Fi(z,u1, V)
@ |+l [P B

where ¥y >0, Yu,veCYR")
(22):  Zy(u,v) = |[Vu" — (v + 1)@1.(%\7-1;) Vu+ ”;'EVUP"H

, u_ U u_
=|Vu"™ — (v + 1)|;V-U|"'_1 ;Vv -Vu+ ']r|;\7-v|"'+l.

We recall that ¥y > 0 the two-form Z,(u,v) >0 and is null only if
3k eR; u="Fkv. (see eg. [1], [2], [3]).

2.1. Direct application for one-dimensional equations. Consider in BT the
problems

(a) (a(t)rf;(y’)) +e(®)o(y) + f(t,y,y')=0; =0
(E1) (2.1)

(b) and its associate (am r;b(z"}) +emd(2)=0

where the hypotheses (H1) and (H2) hold. Assume that the problem (a) is not
oscillatory ( i.e. it has a regular solution having no zero inside Ip := (R, oco) for
some R > 0. Define the positive constants a,,, ¢, as

wYm e N, I, := (R, mR). . a, :=sup; {a(t)} and ¢, :=inf; {c(f)}.
The equations with positive constant coefficients above are strongly oscillatory. In
fact

(amqﬁ(z’)) + e d(2) = {(rﬁ(z’)’ +qmd(2)| =05 Gy = z—m and

m
the solution of  (¢(2') + gme(2) =0 t =0 is g, —periodic ”
We recall that the solution S, of the problem

[g-ﬁa(u’}} + apa(u) = 0; u(0)=0; w'((0)=1

has D,;= [0, m.] as a nodal set and satisfies forp=a+1

Yt >0, |Sa®)P+|5L1))F =1; Su(ma)=0; (2.2)
Sa(t + 7o) = —Sa(t) where

7’—2[1 L =T
“TE T T pein/)

(see e.g. [11])
If we set X(t) := S,(At), A =0, then as from [5]
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( (q‘;(z*(x}))r + A ag(X) =0 and 0

St + %) — YD),

Moreover for constant a, ¢ > 0, for the equation

(a.d){u'))! +ach(u)=0 or (g-ﬁ(u’))’ + a'gqﬁ(u} =0 (2.4)

o) 1/ (1+a)

whence for this equation \ := ’ in the formula above. Thus if D(u) :=

[T}, T3] denotes a nodal set of the equation,

To a) L/t

diam[D(u)] = (T2 —T1) = = Ta {E} . (2.5)
Therefor if we assume that a regular solution of (E1)(a) is say , strictly positive

in some Ip. We take m big enough for z to have several nodal sets in I,, . The

Picone formula we choose in any D(2) C I, is

'{2-%(,»)(2-:) —29( )amqatz’)}’ =
= o) + [ — a7+ e e 720
i)

The integration of the formula over any such D(z)

- O L [ e e e

which is absurd as the integrand in the right side is strictly positive.
‘We then have the following

Theorem 2.1. Va,c€ C(RT) and f < C(R*) with sf(t,s,8)=0 VseR,
any nontrivial solution y of

(a6} +eow) + 1039 =0, 1> 0

is strongly oscillatory.
Consider now in R the equations

(a(t)d)(y’)) +e(t)d(y) + f(t,y,9') =0
, (2.7)
ad (a)6()) +CO6() =0

where all the coefficients are strictly positive and continuous and f as in (HI1)-
(H2). We know that any non-trivial solutions y and 2 of those equations is strongly
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oscillatory .Let the set I be such that two nodal sets D(z) and D(y) overlap (
providing that ¢ > C') in I. From the following Picone formula

[1“(2= y) = {Za-qﬁ(z’) — 2¢( % }aq‘j{z’}}f -

1 J) (2.8)
Y

= Calz,y) + c—C}z““qL z‘*“[—. }

| = ot [em o e L2

and the integration of the formula over I)(z) shows that y has to have a zero

inside D(z).

Theorem 2.2. By a suitable translation t — t+ &, & € R can be made such
that the function Y (t) := y(t + £) has the same singularity as =

i.e. Y'(tg) = 2'(tg) = 0; to € D(2) being the singulariry of z there.In this
case,

D(Y) c D{z) whence diam(D(Y)) = dim(D(y)) < diam(D(z)). (2.9)

Moreover if a =1 then

max {y(t _ma.x Y(t)} < max {2(t)}. 2.10
max (u(t)} = max {Y ()} < max {x(1)} (2.10)
Proof. Let D(z) = [sg, s1]. Without lost of generality assume that sy <ty <ty <
s1 where Y'(ty) = 2'(tq) = 0 and Y(t;) = 0. Because the integrand of the left
hand side of the Picone formula above is zero at s, and at t,, the integration over
(sp, tn) , we get
0= LGt = 4G + o= Ot 4 et LEL0
0

which is absurd, implying that ¥ has to have a zero inside [sq, o] . as well i.e.
3t’ € (sg, to) such that D(Y) = [t/ t4].

The comparison of the maxima of the nodal sets follows from the fact that when
a > 1 then ¢, is monotonic increasing in the sense that

Yt,s € R, (t—s)(p(t)—o(s)) =0

Assume that J := {t € D(z) | Y(f) > 2(t) } has a non zero measure. Let
7 > 0 be chosen such that

forsome I:=1,CJ, w=2-Y+7>0 in/ and w|sr = 0. Then from the
equations, because w|sr =0,

f;w [aq.b(z ) —ap(Y") } =— [;w'(ap(2') —ap(Y’) |dt
= [} (Y —2")[ad(2") — ag(Y")]dt < 0.
But w [{w( 2') — ac‘)(Y’)} =w{—-Cao(z)+ed(Y)+ f(t,Y,Y")} > 0in I; thus

I w[a.q.')(z’) — ag-ﬁ(Y’)] dt > 0, contradicting what we got above. Therefor J is

empty and ¥ < 2z in D(z).
O

Consider for some constant A,C > 0 the problem
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A (qﬁ{z’}) +Cad(z)=0, t=>0; =20)=0 2(0)=1 (2.11)
. c . . :
With A:= a5 simple calculations show that for a solution z
vi>0, 2 (f;;(z’)) +A2'p(z) = {|z-’|“‘“rl + ).|z|“+1} =0 (2.12)

and from the initial conditions above, with D(z) = D(27) := [0, m)] being the
first nodal set of z,

A\ vy
(1) — \—-1/(+a) _ [ 2 EVEPRY
rg&})c 2(t) = A (Q'C-') 2(—=);

27 (2.13)
where my 1= _&
N - 1
This last paragraph is summarised in
Theorem 2.3, Let a, ce C( [0, (0, 4+o<) ). Then
(T
If 3g0 = 0 such that ¥t >0 %(3} < qo, any nontrivial solution of

(a(t)rf){u“}) +ac(t)p(u) =0, t>0; u(0)=0;u'(0)=1

is strongly oscillatory and bounded .
Moreover for any nodal set D(u) C [Ty, Th] :=J , with A :=sup;{a(t)} and
C :=inf {c(t)}

3

PREUGEEY
diam {D(u)} <m, {ﬁ]
/@D (2.14)
. > Tl < | — .
and if a=1, 1&23“”” = [a-C]

2.2. Multi dimensional cases. .

In multidimensional case , an axis of the nodal sets is any straight line going
through the successive zeros of the nodal sets ...z, g4, ... and the diameter of a
nodal set is the distanee between its two zeros longside that line. For the equation

V- {A(r)tﬁ(VU)} 4+ C(2)p(u) + F(z,u,Vu)=0, zeFE*

(Qm) { We associate V- {Al'il(Vv)} + Cip(v) =0 (2.15)
where A, C, Ay, C; >0, and F fulfills the required
[ conditions in (H1)and (H2).

We take A; and C) constant. The corresponding Picone formula reads
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V- {UA(:C)@{VU) - vg-ﬁ(%)fll(b(‘?u}} =AZ,(v,u)

L (2.16)
n (-4-1 _ A) |\7_U|nr+l 4 (C _ Cl)) |,U|Ct+1 1 |’L-'|C‘+1 F(SL;I'U-_‘ Vu)
¢(u)
. o Al)
Theorem 2.4. If A, C < C(E”) are strietly positive with bounded m} any

nontrivial selution of

V- {4(:19)11)('\71;)} +C(z)p(u) + F(z,u,Vu)=0, zeE? (2.17)

is strongly oscillatory and bounded. Moreover, as in one-dimensional case, if a
D(u) overlaps with a D(v), then if a =1,

diam{D(u)} < diam{D(v)} and D(ur)n%(u) (|U| |u|) = 0. (2.18)
Proof. Assume that we have such a solution u such that say, u > 0 in some (p.
Weset ¥n e N, A, :=sup; {A(z)} and C, :=infy, {C(z)}
A(x)
C(z)

is also bounded. We take v,, an oscillatory solution of

with I, := {2z € Qg such that |z| € [R, nR]. Because

An
C‘ﬂ

< q for some

q=>0,

V- {AR‘I)(VU)} + Cug(v) = 0;  v(0) = 0; [Vo|(0) = 1.

Replacing A, and C; respectively by 4, and C), in the Picone formula above.
From the Picone formula above, as before we get that u is oscillatory since wu;
cannot remain strictly positive in any D(v;). The proof will be completed by the
next Theorem.

O

The next Theorem concerns with monotonic increasing operator : the op-
erator Y is said to be monotonic increasing in K, say if

VS, # 52 € K, (51— 52)[x(51) — x(52)] > 0.

Lemma Mc

If h € CYR!, BY) is increasing then the function t s h(t)t is monetonic
increasing in R and £ — R(|£|)§ is monotonic increasing on E™.

This applies to the functions ¢, and ®, when a>1.

Proof. 1) Let t,s e R.
a)a—ahmw—ww%=ﬁwm+¥W$—w@wn+wm)
which is positive if ts < 0.

b) (¢ ) et = Als)s| = (¢ =) (#h(e) = h(1D] + ¢ — i) )

= (t — 5)%h([s|) + (t — s)t {h(|t|) — h(|s|}} which is positive if t < s <0 orif

t=>s5>=0.
2) For K = E", Let £, n € E". Easy calculations show that
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Q) H(&n) =€ —n)( h(€he ~ hllnl)n )

= (€ =) (&€ = Rl + B = ) = (€ = ()
+¢ =B —H(nD)  and his is positve it ¢ > .
o (& = (€~ (hehe )

= (6= &~ +n (e — ki) )| = (€~ m*hih)+

(E—n)n {h(|§|) — h(|n|)} which is positive if || > [£].
O

Theorem 2.5. (A comparison result)

Let w and v be oscillatory solution of (Qm) where Ay = A(z) and C(z) = Cy
in some ) C Qg. If there are two overlapping nodal sets D(u) and D(v) in Q
such that for some xzq € D(u)(D(v) Vu(zg) = Vu(zg) =0 then

D(u) c D(v) and max |u(z)| < max |v(z)|.
(w) € D mes fu(z)]| < max [v(z)
Proof. Assume that measure(U") := measure{zr € D(u) | (u —v)(z) > 0} = 0.
Then we can find 7 > 0 such that W(z) :== (v — u)(z) +7 > 0 in some non
negligible D with W|sp. = 0. In that case, taking A(z) = A; = A,

0= /D W (2)V - [.4@(%) —A(I)(Vu.)} d

:_'/ VW(A(I)(V'U)—A(I)(Vu.))d:r (i) (2.19)

_ L DI:V(:::) [C(:r.)gb(u) +F- Clqﬁ(v)} de. (i)
The (i) and (ii) above give
—Jp. A (V-v - Vt:-) {@{\7-1;) - '11(\_"-1:)} dzx

= [p,v—u+7) (Cqﬁ{u) — Chd(v) + F)d:r which is absurd

hecause the first line is negative while the next line is positive; we cannot
have such a 7 > 0. Therefore D(u) € D(v).
O

In the one dimensional case, the investigation of the diameters and amplitudes
had been facilitated because various elements like nodal sets were just closed inter-
vals. Here for example the set { z € Q| Vu(z) =0 } is not obviously visionalized.
The way we chose to get around is to use as associate equation one whose solutions
are radially symmetric. For some positive constant a and ¢ wer look for such an
equation from

V- (a‘i}(v-u)) +ep(u)=0; zeFE" u(0)=0; |[Vul(0)=1 (2.20)

We note here that when « > 1, if a, ¢ depend only on r := |X|, the solutions
of this equation are radilly symmetric. ( see e.g. [7] ).
If h e CYE™) is a radially symmetric function, i.e. h(z) = H(r), where
ri=|z| = {37 2?}/? and X = [z1,%s,...7,] denoting the position vector ;
9., H(r)= EH’(;r") and VH(r) = £H’(-]r’jn.
r r
Also if we have a vector function ¥ & C'(E™, E™) of the form
V(W) .= Wg(|W]|) with g€ C*(Et) then

if u(z):=V(r), Vu= %Vf("") :
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(V) = %V’Q(W’D and

V' V'

V-¥(Vu)=V- (%V’{ )};

}} So (2.21)

1 n—1 y7s
) = = {t v

=”;1WmVW+§vﬁwmﬂ

V- (a‘i}(Vu)) +ep(u)=0; zeE™ u(0)=0; |Vul(0)=11is

(a-r”‘ldi(V’}) +rled(V) =0, t>0; V(0)=0,V'(0)=1.

‘We note that the equation
(a-r”‘%-b(V’}) +7r" e (V) =0 and

@MWQ\wMW+”

are equivalent as the later is just a development of the former.
Moreover as we saw for the one dimension cases, in terms of investigating the
diameter and the amplitudes of their solutions, the two above equations are equiv-
n—1

i

- ldi(V’} =0 (2.22)

alent. This is due to the fact that the damping term

d(V") does not alter

the results. ,

In this study, (a.(f)(V’)) +ep(V) =0 and (a.-r“‘lq'){V“)) +r* 7 te(V) =0

are equivalent because the diameters and amplitudes depend on the same quan-

art—1

ar

tity — or This is why we can use as associate equation the later equation
e

n—1"
without the r"~1 factor.

Let I, be an intervall ( possibly large ) and define A,, := maxy,, [a(z)] and
C,, = miny,, [e(z)].

Let Vin be a nontrivial solution of

(Amf,s(v*)) +Cndp(V)=0 t>o0;V(0)=0; V'(0)=1 (2.23)

such that D(V,,,) C In,.
We saw in the Theorem 2.3 that setting A := A,, and C:=C,,

1/(at1) 4\ Vet
diam {D(vm)} < 'rrn(c;—c) andif a =1 max{|Vm|} < (ﬁ) '

‘We then have the following

Theorem 2.6. Let A, C & C(E™) be positive functions and o« = 1. Then if
a(mx)

g(z) = (@) is bounded above. Then any nontrivial solution of

V- {A(a:)(l)(\_/u)} +C(x)p(u)=0; zeE" (2.24)

is strongly oscillatory and bounded. The same conclusions hold if a continuous
perturbation term F(x,u,Vu) is added to the equation provided that

vSeR F(JCFS)VH) =0 or F(r,s, Vu) does not change sign
o
and |2ESVY g gs 1s| — 0.
d(s)

Moreover for such a solution U, say, define for a given nodal set D = D(U),
A= maxp [A(z)]; and aC :=minp [C(=x)]; then

(2.25)

A 1/{a+1)
E]

y A
diam{D(V)} < 7o and e U)) < [ 25

1/(ax+1)
D) a-(?}
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3. EQUATIONS WITH DAMPING TERMS

3.1. One-dimensional cases. .
We consider here equations of the type

(:ﬁl(t)g')(z’))Jr +ac(t)p(z) + B(t)o(z') + f(t.2,2')=0; t>0;

where 3Jbe C-’l([Hi}; b'(t) = B(t), ¥Vt > 0; (3.1)
Jq>0; @ < g and f is nonegative.
c(t)
We are going to build a Picone formula from this equation and the associate
problem
(at6)) +actipm =0, >0 wO=0.yO=1 @2

which is known to be oscillatory. Easy computations show that

1) (a.yg-ﬁ(y’}) = aly|*! — e(t)aly|* T,
2) (a-yq-a( Y )) = a(1 +ayya( Ly
_-.'g’_.,'g___gf1+q

Byo( P ) L’Q{Z)f ac| o |17 and

3) (byg-b( Lo })’ = Byo( L) + b(yc-ﬁ(;f))’-

) — caly|* T

Then for the two equations above we set the Picone-type formula as follow:

Jaws() = (oo L) = (i L) )] -

aCa(y,2) + I'ylcwl% ! b{é( - )} '

(3.3)

‘We then have the

Theorem 3.1. Given some positive a,c € C(RT) and b CY(R), any nontrivial
reqular solution of

(a-(t)qﬁ(z’}) +ac(t)p(z) + BO)S() + [(t,2,2)=0; t>0  (3.4)

where B(t) == (t) is strongly oscillatory. Moreover for such solutions,

maesure {D(y) ﬂ D(2)} > 0 = diam(D(z)) < diam(D(y)) and

. L (3.5)
in addition if a > 1 Ijl:'l{az,})c|z(t}| < 151&})( | D(y)].

Proof. Assume that there is such a solution z which is strictly positive in Iy :=
(R, +o0). Assume that such a nontrivial solution z is strietly positive in say,
Ip :=[R, +400). Obviously there are lots of nodal sets of y, an oscillatory solution
of the associate problem. From the fact that we can substitute in the equation
b(t) by b(t) +m, for any arbitrary m € R and the equation would be the same.
In this case the Picone formula becomes
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Ym € R, [a.yg-ﬁ(-y’) — (ayo( %2’ ) — ((b +m L"CJ( 2") )]

f
(=

= alu(y,2) +|y|”+1€{) b{(,b( gz’ )}f+m{d>( gz’)}f.

Therefor D(y) C Ir being any nodal set of y, the integration over D(y) of the
formula gives

= al,(y,2) + |y|“"‘1 3 + (b+m) {g-ﬁ( gz’ )} (3.6)

YmeR, ozfmy}{aga(yz )+y| >+ .5{2) {(,s( )}’}dt+'/D(y) {o( }} dt.

This can hold only if each integrand is zero. But if < ¢( g_z" )} =0 then

the integrand at the left would not be zero. Thus 2 cannot be non zero in any
I B R =0.

Estimates of the solutions.

For any p = 0, the function wu(t) := pz(t) solves

{aqﬁ(u’}} + acp(u) + B(t)p(u') + F(t,u,u)=0; t>0

) (3.7)
with F, (t, u,u') = p*f(t, =, ).
uop
Because of the bounded Ejg—;) < q Yt = 0, we choose p such that the solution

u above satisfies

max{[u(t)], |w/(0)]} < 1andlet H(t):= sup_ {IBOSS)], |f(t,56[}. (3.5)
(Isl+€D<1

It is clear that we can just use the Theorem 2.5 to get the estimates for the solution
u above. We use for it the associate equation

(a(t}qﬁ(z"}) +ac(t)p(z)+ H(t)=0,t>0; =2(0)=0, 2'(0)=1. (3.9)

By using an usual Picone formula , taking as associate the equation without H we
get easily that this problem above is strongly oscillatory with the same estimates
as that with H.

Assume that two oscillatory solutions z and u respectively of

(a{t}q){z"})! +ac(t)p(z)+ H(t)=0,t>0; =z(0)=0, 2’(0) =1 and

{aqﬁ{u’)} + acd(u) + B(t)d(u') + Fu(t,u,u’) =0; t >0 which satisfy
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(s1) 3to €I(z,u):= D(z) ﬂ D(u) | 2'(to) = u'(tg) = 0;
(s2) 37 >0and I. < D(z)| JD(u) such that u(t) — 2(t) < 0 (3-10)
and V(1) :=u(t) —=2(t) +7 >0 ¥t e I with V|g;, = 0.

Then [, V(t) (a.(p(u’) _ ar,-fo(z"))!dt
= [, V() [a(,.a(-uf) - aqﬁ(z’}} a ()
= Ji, VO (ac(t)b) + H(0) — aco(u) — BOSW) — F(t,wu) ) de
= 11, VO (ach] 6) — 6w | + H®O = [ BOS) + Fu(tyuu) )t G

From the definition of H and the fact that V' = 0in [,
— ;. V(1) [aqﬁ(u"} —ag(2’ )} dt < 0 while the quantity in (ii) is positive. Therefor

Du) c D(z) and u(t) < =z2(t) Vte D(z). (3.11)

O
3.2, Damping terms equations in multi dimensional. .
We consider here in E™ the equations of the type

v - {A(:c)(I)(VU}} + C(x)d(U) + B(z) - ®(VU) = 0.

(Eg)< and V- {A(:c}(ID(VV)} + C(z)p(V) =0
where 3b e C'(E™) such that Vh(z) := B(z);

A and C are as before.
Easy calculations show the following:
1) V- (AV(I?(VV)) = A|VV o+l — C|V|atl;

2) V- {Av’qs( % )@(VEI)} = AVV ¢( ;— )B(VU )+
QA{VW( :T )@(VO‘)—%VU@(VU}}—ng( % )B(x)-®(VU)—C (x)|V ]|+
3) v[b(g‘.)v{,a( % )tI:(\?U)} = V¢ % )B(J‘.}-(I)(VU)—I—IJ(T)V-[Vr,b( E_ )«b(vv)]

The corresponding Picone formula { wherever U #£ 0 ) is then
V- {AV@)(VV} — b(x)Vepr( % )e(VU)—
.V -
AV )rIJ(VL-)}

= A Z,(V,U) — b(x)V - [V.;-;( % )@(VO’)]

As we saw earlier, if we replace b(z) by b(z)+m, m € R in the equation
(Ed), the equation is unchanged and the subsequent Picone formula reads

[\7 : {AV@(VV) — (b(z) + m)Ve( ;'— YB(VU) — AV g( ;'/— )<I>(\7U)}
. (3.12)
= A Za(V,U) — (b(z) + m)V - [V(,b( % )i)(VU)]= Wm e R.

If we assume that U = 0in Qg, for any D(V) < Qg , the integration over D(V')
of the formule gives for any m € R

/ v {AV@(VV) — b(z)V( ;— )B(VT)—
vy

AV ( % )@(vo')}d:c —0
v (3.13)
- (A Za(V,U) — b(2)V - [Vr.-'»( T )(I>(VU)] )dﬂf
JD(v)
_ mv - [Vqﬁ( % )@(vm} dx.
JD(V)
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This ean hold onl} if each integrand of the last lines is zero in D(V'). But
if V- {V o( T (VU )] =0 in D(V), the first integrand will be strictly

positive therefor U eannot be non zero throughout (1.
We then have the following

Theorem 3.2. Let A, C € C(E", (0, ) ); let be C'Y(E™) and Vb(z) = B(z).
Then any nontrivial solution of

QU):=V- {A(:v}'il(VU}} +C(2)¢(U) + B(z) - ®(VU) =0, zeE"

is oscillatory. Moreover, let D(U) be a nodal set of a nontrivial solution U .
With A :=maxp A(z) and aC :=infpqr C(z),

A ] 1/({e+1)

1/(a+1)
PG ]

diam[D(U)] < 7, { (3.14)

T < |
and gl(%}i |[U(x)] < [aC
if a>1.

Proof. Because the equation is homogeneous in the sense that Q(U) = 0 =
Q(EU) = 0%k € R, we take the solution U to swatisfy

sup py {|U(2)], [VU(2)] } <1
We need to prove only the estimates. Having in hands the D(U), let V' be an
oscillatory solution for

V- {A(:L'.}@(VVJ} +C(z)p(V)—H(z)=0 zeE™ V(0)=0, |VV(0) =1,

where H is a function satisfying H(z) + B(z) - ®(VU) >0 in D(U).

Without lost of generality, we assume that 3zq € D(U)|JD(V) such that
VU (zg) = VV(zo) = 0. If measure( {z € D(V) | V(z) —U(z) < 0}) > 0 then
3r > 0 such that D. ={re D(V) | w(z) =V(z)-U(z)+7 >0 and w|zp, = 0}
has also a positive measure.

Ip. {w(:r: (A{:r)fb(VU) - A{I)@(VV}) }da

=—Jp, - 2}{\7 V-)@eVU) -V )]}d:c (i)

= Iy, w(o)( CLO0V) — 6] - H(@) - (B- 2(T0)) ) d
The second line (i) is positive while the last is negative whence

measure( {r € D(V) | V(z) = U(z) < 0}) =0 and D(U) c D(V). The
Theorem 2.6 completes the proof.

O
4. EQUATIONS WITH DIFFERENT PARAMETERS @
Consider for @, 3> 0 an A, C € C(E™, (0, o0)) the equation
V- {A(:r)tfq(VU)} + C(z)dp(U)y=0; =z E". (4.1)

For the Picone formula we chose as associate funetion
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v- {A(:s)qu(vm} + Cma(V) =0; =< E™

where the positive constant ', will be determined a posteriori. So

V- {VA(:E}@Q(VV) — A(2)V g )®., (VU)}
(4.2)

= A(2)Zo(V,U) + |V ]2+t [C(m) U — cm] .

Assume that there is a nontrivial solution UV which remains strictly positive in
some Qp. For any m € N, define 8(m) = infrc|z|<mr {C(mﬂU(ﬂf)[ﬁ_a] and

take Ch, 1= 8(m).
Based on the Picone formula above, we have the following result:

Theorem 4.1. Given the positive functions A, C € C(E™) , if 3qo, g1 > 0 such
A
that 0<qo<%<q1VmeE“ then ¥V o, >0

V. {A(m)rba(VU)} +C(x)ds(U) =0; =< E™

is strongly oscillatory. Moreover if D(U) is a nodal set of the solution U,

for a@) = s [82], diam (D)) < 7 [20]

[LU)THHU (4-3)

and max |U(z)| <
D(U)

The setimates follow from Theorem 2.6.

Remark 4.2.

This Picone-type formulae

1) is a powerful tool to establish the oscillation criteria for half linear quasilinear
equations of the types (P) aand (Q}) of the introduction;

2) provide estimates of the diameters and the amplitudes of their oscillatory
solutions and these being independent of the admissible perturbations as displayed

in (H1)-(H2).

Adknowlegments: To
Fotsi N. Tadie,Junior and Tecla Tadie, Karsten Shatue Tadie, Christoffer Mabou
Kanstrup-Tadie and Steve L. Poka.
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