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Let 0 <a<b, and consider the sequence, {x,}, defined by

B _ 1 1
, o 1 1 a+b _
When n = 1, the recursive equation yields X, = 1—5 X + > X, =T.When n = 2, the recursive

equation yields
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Fact:|lim X —a+b_a
e LT \/E
1 1 X 1
Proof: X, =|1-== X, +| = [X,u =X, — =+ 22 =X, +— (X4 —X,) =
2n 2n 2n  2n 2n
X1 — %, :%(Xn _Xn—l)(*)
. . -1
Replacing n by n — 1, yields X, — X, 4= ﬁ(xn_1 —X.,)
n_

BV e Vi _
n+1 Xn - 2n(2n_2) (Xn—l Xn—2)

x

which, combined with (*), yields

_1)3
Continuing in this manner, we get X, — X, = ) (Xn_2 - Xn—S)
2n(2n-2)(2n—4)
Finally X1 — X, = ) (X1 - Xo) = (_nl) (b - a) =
2n(2n-2)(2n—4)---4-2 2"n!

gl
Xpp =% = (_1)” %(b - a) **)
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A Strange Sequence

Using (**) repeatedly yields

8l
X, — X, =(-1)" %(b -a)

l n-1
X, — X :(—1)”1Q(b—a)
"o (n-1)!

bl
Xna = X2 = (_1)n_2 2— (b - a)

(n=2)!

5
X, — X, :(—1)0%(b—a):b—a

Adding these equations, and noticing that the left sides form a telescoping sequence, we have, letting ngo to

(%Ijl @JZ (;j3+ (b—a):e’%(b—a):
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infinity:

lim(x,., —%,) =lim| 1-
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