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Abstract:In this paper, we present the structure of n-intuitionistic fuzzy quotient rings which is built
from the concept of n-intuitionistic fuzzy quotient sets and n-intuitionistic fuzzy ideals. The n-
intuitionistic fuzzy quotient sets is built based on sum and product operation in cosets. As a result, an
n-intuitionistic fuzzy set A of Z¢ was obtained as an n-intuitionistic fuzzy quotient ring.
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I. INTRODUCTION

The development of a set associated with the degree of membership was first introduced where the
degree of membership of an element is expressed as a number in closed intervals 0 and 1[1]. That theory is
developed to the concept of fuzzy sets prompted various studies on modern algebra.One of them is the theory of
fuzzy and anti-fuzzy ring theory was built with operators along with ideal properties and fuzzy
homomorphism[2].The characteristics of an intuitionistic fuzzy subring from an intuitionistic fuzzy ring are
introducedand an intuitionistic fuzzy ring equipped with an operator[3][4]. Further, the intuitionistic fuzzy ideal
in ring concept is built from the intuitionistic fuzzy subring in a commutative ring and intuitionistic fuzzy ideal
and prime ideal in a ring[5][6].Moreover, several types of ideal algebra are given, including (€,€V q)-
intuitionstic fuzzy ideals of BG-algebra, intuitionistic fuzzy ideal of BCK/BCI-algebras, and its anti-
intuitionistic fuzzy soft ideal[7][8][9].

In this paper, it is devoted to the development of the structure of n-intuitionistic fuzzy sets and -
intuitionistic fuzzy subgroups [10] into a new structure of the n-intuitionistic fuzzy quotient sets and 7-
intuitionistic fuzzy quotient rings.

Il. PRELIMINARIES
In this section, we consider that theories of the intuitionistic fuzzy quotient ring to build the concept of n-
intuitionistic fuzzy quotient ring.

Definition 2.1[11]:Let R is a ring. An intuitionistic fuzzy set (IFS) A4 = {(x, u,(x),v4(x)) | x € R} is called
intuitionistic fuzzy ring (IFR) of R if it satisfies the following conditions:

L opa(x +y) = min(us (), ua())

2. paCry) = min(py (), s ()

30 ua(x™) = py ()

4, vy(x+y) < max(vA (%), vy (y))

5 vilxy) < max(vA(x), vy (y))

6. v4(x7 1) <v,(x)

forall x,y € R.

Definition 2.2 [12]: Let R is aring. An IFS A over R is called intuitionistic fuzzy ideal (IFI) of R if it satisfies
the following conditions:

L pa(x —y) = min(p, (), ua ()

2. pa(xy) = max(p (), a ()

3 vyx—y)< max(vA (%), vy (y))

4. vy(xy) < min(vA (x), vy (y))

forall x,y € R.
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Definition 2.3 [12]: Let X is an empty set and A is IFI over X. An intuitionistic fuzzy quotient set (IFQS) X of
Ais defined as
X/A={(x+ A fia(x + A), V4(x + A)) | x € X}

where

Aa(x + A) = sup(uy (x + a))

a€A

and

Vu(x+A)= irelg(vA (x + a))
foreveryx € Xand a € A.

Definition 2.4 [12]: Let X is an empty set and A is IFI. Let X/A is a IFQS over A. The sum operation at IFQS
X /A is defined as

(Ce+A), 04+ A4), 94 (x + A)B(G + A), A, + A), 94 + A))
= (((x +y)+ A),ﬂA((x +y)+ A),ﬁA((x +y)+ A))
where
Aa((x+y)+4) = sup (MA((x +y) + a))
and
T((x+y)+4)= inf (VA((x +y) + a)).

Definition 2.5 [12]: Let X is an empty set and A is IFI. Let X/A is a IFQS over A. The product operation at
IFQS X /A is defined as
((r+ A, aa(x + 4), 9, (x + ))B(( + A), 4y + A), 04 (v + A))
= ((Cy) + 4), 24 (Gey) + A), 94(Gey) + 4))

where

a(CGey) + 4) = sup (ma((ey) + a))

a€A

and

Ta((xy) +4) = inf (vA((xy) + a)).

Theorem 2.6: Let R is a ring, A is IFI, and R/A is IFQS, then R/A is an intuitionistic fuzzy quotient ring
(IFQR).
Proof. Based on Definition 2.1, for any x, y € R, we will show that:
L Aa((x+y) +A) = min(fi,(x + A), 44 (y + A))
Aa((xy) + 4) = min(@, (x + A), 44 + A))
fa(=x + A) = fig(x + A)
Pa((x+y) + A) < max(V,(x + A), 9, (y + 4))
ﬁA((xy) + A) < max(ﬁA(x + A),0,(y + A))
6. Vy(—x+A4)<7V,(x+A).
Thus, we have:
L (e +y) +4) = supges (14 ((x +3) + a))

2 sup(min(ua Cx + ), 14(2)))

ac
> sup (min (min(ua(0), 14 ) 14 (@) )

a€A

= min (sgg(min(/m (), 1a(@)), sgAp(min(uA ), ta (a)))>

a s

min (ig(m (x +a)), iléf(”’* v+ a)))
min(fa(x + 4), sy + 4))
2. a((ey) + A) = supgeq (1a((ey) + a))

> igg(min(m (), ua(@)))

> sup (min (min(u (), 14 (1)), 14() ) )

a€A
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= min (Sgg(min(m (), u4(@))), ilég(min(m ), s (a)))>

= min <i‘§,§’(“’* (x+a)), i‘éﬁ’(“’* O+ a)))
= min(ﬁA(X + A), fd(y + A))
3. fa(=x+A) = supes (ua((—1) + a))
> ‘Zléff(“’* (x +a))
= fis(x + 4)
4. ﬁA((x +y)+ A) = inf,¢, (VA((X +y)+ a))
< ;relg (max(v, (x + ¥),v4(@)))
;gg (max (max(vA (x),vy (y)) , Vs (a)))
max (;rel,g (max(VA (x),vy (a))) , ;Ielg (max(vA ), vy (a))))
max (2IE1£(VA (x+a), ;gg(VA (y + a)))
= max(ﬁA (x+A4),7 @+ A))
5. ﬁA((xy) + A) = inf ¢y (VA((xy) + a))
< ;gAf (max(VA (xy), vy (a)))
< inf (max (max(vA ), va()),va (a)))
= max (;Ielg (max(v, (x),v4(@))), inf (max(v,(¥), v (a))))
= max (Gitrelg(vA (x + a)) , ggg(vA (y+ a)))
= max(V,(x + 4), 7, (y + 4))
6. V4(—x + A) = inf,¢, (VA((—X) + a))
< gg(vA(x +a))

= '\’)A (x + A)
Then, R/A is an IFQR is proved.

IN

Definition 2.7 [10]: Let A = {(x, ua(x),v4(x)) | x € X} and B = {(x, 4 (), v4(x)) | x € X} are IFS’s of X.
The averaging operator of IFS’s A and B over X, denoted by A$B, is defined as

A$B = {(X, Via @) - g (), y/v4 () -vB(x)) | x € X}
which is /uu(x) - pg(x) will be denoted by ®(u,(x),uz(x)) and /v4(x) - vg(x) will be denoted by

@’ (v, (x), v(x)) on the next discussion.

Definition 2.8 [10]: Let X is an empty set. Let A is an IFS over X, and n €[0,1]. An IFS
AT = {(x, uan (%), van (x)) | x € X} which is
Lopan (x) = @(uy(x),m)

2. v () = @ (V4 (x), 1= 1)
is called n-intuitionistic fuzzy set (n-1FS) for every x € X.

I1l. RESULT AND DISCUSSION

In this section will be discussed the definitions and theorems of n-intuitionistic fuzzy quotient sets and n-
intuitionistic fuzzy quotient ring based on sum and product operation in cosets.
Definition 3.1: Let R is a ring. An n-intuitionistic fuzzy set (n-1FS) A" = {(x, uan (x), van (x)) | x € R} is called
n-intuitionistic fuzzy ring (n-1FR) of R if it satisfies the following conditions:
L pn (x +y) = min(pyn (), pan ()
pan (xy) = min(pgn (x), pan (v))
tan (x71) = pgn (%)
van (x + ) < max(van (x), van ()
van (xy) < max(vyn (x), van ()
van (x71) < van (%)

o Uk wn
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forall x,y € R.

Definition 3.2: Let R is a ring. An n-IFS A7 over R is called n-intuitionistic fuzzy ideal (n-IFI) of R if it
satisfies the following conditions:

L pan (e —y) = min(ugn (), uan ()

2. pan (xy) = max(pan (), man ()

3. van(x —y) < max(van (x), van ()

4. van (xy) < min(van (), var ()

forall x,y € R.

Definition 3.3: Let X is an empty set and A" is n-IFl over X. An n-intuitionistic fuzzy quotient set (n-IFQS) X
of A" is defined as

X/A" = {(x + A", fign (x + A7), Vg0 (x + A7) | x € X}
where
fian (x + A7) = sup (ugn (x + a))
a€A"
and
On (x + A") = inf (van (x + @)
a
foreveryx e X and a € A".

Definition 3.4: Let X is an empty set and A7 is n-IFl. Let X/A" is a n-IFQS over A". The sum operation at 1-
IFQS R/A" is defined as
(Ge+ AT, fign Ge + A", 00 (x + AM)B((y + A7), fign (v + A7), Dyn (y + AT))
= (((x +9)+ A", dn ((c + ) + A7), Oan ((x + y) + A”))
where
fian (Gx +y) + A7) = sup (,uAn (c+y)+ a))
a€A”
and
T ((x+y)+ A7) = aierhﬁ] (VAn ((c+y) + a)).

Definition 3.5: Let X is an empty set and A" is n-IFl. Let X/A" is a n-IFQS over A". The product operation at
n-IFQS X /A" is defined as
(G4 A™), fign (x + A7), D0 (x + AM)Q((y + AT, fian (v + AT), Van (y + AM))

= ((y) + A7), fuan (o) + A7), 00 ((xy) + A7) )
where

fian ((xy) + A7) = sup (,uAn (Gey) + a))

a€A”

and

Van ((xy) + A”) = aier}4f77 (VAn ((xy) + a)).

Theorem 3.6: Let R is a ring, A7 is n-IFI, and R/A" is n-IFQS, then R/A" is an n-intuitionistic fuzzy quotient
ring (n-1FQR).
Proof. Based on Definition 3.1, for any x, y € R, we will show that:
L fgn((x+y) + A7) = min(fign (x + A7), fan (y + AT))
fian ((cy) + A7) = min(fyn (x + A7), dgn (y + AT))
fian (=x + A") = fign (x + A7)
Van ((x + ) + A7) < max(Vn (x + A"), Vyn (y + A7)
Van (Gey) + A7) < max(Vyn (x + A7), Vyn (v + AT))
U (—x + AT) < Dy (x + AT).
Thus, we have:
L (G +y) + A7) = supgeqn (an ((x +3) + a) )

= sup (IP(#A((x +y) + a),n))

a€cAn

= sup (min( (s Cx + ), m), Y (ua (@), m)))

SNl A

(o2}
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> sup (min (min (s (0, 1), 9 4ta 0),)) W ka (@, )
~ < _ (min(w(uA GO, m), g (@), m) ))
= sup (min{
aEd min(y (s (), 1), ¥ (wa(a), n))
= sup (min(¥(ua(x + @), ), p(ua (v + @), m)))
= min (sgAQ] W ualx +a),m), sup Wb+ a), n)))

= min (sgAB] (,uAn (x + a)), 5241?7 (uAn b+ a)))
= min(fign (x + A7), fign (x + A7)
2. fan((xy) + A7) = supgean (#AW (Goy) + a))
= sup (¥(ua(Gy) +2),m))
= sup (min( (ua (&), 1), Y (ota (@),m)))
> sup (min (min(ea (0,1, 9 Gea 0),1)) W ta(@), 1)) )
3 < , <min(¢’(ﬂA(x).7l).IP(MA(G);U)) ))
= sup (min|
aeAn min(y (s ), 1), (s (@), m))
= sup (min(y(ua G + @), m), Wuay + @), m))
= min <qu}?7 (Yualx +a),m), SélAQY Yy + a),n)))

= min ( sup (an (x + @), sup (an &y + a)))
= min(fdyn (x + A"), fign (x + A7)
3. fgn(=x+ A7) = supgeqn (uAn (—x+ a))
= sup (W (=x + a),m)
2 sup (min(y (s (=), 1), (s (), 1))
= sup (min(y(ua (), 1), ¥ (s (@), m))
= sup (W (x + a),m)
= sup (tan (—x + @)
= fign(x+ A")
4. Vyn ((x +y)+ A") = inf, e n (vAn ((x +y)+ a))
= inf (lp’(vA((x +y)+a)l- n))

a€eA"

J?,fn (max(' vy (x +¥),1 =), ¥'(va(@), 1 — 1))
inf <max <max <1/),(VA (), 1~ TI)'> W' (), 1 - 77)))

IA

aeAn Y'va(y),1-1m)
. < <max(1,b’(vA ), 1=, Y'(vy(a), 1 - 77)) :))
= al&ﬁv max

max(y' (v4 (), 1 =), ¥’ (va(@), 1 = m))
= Inf (max(Y'(va(x + a), 1 =), ' (s (v + @), 1 = 1))
= max ( inf (¥ a(x + @), 1 =), Inf (P (G + @), 1-n))
= max (ai&fn (vAn (x + a)) , aier}ﬁ7 (VAn (y+ a)))
= max(Vn (x + A7), V1 (x + A7))
5. Van((xy) + A7) = infyepm (VAn (Goy) + a))
= inf (w’(VA((xy) +a),1- n))

a€eAl

= Inf (max(y'(vs (xy), 1 =), (va (@), 1 = 1))

< o, (max(max (1070 1)
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inf
a€A

( (max(t/)’(vA (), 1=1), %' (va(@), 1~ 1)) ))
max
max(' (4 (), 1 =), ¥’ (vs (@), 1 = 1))
aiér}qﬁl (max(y/'(vy(x + @), 1 =), P' v,y + @), 1 —1)))
= max (aie%v W' (valx+a),1-1m), ai&fn W +a)l- 77)))
= max (aie%v (vAn (x + a)) , aiér}qfn (VAn y+ a)))
= max(Vn (x + A7), Vn (x + A"))
6. Vym(—x + A") = infycyn (VAn (—x + a))
aié}qfn (w’(vA (—x+a),1- 17))
aig{n (max(z,b’(vA (=), 1 =), ¢¥'(vy(a),1 - 77)))
inf (max(y'(vs (), 1 =), ' (va(@), 1~ )))
ai&fn (w’(vA(x +a),l- 7}))
aierilfn (van (—=x + @)
=V (x + A7)
Then, R/A" is an n-IFQR is proved.

o IA

Example 3.7: Let Zg is aring. Defined u, : Zg — [0,1] and v, : Zg — [0,1], which is
# (x) - {0123 ;x = il 2; Zl'l g and v (x) — {0;77 ;x = i;
4 040 ,x=10,3 4 025 ,x=

Letn = 0,65, thus 1 —n = 0,35. We refer to the averaging operation in Definition 2.7, we have p n (x) = 0,39

and vn (x) = 0,52 for x = {1, 2,4, 5}, while uyn (x) = 0,51 and v4n (x) = 0,30 for x = {0, 3}.It can be shown

that n-IFQR based on the following description:

1. Let any x=1y=3, and a=1{0,1,2,345}We have,
(1 +a) ={0,39,0,39,0,51,0,39,0,39,0,51},u4n 3 + @) = {0,51,0,39,0,39,0,51,0,39, 0,39}, and
pan (T +3)+a)=1{0,39,039,0,51,0,39,0,39,0,51}. Thus, we obtain supgesn(usn(1+a)) = 0,51,
supgean (an 3 + @) = 0,51, and supgeqn (,uAn (@+3)+ a)) =0,51. Hence, fin((1+3)+4")=
min(ﬁAn (I + A"),/:LAn (§ + Aﬂ))

2. Similarly, we have uAn((T 3+ a) ={0,51,0,39,0,39,0,51, 0,39, 0,39}. Thus, we
obtainsup,ean (uan (1 + @)) = 0,51, supgean (an (3 +a)) =051, and supgeqn (/JAr/ (1T-3)+ a)) =
0,51. Hence,fn (T - 3) + A7) = min(dan (T + A"), fian 3 + AM)).

3. Let any x=1, thus -x =5, and a={0,1,23,45}. We have,
uan (1 +a) ={0,39,0,39,0,51,0,39,0,39,0,51} and (5 +a) ={0,39,0,51,0,39,0,39,0,51,0,39}.
Thus, we obtainsupgean (uan (1 + a)) = 0,51andsup,eqn (uAn (5+ a)) =0,51. Henceim(5+A47) >
fian (i + A").

To show the other axioms of the degree of non membership can use the same method as above.

Then, that can be proved that R/A7 = {(x + A", fign (x + A"),94n (x + A7) | x € Zg} is an n-IFQR.

2,4,5
0,3

IV. CONCLUSION
Based on the result and discussion, a new structure of n-intuitionistic fuzzy quotient set and n-
intuitionistic fuzzy quotient ring are obtained with sum and product operator in cosets. On the next research, it is
suggested to build a new structure related to homomorphism and isomorphism mapping and its properties in 7-
intuitionistic fuzzy quotient ring concepts.
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