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 Abstract. In this paper, we introduce semi-slant pseudo-Riemannian submersions from indefinite almost para-

contact manifolds onto pseudo-Riemannian manifolds. We investigate necessary and sufficient conditions for 

foliations determined by horizontal and vertical distributions to be totally geodesic. We also obtain a necessary 

and sufficient condition for submersions to be totally geodesic and provide a non- trivial example. Moreover, we 

discuss the harmonicity of such submersions. 
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I. Introduction 
The theory of Riemannian submersions was introduced by O’ Neill [13] and Gray [8]. Several 

geometers studied Riemannian submersions with suitable surjective maps ([7], [12], [13], [16]). It is known that 

Riemannian submersions are related with physics and have their applications in the Kaluza-Klein theories ([3], 

[10]), Yang-Mills theory ([2], [24]), supergravity and superstring theories ([10], [11]), the theory of robotics 

([1]). 

In 1984, Chinea studied Riemannian submersions between almost contact manifolds and investigated 

some geometric properties and interrelations of structures between such manifolds [4], [5]. In 2010, Sahin 

introduced anti-invariant and semi-invariant Riemannian submersions from almost Hermitian manifolds onto 

Riemannian mani- folds [17], [18]. He also gave the notion of a slant submersion from an almost Her- mitian 

manifold onto a Riemannian manifold as a generalization of almost Hermitian submersions and anti-invariant 

submersions [19]. Further, in 2013, K. S. Park intro- duced semi-slant submersions from an almost Hermitian 

manifold onto a Riemannian manifold and obtained interesting results [14], [15]. 

In the present paper, our aim is to study semi-slant pseudo-Riemannian submersions from indefinite 

almost para-contact manifolds onto pseudo-Riemannian manifolds. 

The composition of the paper is as follows. In section 2, we collect some basic definitions, formulas 

and results on indefinite almost para-contact manifolds and pseudo-Riemannian submersions. In section 3, we 

give an example of semi-slant pseudo-Riemannian submersions from indefinite almost para-contact manifolds 

onto pseudo-Riemannian manifolds. We investigate necessary and sufficient conditions for foliations 

determined by horizontal and vertical distributions to be totally geodesic. We also obtain a necessary and 

sufficient condition for submersions to be totally geodesic and check the harmonicity of such submersions. 
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II. Preliminaries: 
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III. Semi-Slant PSEUDO-Riemannian submersions 
 

Definition 3.1.  Let  𝑀 2𝑚1+1, 𝜙 , 𝜉 , 𝜂 , 𝑔   be an indefinite almost para-contact manifold and  𝑀𝑚2 , 𝑔  be a 

pseudo-Riemannian manifold with 𝑚1 > 𝑚2. A pseudoRiemannian submersion 𝑓: 𝑀 ⟶ 𝑀 is called a semi-

slant pseudo-Riemannian submersion if the structure vector field 𝜉  is horizontal and there exists a distribution 

𝒟 ⊆ ker⁡𝑓∗ such that 

(i) ker⁡𝑓∗ = 𝒟 ⊕ 𝒟 ⊥; 

(ii) 𝜙 (𝒟 ) = 𝒟 ; and 

(iii) for any non-zero vector field 𝑋 𝑝 ∈ 𝒟 𝑝
⊥ , the angle 𝜃 between 𝜙 𝑋 𝑝  and the space 𝒟 𝑝

⊥  isConstant 

This angle 𝜃 is called semi-slant angle of the submersion. 

If dimension 𝒟 = 0, then the map 𝑓 is a slant pseudo-Riemannian submersion and 

if 𝜃 =
𝜋

2
, then it is a semi-invariant pseudo-Riemannian submersion. 

For any vector field 𝑈 ∈ 𝒱, we put 

 

 3.1                                                                    𝑈 = 𝑃𝑈 + 𝑄𝑈, 
where 𝑃𝑈 ∈ 𝒟  and 𝑄𝑈 ∈ 𝒟 ⊥. 

Also, for any vector field 𝑈 ∈ 𝒟 ⊥ , we set 

 

 3.2 𝜙 𝑈 = 𝜓𝑈 + 𝜔𝑈, 
where 𝜓𝑈 and 𝜔𝑈 are horizontal and vertical components of 𝜙 𝑈 respectively. 

For any vector field 𝑋 ∈ ℋ, we put 

 3.2 𝜙 𝑋 = 𝑡𝑋 + 𝑛𝑋 , 
where 𝑡𝑋  and 𝑛𝑋  are horizontal and vertical components of 𝜙 𝑋  respectively. 

 

Example 3.2. Let   ℝ6
13 , 𝜙 , 𝜉 , 𝜂 , 𝑔  ;  𝑥1 , ⋯ , 𝑥6 , 𝑦1 , ⋯ , 𝑦6 , 𝑧 𝑡  be an indefinite almost para-contact manifold 

with 

𝜙  
∂

∂𝑥𝑖

 
𝑖=1,2,⋯,6

=
∂

∂𝑦𝑖

, 𝜙  
∂

∂𝑦𝑖

 
𝑖=1,2,⋯,6

=
∂

∂𝑥𝑖

, 𝜙  
∂

∂𝑧
 = 0, 

𝜉 = 2
∂

∂𝑧
, 𝜂 = 2𝑑𝑧, signature of 𝑔 = (−, −, −, +, +, +, −, −, −, +, +, +, +) and let  ℝ2

6, 𝑔  be a pseudo-

Riemannian manifold. 

Define a submersion 𝑓:  ℝ6
13 ;  𝑥1 , ⋯ , 𝑥6, 𝑦1 , ⋯ , 𝑦6 , 𝑧 𝑡 ⟶  ℝ2

6;  𝑢1, 𝑢2, ⋯ , 𝑢6 
𝑡  

 

by 

 

𝑓  𝑥1 , ⋯ , 𝑥6, 𝑦1 , ⋯ , 𝑦6 , 𝑧 𝑡 ⟼  𝑥2sin⁡𝛼 + 𝑦2cos⁡𝛼, 𝑥3cos⁡𝛼 + 𝑦3sin⁡𝛼, 

𝑥4sin⁡𝛼 − 𝑦4cos⁡𝛼, −𝑥5cos⁡𝛼 + 𝑦5sin⁡𝛼,
                                                                                             𝑥6sin⁡𝛼 − 𝑦6cos⁡𝛼. 𝑧 𝑡 ,

 

where 𝛼 ∈ ℝ. 

          The vertical distribution 𝒱 is span of 

 

 
∂

∂𝑥1

,
∂

∂𝑦1

, cos⁡𝛼
∂

∂𝑥2

− sin⁡𝛼
∂

∂𝑦2

, −sin⁡𝛼
∂

∂𝑥3

+ cos⁡𝛼
∂

∂𝑦3

, cos⁡𝛼
∂

∂𝑥4

+ sin⁡𝛼
∂

∂𝑦4

 

 sin⁡𝛼
∂

∂𝑥5

+ cos⁡𝛼
∂

∂𝑦5

, cos⁡𝛼
∂

∂𝑥6

+ sin⁡𝛼
∂

∂𝑦6

 

 

We have 𝒟 = Span⁡ 
∂

∂𝑥1
,

∂

∂𝑦1
 ⊂ 𝒱 and 

 

𝒟 ⊥ = Span⁡ cos⁡𝛼
∂

∂𝑥2

− sin⁡𝛼
∂

∂𝑦2

, −sin⁡𝛼
∂

∂𝑥3

+ cos⁡𝛼
∂

∂𝑦3

, cos⁡𝛼
∂

∂𝑥4

+ sin⁡𝛼
∂

∂𝑦4

 sin⁡𝛼
∂

∂𝑥5

+ cos⁡𝛼
∂

∂𝑦5

, cos⁡𝛼
∂

∂𝑥6

+ sin⁡𝛼
∂

∂𝑦6

 .

 

 

It can be seen that 𝒟  is invariant with respect to 𝜙  and semi-slant angle of submersion 𝑓 is         𝜃 =
𝜋

2
− 2𝛼. 

Proposition 3.1. Let 𝑓: 𝑀 ⟶ 𝑀 be a semi-slant pseudo-Riemannian submersion from an indefinite almost para-     
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contact manifold (𝑀 , 𝜙 , 𝜉 , 𝜂 , 𝑔 ) onto a pseudoRiemannian manifold (𝑀, 𝑔). If 𝑈, 𝑉 are vertical and 𝑋 , 𝑌  are 

horizontal vector fields on 𝑀 , then we have 

 

(3.5)

𝑔 (𝜔𝑄𝑈, 𝑉) = 𝑔 (𝑈, 𝜔𝑄𝑉),

𝑔 (𝑡𝑋 , 𝑌 ) = 𝑔 (𝑋 , 𝑡𝑌 ),

𝑔 (𝜓𝑄𝑈, 𝑋 ) = 𝑔 (𝑈, 𝑛𝑋 ).

 

 

Proof. Using equations (2.5), (3.1) and (3.2), for any vector fields 𝑈, 𝑉 ∈ 𝒱, we have 

 

𝑔 (𝜙𝑃𝑈 + 𝜓𝑄𝑈 + 𝜔𝑄𝑈, 𝑉) = 𝑔 (𝑈, 𝜙𝑃𝑉 + 𝜓𝑄𝑉 + 𝜔𝑄𝑉) 

which implies 

𝑔 (𝜔𝑄𝑈, 𝑉) = 𝑔 (𝑈, 𝜔𝑄𝑉). 
Similarly, for any vector fields 𝑈, 𝑉 ∈ 𝒱 and 𝑋 , 𝑌 ∈ ℋ, we have equations (3.5) and (3.6). 

 

Theorem 3.3. Let (𝑀 , 𝜙 , 𝜉 , 𝜂 , 𝑔 ) be an indefinite almost para-contact manifold and (𝑀, 𝑔) a pseudo-Riemannian 

manifold. Then, a pseudo-Riemannian submersion 𝑓: 𝑀 ⟶ 𝑀 is a semi-slant pseudo-Riemannian submersion if 

and only if there exists 𝜆 ∈ [0,1] such that 

(3.7)                                                                      (𝑄𝜔)2 = 𝜆𝜙 2. 
Moreover, if 𝜃 is semi-slant angle of the pseudo-Riemannian submersion, then 𝜆 = cos2⁡𝜃. 

 

Proof. Let 𝑉 ∈ 𝒟 ⊥ . Then, we have 

(3.8)                                                   cos⁡𝜃 =
𝑔 (𝜙 𝑉, 𝑄𝜔𝑉)

|𝜙 𝑉||𝑄𝜔𝑉|
. 

 

Again, we have 

 3.9                                                    cos⁡𝜃 =
|𝑄𝜔𝑉|

|𝜙 𝑉|
. 

 

From equations (2.5), (3.2) and (3.8), we have 

 

(3.10)                                                cos⁡𝜃 =
𝑔  𝑉,(𝑄𝜔)2𝑉 

|𝜙 𝑉||𝑄𝜔𝑉 |
. 

 

In view of equations (3.9) and (3.10), we have 

 

 3.11                                                 cos2⁡𝜃 =
𝑔  𝑉, (𝑄𝜔)2𝑉 

𝑔 𝑉, 𝜙 2𝑉 
 

 

Equation (3.11) implies that cos2⁡𝜃 = constant if and only if (𝑄𝜔)2 and 𝜙 2 are conformally parallel. 

Hence, we get (𝑄𝜔)2 = 𝜆𝜙 2, for some 𝜆 ∈ [0, ∞). 

Again, by using equations (3.7) and (3.11), we have 𝜆 = cos2⁡𝜃. Consequently, we get 𝜆 ∈ [0,1]. 
 

Proposition 3.2. Let 𝑓: 𝑀 ⟶ 𝑀 be a semi-slant pseudo-Riemannian submersion from an indefinite almost para-

contact manifold (𝑀 , 𝜙 , 𝜉 , 𝜂 , 𝑔 ) onto a pseudoRiemannian manifold (𝑀, 𝑔). If 𝜃 is semi-slant angle of the 

pseudo-Riemannian submersion, then for 𝑈, 𝑉 ∈ 𝒟 ⊥ , 

(3.12) 𝑔 (𝑄𝜔𝑈, 𝑄𝜔𝑉) = (𝑔 (𝑈, 𝑉) − 𝜀𝜂 (𝑈)𝜂 (𝑉))cos2⁡𝜃, 

 

(3.13)  𝑔 (𝜓𝑈𝜓𝑉) = 𝑔 (𝜙 𝑈, 𝜙 𝑉)sin2⁡𝜃 − 𝑔 (𝑃𝜔𝑈, 𝑃𝜔𝑉). 

 

Proof. Let 𝑈, 𝑉 ∈ 𝒟 ⊥ . On replacing 𝑉 by 𝑄𝜔𝑉 in equation (3.4), we get 

𝑔 (𝑄𝜔𝑈, 𝑄𝜔𝑉) = 𝑔  𝑈, (𝑄𝜔)2𝑉 . 
In view of equations (2.2) and (3.7), above equation implies equation (3.12). Similarly, we have equation (3.13). 

 

Theorem 3.4. Let 𝑓: 𝑀 ⟶ 𝑀 be a semi-slant pseudo-Riemannian submersion from an indefinite almost para-

contact manifold (𝑀 , 𝜙 , 𝜉 , 𝜂 , 𝑔 ) onto a pseudo-Riemannia: manifold (𝑀, 𝑔). Then,  𝜓𝒟 ⊥ ⊥ is invariant with 

respect to 𝜙 . 
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Proof. Let 𝑈 ∈  𝜓𝒟 ⊥ ⊥ ⊂ ℋ. For any 𝑉 ∈ 𝒟 ⊥ , we have 

 

𝑔 (𝜙 𝑈, 𝑄𝜔𝑉) = 𝑔 (𝑈, 𝜙 (𝑄𝜔𝑉))

= 𝑔 (𝑈, 𝜓𝑄𝜔𝑉 + 𝜔𝑄𝜔𝑉)

= 0

 

which implies 𝜙 𝑈 ∈  𝜓𝒟 ⊥ ⊥ . 

Again, for any 𝑉 ∈ 𝒟 ⊥ , we get 

𝑔 (𝜙 𝑈, 𝑉) = 𝑔 (𝑈, 𝜙 𝑉)

= 𝑔 (𝑈, 𝜓𝑉 + 𝑃𝜔𝑉 + 𝑄𝜔𝑉)

= 0

 

 

which implies 𝜙 𝑈 ∈  𝜓𝐷  ⊥ . 

Hence, 𝜙  𝜓𝐷⊥ ⊥⊆ (ψD⊥)⊥. 

 

Proposition 3.3. Let  
𝜕

𝜕𝑥1

 , ⋯
𝜕

𝜕𝑥𝑘
}  be a basis of 𝐷1 and  

𝜕

𝜕𝑦−
1 , …

𝜕

𝜕𝑦1  a basis of 

𝐷 𝑙 = 2𝑚1 + 1 − 𝑚2 − 𝑘. 

Then{ 𝜓  
𝜕

𝜕𝑥2
 𝑐𝑠𝑐 𝜃, 𝜓  

𝜕

𝜕𝑥2
 𝑐𝑠𝑐 𝜃, 𝜓  

𝜕

𝜕𝑥3
 𝑐𝑠𝑐 𝜃, …  𝜓  

𝜕

𝜕𝑥𝑘
 𝑐𝑠𝑐 𝜃} is an orthonormal basis of 𝜓𝐷 1

. 

Proof. We have 

𝑔  𝜓  
𝜕

𝜕𝑥𝑖
 𝑐𝑠𝑐 𝜃, 𝜓  

𝜕

𝜕𝑥𝑗
 𝑐𝑠𝑐 𝜃  =  𝑔  𝜓  

𝜕

𝜕𝑥𝑖
 , 𝜓  

𝜕

𝜕𝑥𝑗
   csc

2 𝜃 

 

 =  𝑔  ∅  
𝜕

𝜕𝑥𝑖
 csc 𝜃 , ∅  

𝜕

𝜕𝑥𝑗
   sin

2 𝜃 csc
2 𝜃 − 𝑔  𝑃𝜔  

𝜕

𝜕𝑥𝑖
 , 𝑃𝜔  

𝜕

𝜕𝑥𝑗
  csc

2 𝜃 

 

=   𝛿ⅈ𝑗 
 

Proposition 3.4. If 
∂

∂x1
 , 

∂

∂x2
 ,  

∂

∂x3
 , … 

𝜕

𝜕𝑥𝑘
  are any orthonormal vector fields in 𝐷⊥  ,then 

{
𝜕

𝜕𝑥1
, Q𝜔  

𝜕

𝜕𝑥2
 sec 𝜃, 

𝜕

𝜕𝑥2
 , Q𝜔  

𝜕

𝜕𝑥3
  sec 𝜃, … 

𝜕

𝜕𝑥𝑘
, Q𝜔  

𝜕

𝜕𝑥𝑘
  sec 𝜃}is anorthonormal basis of  𝐷⊥ . 

 

Proof. We have 

𝑔  𝑄𝜔  
𝜕

𝜕𝑥𝑖
 𝑠𝑒𝑐 𝜃, 𝑄𝜔  

𝜕

𝜕𝑥𝑗
 𝑠𝑒𝑐 𝜃  = 𝑔  𝑄𝜔  

𝜕

𝜕𝑥𝑖
 , 𝑄𝜔  

𝜕

𝜕𝑥𝑗
   sec

2 𝜃 

=𝑔  
𝜕

𝜕𝑥𝑖
,

𝜕

𝜕𝑥𝑗
 − 𝜀𝜂(

𝜕

𝜕𝑥𝑖
)𝜂(

𝜕

𝜕𝑥𝑗
) 

 

=   𝛿ⅈ𝑗. 
Lemma 3.5. Let f: 𝑀                   𝑀be a semi-slant pseudo-Riemannian submersion froman indefinite almost para-

contact manifold (𝑀 , ∅ , 𝜉 , 𝜂 , 𝑔 ) onto a pseudo-Riemannian manifold (M, g). Then, for any  𝑈, 𝑉 ∈ 𝒱 and 

𝑋, 𝑌  ∈ 𝐻, we have 

 

 

𝑕(∇ PU(∅ PV)) + 𝜐(∇ PU(∅  PV)) + 𝑕(∇ QU(∅ PV)) + 𝜐(∇ QU(∅ PV)) 

+𝑕(∇ PU(𝜓QV)) + 𝒯PU 𝜓𝑄𝑉  + 𝒯PU 𝜔𝑄𝑉 + 𝜐(∇ PU(ωQV)) 

(3.14)  + 𝑕(∇ QU(𝜓QV)) + 𝒯QU 𝜓𝑄𝑉  + 𝑕(∇ QU(𝜔PV)) + 𝒯QU 𝜔𝑄𝑉  

= (∇ U∅ )V + t(𝒯uV) + 𝔫(𝒯uV) +∅ (𝑃(𝑢∇ UV))+𝜓(𝑄(𝑢∇ UV)) + 𝜔(𝑄(𝑢∇ UV)), 

 

(3.15) 

                                𝑕∇ 𝑋 (𝑡𝑌 ) + 𝒜𝑋 (𝑡𝑌 ) + 𝒜𝑋 (𝑛𝑌 ) + 𝑣 ∇ 𝑋 (𝑛𝑌 ) 

                       =     ∇ 𝑋 𝜙  𝑌 + 𝑡 𝑕∇ 𝑋 𝑌  + 𝑛 𝑕∇ 𝑋 𝑌  + 𝜙  𝑃 𝒜𝑋 𝑌   

+𝜓 𝑄 𝒜𝑋 𝑌   + 𝜔 𝑄 𝒜𝑋 𝑌   

 

 

     𝒜𝑋 (𝜙 𝑃𝑈) + 𝑣 ∇ 𝑋 (𝜙 𝑃𝑈) + 𝑕 ∇ 𝑋 (𝜓𝑄𝑈)  
(3.16)   +𝒜𝑋 (𝜓𝑄𝑈) + 𝒜𝑋 (𝜔𝑄𝑈) + 𝑣 ∇𝑋 (𝜔𝑄𝑈)  

_ 
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                                                                   =  ∇ 𝑋 
𝜙 
 𝑈 + 𝑡 𝒜𝑋 𝑈 + 𝑛 𝒜𝑋 𝑈 + 𝜙  𝑃 𝑣∇ 𝑋 𝑈  

                                                                    +𝜓 𝑄 𝑣∇ 𝑋 𝑈  + 𝜔 𝑄 𝑣∇ 𝑋 𝑈  ,
 

 

𝑕 ∇ 𝑈 𝑡𝑋   + 𝒯𝑈 𝑡𝑋  + 𝒯𝑈 𝑛𝑋  + 𝑣 ∇ 𝑈 𝑛𝑋    

(3.17)  
=  ∇𝑈𝜙 𝑋 + 𝑡 𝑕∇𝑈𝑋 + 𝑛 𝑕∇𝑈𝑋 + 𝜙 𝑃 𝒯𝑈𝑋  

                                       +𝜓 𝑄 𝒯𝑈𝑋   + 𝜔 𝑄 𝒯𝑈𝑋   .
 

 
Proof.  For U, V ∈ 𝒱, we have 
∇ 𝑈(𝜙 𝑉) = ∇ 𝑃𝑈 +𝑄𝑈 (𝜙 (𝑃𝑉 + 𝑄𝑉)), 

which gives 
 ∇ 𝑈𝜙  𝑉 + 𝑡 𝒯𝑈𝑉 + 𝑛 𝒯𝑈𝑉 + 𝜙  𝑃 𝑣∇ 𝑈𝑉  + 𝜓 𝑄 𝑣∇ 𝑈𝑉  + 𝜔 𝑄 𝑣∇ 𝑈𝑉  

                 = 𝑕 ∇ 𝑃𝑈(𝜙 𝑃𝑉) + 𝑣 ∇ 𝑃𝑈(𝜙 𝑃𝑉) + 𝑕 ∇ 𝑄𝑈(𝜙 𝑃𝑉) + 𝑣 ∇ 𝑄𝑈(𝜙 𝑃𝑉) 

                                +𝑕 ∇ 𝑃𝑈(𝜓𝑄𝑉) + 𝒯𝑃𝑈(𝜔𝑄𝑉) + 𝒯𝑃𝑈(𝜓𝑄𝑉) + 𝑣 ∇ 𝑃𝑈(𝜔𝑄𝑉) 

                             +𝑕  ∇ 𝑄𝑈 𝜓𝑄𝑉  + 𝑕  ∇ 𝑄𝑉 𝜔𝑄𝑉  + 𝒯𝑄𝑈(𝜓𝑄𝑉) + 𝒯𝑄𝑈(𝜔𝑄𝑉)

 

Similarly, we have other equations 
By using similar steps as in lemma (3.5), we have 
Lemma 3.6. Let f: 𝑀                      𝑀be a semi-slant pseudo-Riemannian submersion froman indefinite 

almost para-contact manifold (𝑀 , ∅ , 𝜉 , 𝜂 , 𝑔 ) onto a pseudo-Riemannian manifold (M, g). Then, for any  
𝑈, 𝑉 ∈ 𝒱 and 𝑋, 𝑌  ∈ 𝐻, we have 

(3.18)

  𝒯𝑃𝑈(𝜙 𝑃𝑉) + 𝑕 ∇ 𝑄𝑈(𝜙 𝑃𝑉) + 𝑕 ∇ 𝑃𝑈(𝜓𝑄𝑉) 

+𝒯𝑃𝑈(𝜔𝑄𝑉) + 𝑕 ∇ 𝑄𝑈(𝜓𝑄𝑉) + 𝑕 ∇ 𝑄𝑉(𝜔𝑄𝑉) 

                                      = 𝑡 𝒯𝑈𝑉 + 𝜓 𝑄 𝑣∇ 𝑈𝑉  ;

 

(3.19)

                                                       𝑢 ∇ 𝑃𝑈(𝜙 𝑃𝑉) + 𝑣 ∇ 𝑄𝑈(𝜙 𝑃𝑉) + 𝒯𝑃𝑈(𝜓𝑄𝑉)

                                                        +𝑣 ∇ 𝑃𝑈(𝜔𝑄𝑉) + 𝒯𝑄𝑈(𝜓𝑄𝑉) + 𝒯𝑄𝑈(𝜔𝑄𝑉)

                                                            = 𝑛 𝒯𝑈𝑉 + 𝜙 𝑃 𝑣∇ 𝑈𝑉 + 𝜔 𝑄 𝑣∇ 𝑈𝑉  .

 

(3.20)                                     𝑕 ∇ 𝑋 (𝑡𝑌 ) + 𝒜𝑋 (𝑛𝑌 ) = 𝑡 𝑕∇ 𝑋 𝑌  + 𝜓 𝑄 𝒜𝑋 𝑌   ; 

(3.21)𝒜𝑋 (𝑡𝑌 ) + 𝑣 ∇ 𝑋 (𝑛𝑌 ) = 𝑛 𝑕∇ 𝑋 𝑌  + 𝜔 𝑄 𝒜𝑋 𝑌   + 𝜙 𝑃 𝒜𝑋 𝑌  . 

(3.22)𝒜𝑋  𝜙 𝑃𝑈 + 𝑕 ∇ 𝑋  𝜓𝑄𝑈  + 𝒜𝑋  𝜔𝑄𝑈 = 𝑡 𝒜𝑋 𝑈 + 𝜓 𝑄 𝑣∇ 𝑋 𝑈  ; 

 3.23                           𝑣  ∇ 𝑋  𝜙 𝑃𝑈  + 𝒜𝑋  𝜓𝑄𝑈 + 𝑣 ∇ 𝑋  𝜔𝑄𝑈  = 𝑛 𝒜𝑋 𝑈 + 𝜙 𝑃 𝑣∇ 𝑋 𝑈 + 𝜔𝑄 𝑣∇ 𝑋 𝑈  

(3.24)   𝑕 ∇ 𝑈(𝑡𝑋 ) + 𝒯𝑈(𝑛𝑋 ) = 𝑡 𝑕∇ 𝑈𝑋  + 𝜓 𝑄𝒯𝑈𝑋  ; 
(3.25)   𝒯𝑈(𝑡𝑋 ) + 𝑣 ∇ 𝑈(𝑛𝑋 ) = 𝑛 𝑕∇ 𝑈𝑋  + 𝜙  𝑃𝒯𝑈𝑋  + 𝜔𝑄 𝒯𝑈𝑋  . 
 
Lemma 3.7. Let f: 𝑀                   𝑀be a semi-slant pseudo-Riemannian submersion froman indefinite almost 

para-contact manifold  (𝑀 , ∅ , 𝜉 , 𝜂 , 𝑔 ) onto a pseudo-Riemannian manifold (M, g). Then, for any  𝑈, 𝑉 ∈ 𝜈 
and 𝑋, 𝑌  ∈ 𝐻, we have 

𝑕 ∇ 𝑃𝑈(𝜙 𝑃𝑉) + 𝑣 ∇ 𝑃𝑈(𝜙 𝑃𝑉) + 𝑕 ∇ 𝑄𝑈(𝜙 𝑃𝑉) + 𝑣 ∇ 𝑄𝑈(𝜙 𝑃𝑉) 

+𝑕 ∇ 𝑃𝑈 𝜓𝑄𝑉  + 𝒯𝑃𝑈(𝜓𝑄𝑉) + 𝒯𝑃𝑈(𝜔𝑄𝑉) + 𝑣 ∇ 𝑃𝑈 𝜔𝑄𝑉  
 

(3.26) 

+𝑕  ∇ 𝑄𝑈 𝜓𝑄𝑉  + 𝒯𝑄𝑈 𝜓𝑄𝑉 + 𝑕  ∇ 𝑄𝑈 𝜔𝑄𝑉  + 𝒯𝑄𝑈 𝜔𝑄𝑉 ,

                        = 𝑔 (𝑈, 𝑉)𝜉 + 𝑡 𝒯𝑈𝑉 + 𝑛 𝑕∇ 𝑈𝑉 + 𝜙 𝑃 𝑣 ∇ 𝑈𝑉  

                                                                  +𝜓𝑄 𝑣∇ 𝑈𝑉 + 𝜔𝑄 𝑣∇ 𝑈𝑉 

 

 
   𝑕 ∇ 𝑋 (𝑡𝑌 ) + 𝒜𝑋 (𝑡𝑌 ) + 𝒜𝑋 (𝑛𝑌 ) + 𝑣 ∇ 𝑋 (𝑛𝑌 )  

(3.27)  
                                = 𝑔 (𝑋 , 𝑌 )𝜉 − 𝜀𝜂 (𝑌 )𝑋 + 𝑡 𝑕∇ 𝑋 𝑌  + 𝑛 𝑕∇ 𝑋 𝑌  

                                         +𝜙 𝑃 𝒜𝑋 𝑌  + 𝜓𝑄 𝒜𝑋 𝑌  + 𝜔𝑄 𝒜𝑋 𝑌  ,
 

  𝒜𝑋 (𝜙 𝑃𝑈) + 𝑣 ∇ 𝑋 (𝜙 𝑃𝑈) + 𝑕 ∇ 𝑋 (𝜓𝑄𝑈)  

(3.28)   

+𝒜𝑋 (𝜓𝑄𝑈) + 𝒜𝑋 (𝜔𝑄𝑈) + 𝑣 ∇𝑋 (𝜔𝑄𝑈) 

               = 𝑔 (𝑋 , 𝑈)𝜉 + 𝑡 𝒜𝑋 𝑈 + 𝑛 𝒜𝑋 𝑈 

  +𝜙 𝑃 𝑣∇ 𝑋 𝑈 + 𝜓𝑄 𝑣∇ 𝑋 𝑈 + Ω𝑄 𝑣∇ 𝑋 𝑈 ,
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(3.29)   

      𝑕 ∇ 𝑈(𝑡𝑋 ) + 𝒯𝑈(𝑡𝑋 ) + 𝒯𝑈(𝑛𝑋 ) + 𝑣 ∇ 𝑈(𝑛𝑋 ) 

= 𝑔 (𝑈, 𝑋 )𝜉 − 𝜀𝜂 (𝑋 )𝑈 + 𝑡 𝑕∇ 𝑈𝑋  + 𝑛 𝑕∇ 𝑈𝑋  

                +𝜙 𝑃 𝒯𝑈𝑋  + 𝜓𝑄 𝒯𝑈𝑋  + 𝜔𝑄 𝑣∇ 𝑈𝑋  .

 

Theorem 3.8. Let f: 𝑀                      𝑀be a semi-slant pseudo-Riemannian submersion froman indefinite 

almost para-contact manifold  (𝑀 , ∅ , 𝜉 , 𝜂 , 𝑔 ) onto a pseudo-Riemannian manifold (M, g). Then, the fibres 
of f are totally geodesic if and only if 
(3.30)  ∇ 𝑈(𝜙 𝑉) = 𝜙  𝑣∇ 𝑈𝑉  
for any U,V ∈ 𝑣. 
Proof. Let U,V ∈ 𝑣. By using equation (3.1), we have 

∇ 𝑈(𝜙 𝑉) =  ∇ 𝑈𝜙  𝑉 + 𝜙  ∇ 𝑃𝑈𝑃𝑉 + ∇ 𝑃𝑈𝑄𝑉 + ∇ 𝑄𝑈𝑃𝑉 + ∇ 𝑄𝑈𝑄𝑉 . 

In view of equation (2.18) and (3.1), the above equation implies 
∇ 𝑈 𝜙 𝑉 =  ∇ 𝑈𝜙  𝑉 + 𝜙  𝒯𝑈𝑉 + 𝜙  𝑣∇ 𝑈𝑉 . 

Since the manifold (𝑀 , ∅ , 𝜉 , 𝜂 , 𝑔 ) is para-cosymplectic, we have  ∇ 𝑈𝜙  = 0. So from 
above equation, we have 
(3.31)   ∇ 𝑈(𝜙 𝑉) = 𝜙  𝒯𝑈𝑉 + 𝜙  𝑣∇ 𝑈𝑉  
Now, fibres are totally geodesic if and only if TuV = 0, which implies equation 
(3.30) 
Theorem 3.9. Let f: 𝑀                     𝑀 be a semi-slant pseudo-Riemannian submersion  froman indefinite 

almost para-contact manifold  (𝑀 , ∅ , 𝜉 , 𝜂 , 𝑔 ) onto a pseudo-Riemannian manifold (M, g). Then, the 
horizontal distribution ℋ defines a totally 
geodesic foliation if and only if 

(3.32)   

𝑔  𝑡 𝑕∇𝑋 𝑌 + 𝜓𝑄 𝑣∇𝑋 𝑌 , 𝜓𝑄𝑈 

+𝑔  𝑛 𝑕∇ 𝑋 𝑌  + 𝜙 𝑃 𝑣∇ 𝑋𝑌 + 𝜔𝑄 𝑣∇ 𝑋 𝑌  , 𝜙 𝑃𝑈 

+𝑔  𝑛 𝑕∇ 𝑋 𝑌  + 𝜙 𝑃 𝑣∇ 𝑋𝑌 + 𝜔𝑄 𝑣∇ 𝑋 𝑌  , 𝜔𝑄𝑈 = 0,

 

for any 𝑋, 𝑌  ∈ ℋ. and 𝑈, 𝑉 ∈ 𝒱. 
Proof. Let 𝑋, 𝑌  ∈ ℋ. For any 𝑈, 𝑉 ∈  𝒱, equation (2.2) implies 
𝑔  ∇ 𝑋 𝑌 , 𝑈 = 𝑔  𝜙  ∇ 𝑋 𝑌  , 𝜙 𝑈 . 
By splitting horizontal and vertical components and the using equation (3.1), (3.2), 
(3.3), we have 

𝑔  ∇ 𝑋 𝑌 , 𝑈 = 𝑔  𝑡 𝑕∇ 𝑋 𝑌 
′ , 𝜙 𝑃𝑈 + 𝑔  𝑡 𝑕∇ 𝑋 𝑌  , 𝜓𝑄𝑈 + 𝑔  𝑡 𝑕∇ 𝑋 𝑌  , 𝜔𝑄𝑈 

+𝑔  𝑛 𝑕∇ 𝑋 𝑌  , 𝜙 𝑃𝑈 + 𝑔  𝑛 𝑕∇ 𝑋 𝑌  , 𝜓𝑄𝑈 + 𝑔  𝑛 𝑕∇ 𝑋 𝑌  , 𝜔𝑄𝑈 

+𝑔  𝜙 𝑃 𝑣∇ 𝑋 𝑌  , 𝜙 𝑃𝑈 + 𝑔  𝜙 𝑃 𝑣∇ 𝑋 𝑌  , 𝜓𝑄𝑈 + 𝑔  𝜙 𝑃 𝑣∇ 𝑋 𝑌  , 𝜔𝑄𝑈 

+𝑔  𝜓𝑄 𝑣∇ 𝑋 𝑌  , 𝜙 𝑃𝑈 + 𝑔  𝜓𝑄 𝑣∇ 𝑋 𝑌  , 𝜓𝑄𝑈 + 𝑔  𝜓𝑄 𝑣∇ 𝑋 𝑌  , 𝜔𝑄𝑈 

+𝑔  𝜔𝑄 𝑣∇ 𝑋 𝑌  , 𝜙 𝑃𝑈 + 𝑔  𝜔𝑄 𝑣∇ 𝑋 𝑌  , 𝜓𝑄𝑈 + 𝑔  𝜔𝑄 𝑣∇ 𝑋 𝑌  , 𝜔𝑄𝑈 

= 𝑔  𝑡 𝑕∇ 𝑋 𝑌  , 𝜓𝑄𝑈 + 𝑔  𝑛 𝑕∇ 𝑋 𝑌  , 𝜙 𝑃𝑈 + 𝑔  𝑛 𝑕∇ 𝑋 𝑌  , 𝜔𝑄𝑈 

+𝑔  𝜙 𝑃 𝑣∇ 𝑋 𝑌  , 𝜙 𝑃𝑈 + 𝑔  𝜙 𝑃 𝑣∇ 𝑋 𝑌  , 𝜔𝑄𝑈 + 𝑔  𝜓𝑄 𝑣∇ 𝑋 𝑌  , 𝜓𝑄𝑈 

+𝑔  𝜔𝑄 𝑣∇ 𝑋 𝑌  , 𝜙 𝑃𝑈 + 𝑔  𝜔𝑄 𝑣∇ 𝑋 𝑌  , 𝜔𝑄𝑈 

= 𝑔  𝑡 𝑕∇ 𝑋 𝑌  + 𝜓𝑄 𝑣∇ 𝑋 𝑌  , 𝜓𝑄𝑈 

+𝑔  𝑛 𝑕∇ 𝑋 𝑌  + 𝜙 𝑃 𝑣∇ 𝑋 𝑌  + 𝜔𝑄 𝑣∇ 𝑋 𝑌  , 𝜙 𝑃𝑈 

+𝑔  𝑛 𝑕∇ 𝑋 𝑌  + 𝜙 𝑃 𝑣∇ 𝑋 𝑌  + 𝜔𝑄 𝑣∇ 𝑋 𝑌  , 𝜔𝑄𝑈 ,

 

which implies ∇ 𝑋 𝑌 ∈ ℋ if and only if right side of a above equation vanishes. Hence 
ℋ defines a totally geodesic foliation if and only if equation (3.32) is satisfied. 
Corollary 3.1.Let 𝑓: 𝑀 ⟶ 𝑀 be a semi-slant pseudo-Riemannian submersion from an indefinite almost 
para-contact manifold (𝑀 , 𝜙 , 𝜉 , 𝜂 , 𝑔 ) onto a pseudoRiemannian manifold (𝑀, 𝑔). Then following 
statements are equivalent: 
(a) The horizontal distribution ℋ defines a totally geodesic foliation, 
(b) 𝑔  𝑡 𝑕∇ 𝑋 𝑌  + 𝜓𝑄 𝑣∇ 𝑋 𝑌  , 𝜓𝑄𝑈  
+𝑔  𝑛 𝑕∇ 𝑋 𝑌  + 𝜙 𝑃 𝑣∇ 𝑋𝑌 + 𝜔𝑄 𝑣∇ 𝑋 𝑌  , 𝜙 𝑃𝑈  
+𝑔  𝑛 𝑕∇ 𝑋 𝑌  + 𝜙 𝑃 𝑣∇ 𝑋𝑌 + 𝜔𝑄 𝑣∇ 𝑋 𝑌  , 𝜔𝑄𝑈 = 0, 
(c) 𝑔  ∇ 𝑋 𝑌 , 𝑡𝜓𝑄𝑈 ± 𝜓𝑄𝜔𝑄𝑈 = 0, 
(d) 𝑔  𝑛𝑡 𝑕∇ 𝑋 𝑌  + 𝜙 𝑃𝑛 𝑕∇ 𝑋 𝑌  + 𝜔𝑄𝑛 𝑕∇ 𝑋 𝑌  + 𝜙 2𝑃 𝑣∇ 𝑋 𝑌    
 +𝑛𝜓𝑄 𝑣∇ 𝑋 𝑌  + 𝜙 𝑃𝜔𝑄 𝑣∇ 𝑋 𝑌  + 𝜔𝑄𝜔𝑄 𝑣∇ 𝑋 𝑌  , 𝑈 = 0, 
for all 𝑋 , 𝑌 ∈ ℋ, 𝑈 ∈ 𝒱. 

Proof. In theorem (3.9), we have proved (𝑎) ⇔ (𝑏). Similarly, we can prove (𝑏) ⇔ (𝑐), (𝑐) ⇔ (𝑑) and 
(𝑑) ⇔ (𝑎). 
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s 
Theorem 3.10. Let 𝑓: 𝑀 ⟶ 𝑀 be a semi-slant pseudo-Riemannian submersion from an indefinite almost para-

contact manifold (𝑀 , 𝜙 , 𝜉 , 𝜂 , 𝑔 ) onto a pseudo – Riemannian manifold (𝑀, 𝑔). Then, the horizontal distribution 

ℋ defines a totally geodesic foliation if and only if 

(3.33)   𝑔  𝑕∇ 𝑋 (𝑡𝑌 ) + 𝑕∇ 𝑋 (𝑛𝑌 ), 𝜓𝑄𝑈 + 𝑔  𝑣∇ 𝑋 (𝑡𝑌 ), 𝜙 𝑃𝑈 + 𝜔𝑄𝑈  

+𝑔  𝑣∇ 𝑋 (𝑛𝑌 ), 𝜙 𝑃𝑈 + 𝜔𝑄𝑈 = 0, 
for all 𝑋 , 𝑌 ∈ ℋ and 𝑈 ∈ 𝒱. 

Proof. Let 𝑋 , 𝑌 ∈ ℋ, 𝑈 ∈ 𝒱. Then, by using equation (2.2), we have 

𝑔  ∇ 𝑋 𝑌 , 𝑈 = 𝑔  ∇ 𝑋 (𝜙 𝑌 ) −  ∇ 𝑋 𝜙  𝑌 , 𝜙 𝑈 . 
Now, by using equations (3.2) and (3.3) in above equation, we have 

 

𝑔  ∇ 𝑋 𝑌 , 𝑈 = 𝑔  𝑕∇ 𝑋 (𝑡𝑌 ) + 𝑕∇ 𝑋 (𝑛𝑌 ), 𝜓𝑄𝑈 

+𝑔  𝑣∇ 𝑋 (𝑡𝑌 ), 𝜙 𝑃𝑈 + 𝜔𝑄𝑈 

+𝑔  𝑣∇ 𝑋 (𝑛𝑌 ), 𝜙 𝑃𝑈 + 𝜔𝑄𝑈 .

 

ℋ is totally geodesic if and only if ∇ 𝑋 𝑌 ∈ ℋ, which implies 𝑔  ∇ 𝑋 𝑌 , 𝑈 = 0. Hence, the proof follows from 

equation (3.34). 

Theorem 3.11. Let 𝑓: 𝑀 ⟶ 𝑀 be a semi-slant pseudo-Riemannian submersion from an indefinite almost para-

contact manifold (𝑀 , 𝜙 , 𝜉 , 𝜂 , 𝑔 ) onto a pseudoRiemannian manifold (𝑀, 𝑔). Then, the vertical distribution 𝒱 

defines a totally geodesic foliation if and only if 

(3.35)𝑔  𝑡 𝑕∇ 𝑈𝑉 + 𝜓𝑄 𝑣∇ 𝑈𝑉 , 𝑡𝑋  + 𝑔  𝑛 𝑕∇ 𝑈𝑉 + 𝜙 𝑃 𝑣∇ 𝑈𝑉   +𝜔𝑄 𝑣∇ 𝑈𝑉 , 𝑛𝑋  = 0, 
for all 𝑈, 𝑉 ∈ 𝒱, 𝑋 ∈ ℋ. 

Proof. Let 𝑈, 𝑉 ∈ 𝒱, 𝑋 ∈ ℋ. Using equation (2.2), we have 

𝑔  ∇ 𝑈𝑉, 𝑋  = 𝑔  𝜙  ∇ 𝑈𝑉 , 𝜙 𝑋  + 𝜀𝜂  ∇ 𝑈𝑉 𝜂 (𝑋 ). 
By using equations (3.2) and (3.3) in above equation, we have 

𝑔  ∇ 𝑈𝑉, 𝑋  = 𝑔  𝑡 𝑕∇ 𝑈𝑉 + 𝜓𝑄 𝑣∇ 𝑈𝑉 , 𝑡𝑋  

+𝑔  𝑛(𝑕∇ 𝑈𝑉) + 𝜙 𝑃 𝑣∇ 𝑈𝑉 + 𝜔𝑄(𝑣∇ 𝑈𝑉), 𝑛𝑋  

+𝜀𝜂  ∇ 𝑈𝑉 𝜂 (𝑋 )

 

Now, the proof follows from equation (3.36). 

Theorem 3.12. Let 𝑓: 𝑀 ⟶ 𝑀 be a semi-slant pseudo-Riemannian submersion from an indefinite almost para-

cosymplectic manifold (𝑀 , 𝜙 , 𝜉 , 𝜂 , 𝑔 ) onto a pseudo-Riemannian manifold (𝑀, 𝑔). Then, the vertical 

distribution 𝒱 defines a totally geodesic foliation if and only if 

 3.37 
𝑔  𝑕∇ 𝑈(𝜙 𝑃𝑉) + 𝑕∇ 𝑈(𝜓𝑄𝑉) + 𝑕∇ 𝑈(𝜔𝑄𝑉), 𝑡𝑋  

                                            +𝑔  𝑣∇ 𝑈(𝜙 𝑃𝑉) + 𝑣∇ 𝑈(𝜓𝑄𝑉) + 𝑣∇ 𝑈(𝜔𝑄𝑉), 𝑛𝑋  = 0,
 

for all 𝑈, 𝑉 ∈ 𝒱, 𝑋 ∈ ℋ. 

Proof. Let 𝑈, 𝑉 ∈ 𝒱 and 𝑋 ∈ ℋ. 

Using equation (2.2), we have 

𝑔  ∇ 𝑈𝑉, 𝑋  = 𝑔  𝜙  ∇ 𝑈𝑉 , 𝜙 𝑋  + 𝜀𝜂  ∇ 𝑈𝑉 𝜂 (𝑋 ). 
As 𝑀  is almost para-cosymplectic manifold, we have  ∇ 𝑈𝜙  𝑉 = 0 and so by using 

equations (3.2) and (3.3) in above equation, we get 

(3.38)                     

𝑔  ∇ 𝑈𝑉, 𝑋  = 𝑔  𝑕∇ 𝑈(𝜙 𝑃𝑉) + 𝑕∇ 𝑈(𝜓𝑄𝑉) + 𝑕∇ 𝑈(𝜔𝑄𝑉), 𝑡𝑋  

+𝑔  𝑣∇ 𝑈(𝜙 𝑃𝑉) + 𝑣∇ 𝑈(𝜓𝑄𝑉) + 𝑣∇ 𝑈(𝜔𝑄𝑉), 𝑛𝑋  

+𝜀𝜂  ∇ 𝑈𝑉 𝜂 (𝑋 ).

 

Now, the vertical distribution 𝒱 defines a totally geodesic foliation if and only if ∇ 𝑈𝑉 ∈ 𝒱, for all 𝑈, 𝑉 ∈ 𝒱. 

This completes the proof. 

Now, by using similar steps as in theorem 22 and theorem 24 of [22], we have 

Theorem 3.13.   Let 𝑓: 𝑀 ⟶ 𝑀 be a semi-slant pseudo-Riemannian submersion from an indefinite almost para-

contact manifold (𝑀 , 𝜙 , 𝜉 , 𝜂 , 𝑔 ) onto a pseudoRiemannian manifold (𝑀, 𝑔). Then, the submersion 𝑓 is an affine 

map on ℋ. 

 

Theorem 3.14.   Let 𝑓: 𝑀 ⟶ 𝑀 be a semi-slant pseudo-Riemannian submersion from an indefinite almost para-

contact manifold (𝑀 , 𝜙 , 𝜉 , 𝜂 , 𝑔 ) onto a pseudoRiemannian manifold (𝑀, 𝑔). Then, the submersion 𝑓 is an affine 

map if and only if 𝑕 ∇ 𝐸𝑕𝐹 + 𝒜𝑕𝐸𝑣𝐹 + 𝒯𝑣𝐸𝑣𝐹 is 𝑓-related to ∇𝑋𝑌, for any 𝐸, 𝐹 ∈ Γ(𝑇𝑀 ). 

 

Theorem 3.15.   Let 𝑓: 𝑀 ⟶ 𝑀 be a semi-slant pseudo-Riemannian submersion from an indefinite almost para-

contact manifold (𝑀 , 𝜙 , 𝜉 , 𝜂 , 𝑔 ) onto a pseudo - Riemannian manifold (𝑀, 𝑔). Then, the submersion map 𝑓 is 

totally geodesic if and only if 
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(3.39)     𝒯𝑈𝑉 + 𝒜𝑋 𝑉 + 𝑕∇ 𝑈𝑌 = 0, 

for any 𝑈, 𝑉 ∈ 𝒱 and 𝑋 , 𝑌 ∈ ℋ. 

Proof. Let 𝐸 = 𝑋 + 𝑈, 𝐹 = 𝑌 + 𝑉 ∈ Γ(𝑇𝑀 ). 

In view of equation (2.30) and theorem (3.13), by splitting 𝐸, 𝐹 in horizontal and vertical components, we have 

 ∇ 𝑓∗ (𝐸, 𝐹) =  ∇ 𝑓∗ (𝑈, 𝑉) +  ∇ 𝑓∗ (𝑋 , 𝑉) +  ∇ 𝑓∗ (𝑈, 𝑌 )

= −𝑓∗ 𝑕 ∇ 𝑈𝑉 + ∇ 𝑋 𝑉 + ∇ 𝑈𝑌   ,
 

Which gives 

(3.40)                               ∇ 𝑓∗ (𝐸, 𝐹) = −𝑓∗ 𝒯𝑈𝑉 + 𝒜𝑋 𝑉 + 𝑕∇ 𝑈𝑌  . 

Now, 𝑓 is totally geodesic if and if  ∇ 𝑓∗ (𝐸, 𝐹) = 0, which implies equation (3.39). 

Theorem 3.16.  Let 𝑓: 𝑀 ⟶ 𝑀 be a semi-slant pseudo-Riemannian submersion from an indefinite almost para-

contact manifold  𝑀 2𝑚1+1 , 𝜙 , 𝜉 , 𝜂 , 𝑔   onto a pseudoRiemannian manifold  𝑀𝑚2 , 𝑔 . If the fibres 𝑓−1(𝑞) of 𝑓 

over 𝑞 ∈ 𝑀 are totally geodesic, then 𝑓 is a harmonic map. 

Proof. The tension field 𝜏(𝑓) of the map 𝑓: 𝑀 ⟶ 𝑀 is defined as 

(3.14)                             𝜏(𝑓) = trace⁡ ∇ 𝑓∗ . 

Let  𝑒1, 𝑒2, ⋯ , 𝑒2𝑚1+1−𝑚2
, 𝑒2𝑚1+1−𝑚2+1 = 𝑒 1, 𝑒 2, ⋯ 𝑒 𝑚2

  be an orthonormal basis of Γ(𝑇𝑀), where 

 𝑒1 , 𝑒2, ⋯ , 𝑒2𝑚1+1−𝑚2
  is an orthonormal basis of 𝒱 and  𝑒 1, 𝑒 2, ⋯ 𝑒 𝑚2

  is an orthonormal basis of ℋ. Then, we 

have 

 3.42                   𝜏 𝑓 =   

2𝑚1+1−𝑚2

𝑖=1

𝑔  𝑒𝑖 , 𝑒𝑖  ∇ 𝑓∗  𝑒𝑖 , 𝑒𝑖 +   

𝑚2

𝑗 =1

𝑔  𝑒 𝑗 , 𝑒 𝑗  ∇ 𝑓∗  𝑒 𝑗 , 𝑒 𝑗 . 

For any vertical vector fields 𝑈, 𝑉 ∈ 𝒱, using equation (2.18), we have 

 

 3.42 

 ∇ 𝑓∗ (𝑈, 𝑉) =  ∇𝑈
𝑓  𝑓∗𝑉  ∘ 𝑓 − 𝑓∗ ∇ 𝑈𝑉 

= −𝑓∗ 𝑕∇ 𝑈𝑉 

= −𝑓∗ 𝒯𝑈𝑉 ,

 

where ∇𝑓  is the pullback connection of ∇ with respect to 𝑓. For any horizontal vector fields 𝑋 , 𝑌 ∈ ℋ, which are 

𝑓-related to 𝑋, 𝑌 ∈ Γ(𝑇𝑀) respectively, lemma 2.1 and theorem 3.13 imply 

 3.44  ∇ 𝑓∗ (𝑋 , 𝑌 ) =  ∇𝑋 
𝑓 𝑓∗𝑌   ∘ 𝑓 − 𝑓∗ ∇ 𝑋 𝑌  

=  ∇𝑓∗𝑋 
 𝑓∗𝑌   ∘ 𝑓 − 𝑓∗ 𝑕∇ 𝑋 𝑌  

= 0

 

In view of equations (3.42), (3.43), (3.44) and theorem 3.14, we get 

 3.45                                                𝜏(𝑓) = −   

4𝑚+3−𝑛

𝑖=1

𝑔  𝑒𝑖 , 𝑒𝑖 𝑓∗ 𝒯𝑒𝑖
𝑒𝑖 . 

Now, if the fibres 𝑓−1(𝑞) of 𝑓 over 𝑞 ∈ 𝑀 are totally geodesic, then 𝒯 = 0. So the proof of the theorem follows 

from equation (3.45). 
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