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Abstract: In this paper, we have presented few properties of Pell and Pell-Lucas numbers. Then the matrices
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. Introduction
The Pell numbers are named after English mathematician John Pell (1611-1685) and the Pell-Lucas
numbers are named after the mathematician Edouard Lucas (1842-1891). The details about Pell and Pell-Lucas
numbers can be found in [1, 2, 3]. In [3, 4] authors showed that the Pell numbers can be represented in matrices.
The identities satisfied by Pell and Pell-Lucas numbers are stated in [5]. Both the Pell nhumbers and Pell-Lucas
numbers can be calculated by recurrence relations.

The sequence of Pell numbers {P, } is defined by recurrence relation

P, =2P,_1+P, ,forn=2 withPy=0and P, =1 (1)
Where P, denotes nth Pell number. The sequence of Pell numbers starts with 0 and 1 and then each number is
the sum of twice its previous number and the number before its previous number.
The sequence of Pell-Lucas numbers {Q,, } is defined by recurrence relation

Q,=2Q,1+Q, ,forn=>2 withQy,=2and Q; =2 2
Where @Q,, denotes nth Pell-Lucas number. In the sequence of Pell-Lucas numbers each of the first two numbers
is 2 and then each number is the sum of twice its previous number and the number before its previous number.

The first few Pell and Pell-Lucas numbers calculated from (1) and (2) are given in the following Table no.1.

Table no.1: First few Pell and Pell-Lucas numbers

n 0 1 2 3 4 5 6 7 8 9 10
B, 0 1 2 5 12 29 70 | 169 408 985 2378
Q, 2 2 6 14 34 82 198 | 478 1154 2786 6726

The rest of the paper is organized as follows. The properties of Pell and Pell-Lucas numbers are mentioned
in Section-11. Matrix representations of Pell and Pell-Lucas numbers are given in Section-11l. The identities
satisfied by Pell and Pell-Lucas numbers are stated in Section-1V. Finally conclusion is given in Section-V.

1. Properties of Pell and Pell-Lucas numbers
1. The Pell numbers {P, } are either even or odd but Pell-Lucas numbers {Q, } are all even.
2. Binet formula:
The Binet formulas satisfied by Pell and Pell-Lucas numbers are given by

Po=" ®

Q, =a"+b" (4)
Where a and b are the roots of quadratic equation x? — 2x — 1 = 0. Solving this equation,
we get

a=1++2 (5)

and

b=1-+2 (6)
Then

a+b=2 @)

a—b=2V2 (8)
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ab=-1 9)
3. Leta and g are the solutions of equation
x% —2y? = +1 (10)

The sets of values of a and g satisfying (10) are given by
(a, B) = (1,1),(3,2),(7,5), (17,12), (41,29), (99,70), (239,169), (577,408) ... ... etc.
The ratio 0‘/[), is approximately equal to v/2 ~ 1.414. Larger are the values of « and $3, the more closer
is the value of “/ﬁ to V2. For example, % ~ 1.413793 and % ~ 1.414201. The sequence of the
ratio “/B closer to V2 is

xS, =, (11)

B 1275712729770 169 " 408
In the above sequence (11), the denominator of each fraction is a Pell number and the numerator is the
sum of a Pell number and its predecessor in Pell sequence. Hence in general, we can write

V2 = Dot (12)

Pn
4. Pythagorean triples:
If A, B& C are the integer sides of a right angled triangle satisfying the Pythagoras theorem A% + B2 =
C?, then the integers (4, B, C) are known as Pythagorean triples. These triples can be formed by Pell
numbers .The Pythagorean triples has the form
(A: B, C) = (ZPnPn+1' Pr%+1 - Pnzt P2n+1) (13)
For example, if n=2, A=2P,P;=2x2Xx5=20,B=P? —P}=52-22=21and C=Ps =
29. That is, the Pythagorean triple for n = 2 is (20,21,29).
The sequence of Pythagorean triples obtained by putting n = 1,2,3, .... etc. in (13) is given by
(4,3,5), (20,21,29), (120,119,169), (696,697,985),......... etc.
5. Pell Primes:
A Pell number which is a prime number is called Pell Prime. The first few Pell Primes are
2,5,29,5741, 33461, .......
The indices of the Pell Primes in the sequence of Pell numbers respectively are
2,3,5/11,13, ......
That is, P, = 2,P; = 5,P; = 29,P;; = 5741, .......etc. The indices of Pell Primes are also prime
numbers.

6. Pell-Lucas Primes:
The number 2 is called Pell-Lucas Prime. The Pell-Lucas Primes are

2
3,7,17, 41, 239, 577,.....etc.

The indices of the above Pell-Lucas numbers in Pell-Lucas sequence are
2,3,4,57,8,......... etc.

That is, QZ—Z = 3,02—3 = 7,% =17, ...... etc.
7. The relation between Pell and Pell-Lucas numbers is given by
Q=2 (14)
Proof: Using the Binet formulas (%) and (4) we get
P.Q, = (=2

— )(a” +b")

_ aZn_bZn

= Py By (3)]
PZn

= Qn = E
Thus (14) is proved.
For example, Q3 = P =70 = 14,
P3 5

8. Simpson formula:
The Pell numbers satisfy Simpson’s formula given by
Poy1Pry — B = (=1)" (15)
Proof: Using Binet formula (3), we get
2 (an+1_bn+1)(an—1_bn—l) (a"—b")z
Ppy1Proqy — Py = (a—b)? - (a—b)>2
(a2n_an+1bn—1_bn+1an—1+b2n)_(a2n+b2n_2anbn)
(a—b)?
_an—lbn—l(a2+b2_2ab)
(a—b)?
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= —(ab)" ' = —(=D"' [By(9)]
= Pn+1Pn—1 - Pn2 = (_1)n
Thus Simpson formula (15) is proved.
9. Asproved in [6] the sum of Pell numbers up to (4n + 1) is a perfect square as given below.
TP = (Pyy + Pypyr)? (16)
For example ifn =1, LHS = Y> P, =Py + P, +P, +P;+P,+Ps=0+1+2+5+12+29 =
49 and RHS = (P, + P;)? = (2 + 5)? = 49. Hence the above relation (16) is verified.

1. Matrix representation of Pell and Pell-Lucas numbers
In this section some matrices are represented in terms of Pell and Pell-Lucas numbers.
1. Consider a2 x 2 matrix R given by

201
R= ( : 0) 7)
Writing the matrix R in terms of Pell numbers, we have
(P P
R=(p ») (18)
Now let us find out the matrices R? and R3.
2 (2 1\(2 1\_ (5 2

3 _ (5 2\(2 1y _(12 5
R=0G )G o)=05 3) Byanewn o
In terms of Pell numbers the above matrices (19) and (20) can be written as

p; P
2 _ 3 2
k= (Pz P1> (21)
P, P
3 _ 4 3
k= (P3 Pz) (22)
Considering (17), (21) and (22) one can write the nth power of the matrix R in general as
P P
Rn — ( n+1 n > 23
Pn Pn—l ( )

forn =123, ....etc.
2. Consider a 2 x 2 matrix E given by

31
E= (1 1) (24)
The Pell numbers for even index n are expressed in terms of the matrix E by the following
relation.
[P]=—[1 OJE" [0] if niseven (25)
n on/2 1

Example: The above relation can be verified taking an example with n = 4 (even). Now let
us find out the value of E*.

2= )¢ ] Bye

=(y 2=20 1 (26)
- DE 5 tovem
=45, ©) 27)

For n = 4, (25) can be written as
P =01 o1t} =30 one[2 ][9] rusing 271

12
=11 a[y]=n2
That is, P, = 12, which is true. Hence the relation (25) is verified.
3. The 4™ power of matrix E in (27) can be written in terms of Pell numbers as
4 _2(29 12\ _ 2<P5 P4>
B =2 (12 5)_2 P, P;
In general the above relation can be written as
P, P, -
E" = 2n/2 ( n+lo n ) if n is even (28)
n n—1
Where the matrix E is given by (24).
4. The matrix E given by (24) is an invertible matrix since det E # 0.
We have
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2=, ) [By@®)]

Then,
detE? = |140 ‘2‘| =4 (29)
Now consider a matrix B, whose elements are cofactors of E2. Hence
B = ( 2 —4)
" \—-4 10
The transpose of above matrix B is given by
r_ (2 —4
BT = . 1 0) (30)
The matrix B is a symmetric matrix as B = B”. Now E~2 can be calculated using the relation
E—Z — 1 > BT
det E2 4
1 —
=15 ) [By;zg) &(Pson
_11 =2_1( P B
_z(—z 5)_2<—P2 P3 ) (31)

In general the above expression (31) can be written as

- _ 1 Pn—l _Pn . .
E™ =7 (_Pn Pn+1> if niseven (32)
5. Consider a 2 x 2 matrix F given by
6 2
F=26=(; 5) [By@4] (33)
Now let us find out the matrix F?2.
2 (6 2\(6 2\ _ (40 16\ _ (5 2
o= (2 2) (2 2) B (16 8_) B 8(2 1_) 34)
In terms of Pell numbers the above expression can be written as
P; P
2 _ 93 3 2
=2y ) 9

Now let us calculate the matrix F*.

F* = F2 x F? = 64 (g i) (g i) = 26 (iz 152) [By (34)]

In terms of Pell numbers the above expression can be written as
P; P
4 _ »6 5 4
Pr=2(y ) (36)
In general noting the above relations (35) and (36) the nth power of the matrix F can be

written as

Fn = 23n/2 <P”+1 b ) if niseven (37)
n n—1

6. Let us now calculate the matrix F3 in terms of Pell-Lucas numbers.
5 2 (6 2\o(5 2\ _,(34 14
F3=FxF? = (2 2)8(2 1) —8(14 6) [By (33) & 34)]  (38)
The above relation in terms of Pell-Lucas numbers can be written as

P=2(g %)

Now let us find out the matrix F>.
F=rxr=8(] 98T ) By

2 1% 62y
— 26
=2 (82 34) _ _ (40)
In terms of Pell-Lucas numbers the above expression can be written as
F5 =2¢ (Q6 QS) 41
Qs Q4 (41)

In general using the above relations (39) and (41), the nth power of matrix F in terms of
Pell-Lucas numbers can be written as

Fr = 230172 (Q"“ Cn ) if 7 is odd (42)
Qn n—1
V. Identities satisfied by Pell and Pell-Lucas numbers
The following are some identities satisfied by Pell and Pell-Lucas numbers.
1. i i Pn+1 + Pn—l = Qn (43)
Proof: Applying Binet formula (3) to LHS we get
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an+1_bn+1 anfl_bnfl

Poyr +Piy =
n+1 + n—1 a—b a—b
bn

n
an+1_bn+1+a
a b

a—b
an+1_bn+1_anb+bna

SR R [By (9)]
__a™(a—b)+b™(a—h) _ n
i wr— a+b
=Q, [By@®]

Thus (43) is proved.
2. Q=2 +P1) (44)
Proof: Using (43), we obtain
Qn =4t + Pn—l
=(2Pn+Pn—1)+Pn—1 [By(l)]
= Z(Pn + Pn—l)
Hence (44) is proved.
3. Poy2 — Pz = 2Q, (45)
Proof:
LHS:Pn+2_Pn—2= (2Pn+1+Pn)_Pn—2 [By(l)]
= 2Pn+1 + (Pn - Pn—Z)
= 2Pn+1 +2Pn—1 [By (1)]
=2(Poy1 + Pr1)

=20, [By(3)]
Thus (45) is proved.
4. Qn—l + Qn+1 = 8Pn (46)
Proof:
Qn—l + Qn+1 = 2(Pn—l + Pn—Z) + 2(Pn+1 + Pn) [By (44)]
= (2Pn_1 + Pn_z) + Pn_z + 2Pn+1 + 2Pn
=P, +P,_,+202B, +P,_1)+2PB, [By(1)]
= (zpn—l + Pn—Z) + 7P,
=F, +7B [By(1)]
= 8P,
Hence (46) is proved
5. sz = sz—lem—Z ...... Q4Q2Q1 (47)
Proof:
sz = PZXZm_l = sz—lem—l ['-' Pzn = PnQn by (14)]
= sz—1P2X2m—2
By repeated application of (14) in RHS of above expression, we get
sz = sz—lem—ZPZm—Z
= sz—lem—ZPZsz—ii
= sz—lQZm—Zsz—3P2m—3
= Qym-1Qym-2 ... ... Qym-m-2)Qym-m-1)Qym-m Pym-m
= sz—lQZm—Z ...... Q4Q2Q1P1
= Qum-1Qym-2 ... ... 0,0Q,0, [~ P, =1]
Thus (47) is proved.

6. P, = (—D)""p, (48)
Proof:
ah—pn

P, ="t [By (3)]

S A
_G) ) a_ﬁ a [By (9]
I (G2 i B (G I

a—b
_ CDr -t

am
_ (_1)n+1(an_bn)
)
= (-D""'B, [By (3)]
Hence (48) is proved
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7. Q—n = (_1)nQn (49)
Proof:
Q=a"+b™" [By ()]

a —_
(-5 (—3) [By (9)]
(=)™ + ()]
=D"(a" +b")
=D"Q, [By (4]
Thus (49) is proved.
8. PnQn + FQn = 2B, 4 (50)
Proof:

PaQu + PO = (o) (@ + 5™ + (250) (@™ + b™) [By (3) & (4)]

m+n+ambn pman bm+n+am+n+anbm_bnam_bm+n

a™—-p™m

—b
_ z(am+n_bm+n) a
- a-b
. = 2Pm+n [By (3)]
Hence (50) is proved
9. QmPn—m—l + Qm—an—m = Qn (51)
Proof:
P N P _ ( m n bm) (an—m+1_bn—m+1) n ( m—1 n bm—l) (an—m_bn—m)
Qm n-m+1 Qm—l n-m — a4 a—b a a—b
[By (3) & (4)]
_ an+1_ambn—m+1+bman—m+1_bn+1+an—1_am—1bn—m+bm—1an—m_bn—l
- —b
an+1_bn+1+an—1_bn—1_am—1bn—7(r11(ab+1)+an—mbm—1(ab+1)

a-b
[+ ab=—-1by (9)]

an+1_bn+1 anfl_bnfl

a—-b a—-b
Pyi1+ Py [By (3)]
Q. [By(43)]

Thus (51) is proved.

10. P3n = QnPZn - (_1)npn (52)
Proof:
RHS = Q, Py — (—1)"P, = (a" + b”)( ")~ -1,
_ a3n_ nb2n+bn Zn_b3n n
B 3n 3n a_bn n . (_1)
e ba(ab—b) (- 1)n
= Pan + =D"B, — (=1"P, [BY ()] [+ ab = —1by (9)]
= Py, = LHS
Hence (52) is proved
11. P3n = Pn{QZn + (_1)n} (53)

Proof:
RHS = P{Q2, + (-1)"} = P,Qy, + (-=1)"P,
— (an_bn) (azn + bzn) + (_l)npn

a—b

3n np2n_ naZn_ 3n
_ 2 +a ba_l; b +(—1)nP
_ 3n b3n_ nbn:an_b )+( 1)”
= Py — (—1)"P, + (=B, [By (3)] [+ ab = —1 by (9)]
=P, = LHS
Thus (53) is proved.
12. Q3n = Qu{Q2, — (1)} (54)

Proof:
RHS = Q,{Q2n — (=1)"} = 0 Q2 — (=1)"Qy,
(@ +b") (@ +b*") = (=1)"Q,
3n + aann b"a 2n b3n ( l)nQn
( 3n 4 p3) + a™b™(a™ + b™) — (—=1)"Q,
Q3 + (D" — (=1D"Q, [BY@][+ab=—1by(9)]
Qs, = LHS
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Hence (54) is proved.

13. 8P,% =Q,% —4(-1)" (55)
Proof:
RHS = Q,% — 4(=1)" = (a" + b")? — 4(ab)" [By (4) & ab = —1 by (9)]
— (an _ bn)Z

n_pny 2
= () @-by
= P2(2v2)’ [By (3) and (8)]
=8P,% = LHS
Thus (55) is proved.
14. Q4 = 8Py, % + 2 (56)
Proof:
LHS = Q4, = (a*™ + b*™) = (a®" — b?")? + 2(ab)*"[ By (4)]

(2 0 1 21 b = 1.3 9

= P, (2v2)" +2[By (3 and ®)] [ (~1)*" = 1]
=8P,,> + 2 =RHS

Hence (56) is proved.
15. Qun+z = 8Pyt — 2 (57)
Proof:
LHS = Q4n+2 — (a4n+2 + b4n+2) — (a2n+1 _ b2n+1)2 + Z(ab)2n+1[ By (4)]
q2n+1_p2n+1y2
= (“—=) (@- b2 +2(-1)*"*"'[+ ab = —1 by (9)]
= P3,,1(2v2)" - 2 [By (3) and (®)] [(~1)*"*! = —1]
= 8Pyp41° — 2 = RHS
Thus (57) is proved.
16. Q2 + Qa1 = Qn + Qo (58)
Proof:
LHS = Q; + Q7 4y = (a* +b™)? + (a"*! + b"*1)?
— (aZn + b2 4 zanbn) + (a2n+2 + pnt2 4 2an+1bn+1)
— (a2n + bZn) + z(ab)n + (a2n+2 + b2n+2) + Z(ab)n+1
= Qan + Qansz + 2{(=D" + (=1)"*'} [By (4) & (9)]
= Q2n + an+2 [." (_1)71 + (_1)n+1 = 0 forn = 051'25 ]

= RHS
Thus (58) is proved.
17. a® = Pa+P,_, (59)
Proof: Using the values of Pell numbers we have
a=a+0=Pa+P (59a)
a=(1+v2) =1+2+2VZ=2(1+V2)+1=Pya+P, (59b)
@ = (14V2) =1+3v2 +6+2VZ = 5(1+2) +2

= P3a + PZ (59C)
Looking at the forms of the above three expressions, one can write in general that
a" = Pna + Pn—l
Thus (59) is proved.

18. b" =PB,b+P,_, (60)
Proof: Using the values of Pell numbers we get
b=b+0=Pb+P, (60a)
p2=(1-v2)' =1+2-2v2=2(1-v2)+1=Pb+P,  (60D)
b =(1-v2)' =1-3vZ +6-2vVZ =5(1-2) +2
=Pb+ P, (60c)

Looking at the forms of the above three expressions, one can write in general that
b =Pb+ P,
Hence (60) is proved.
aP, — P,,4, ifnodd

19. at = { ;
P,,1 —aP,, if neven
Proof: Replacing n by (—n)in (59) we have

(61)
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a = P_na + P_(n+1)
= a(=1)""'P, + (-=1)"*?P, 4, [By (48)]
= (_1)n+1 [aPn _ Pn+1]
o g = {aPn —P,,1, ifnodd

P,.1 —ab,, ifneven
Thus (61) is proved.

20. pn = {an —Pyi1, .if n odd
P,.1 —bP,, if neven

Proof: Replacing n by (—n)in (60) we get

b™ = P_nb + P_(n+1)
=b(=1)""'B, + (—=1)"*?P, 4 [By (48)]
= (_1)n+1 [an - Pn+1]

(62)

o pn = {an —P,,q, ifnodd
P,,1 —bP,, if neven
Hence (62) is proved.
21. a™Py_mi +a™ B, =a® (63)
Proof:
LHS = amPn—m+1 + am_lpn—m = am_l(aPn—m+1 + Pn—m) (64)
Replacing n by (n — m + 1) in (59) we get
an—m+1 = Pn—m+1a + Pn—m (65)

Substituting (65) in (64) we obtain
LHS = a™ 1 x " ™* = g™ = RHS
Hence (63) is proved.

22. Py i1 + bR, = b" (66)
Proof:
LHS = men—m+1 + bm_lpn—m = bm_l(bpn—m+1 + Pn—m) (67)
Replacing n by (n —m + 1) in (60) we have
bn—m+1 = Pn—m+1b + Pn—m (68)

Substituting (68) in (67) we get
LHS = b™ ! x p» ™+l = p" = RHS
Hence (66) is proved.

23.
Pote +ietj — (=1 P 4j—Pj— (1Y Py if j<k
Zn P L= Qk_(_l)k_l (69)
(=0 Tkity Pk 4k 4j (=1 Prg 4 =P +H(=1)FP; ifj >k
(11 J
Proof:
n n aki+i _pki+j
i=o Privj =2i=o ~alp [By (3)]
1 . . . .
= —[d ¥lyak — b TI, bH] (70)
The summation of terms in geometric series is given by
Zl_Zn+1
2P =1 (71)
Putting p = i, = 0 and z = a* in the above expression (71) we get
n ki 1_ak(n+1) ank +k_1
=04 =TT T T (72)
Similarly putting p = i,I = 0 and z = b* in (71) we have
n ki l_bk(n+1) bnk+k_1
i=0 b = 1-bk = pk—1 (73)
Substituting (72) and (73) in RHS of(70) we get

n —L . ank+k_1 Y, bnk+k_1
2o Priv =— [a/( pr ) bl( = )]
- [a"(a""+"—1)(b"—1)—bf(b"k+k—1)(ak_1)
- (@ —1)(6F-1)

a-b
1 aj (ank +kbk_ank +k_bk+1)_bj (bnk +kak_bnk +k_ak+1)
“a-b akbk—ak—pk+1
_ 1 aj+nk+kbk_aj+nk+k_ajbk+aj_bj+nk+kak+bj+nk +k +bjak_bj
“a-b (ab)k—(ak+bk)+1

3 1 qtk ke _pnk kot akpi—ai bk o —bJ Kk (@ —prkt
T Dk —Qp+1 [_( a—b ) + ( a—b ) + ( a—b ) + (ab) ( a—b )]
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o [By (4) and (9)]
[ Pucricss + (o) + B+ (1) Py | (74)

T DRt

24.

25.

[By(3) and (9)]

Slightly modifying the 2" part within the brackets of RHS of the above expression (74) we get
e _ (45 @ = b D) if j <k

@ ik — gy i > k
(P ifj<k
= By (3) & (9 75
{—(—nkp,-_k fisk [BYOE&O (75)
Using (75) in (74) we obtain
Sori [ Pukcricn + G Py + B (CDF Py ]if <k

PN P, _ ) DR+t
i=0 LCki+j = 1 .
Chf—p i1 [=Pase+rrj =D P + B + (=1 Py ] if j > k
P, i—(=DkPy i —Pi— (1Y Py _; .
k+k+}( ) k+]k]( ) k—j lf]<k
n _ Qr—(-1)f-1
= Yi=o Prij = .
Pnk+k+} (=1 Pnk+] P1+( 1) P]—k lf P> k
_ Q- (—DF-1 J
Hence (69) is proved.
n _ Ptk =(=D)*Pp =Py
I Py =t (76)

Proof: Putting j = 0 in (69) for the case j < k we get
n p . — Pk +ke= (=D Pog —Po—Py,
i=0 ki Qk_(_l)k_l

—(—1)k _
S, Py — Puk k= (1) Pk —Py, [+ Py = 0]

Qr—(-1)k-1
Thus (76) is proved.

Pn+1+j+Pn+j_2Pj_(_1)jP1—j if j<1
Pn+1+j+Pn;—j_Pj_Pj—l ifj>1
Proof: For k = 1, we can write (69) as

Pnt14j+Puj—P;=(=1Y P1_;

i=0 Pi+j = (77)

if j<l1
27} OP'+' = Qr+1-1 f J
=071+ P i+Ppyj—Pi—Pj_ .
n+1+j n 1:—-;/_1] j—1 lf] > 1
1 .
Pri14j+Pnyj—Pi—(-1Y Py if j<1
= 7.1_ P . = 2 % = 2
21—0 it+j Pn+1+j+Pn;-j_Pj_ i1 lf] -1 [ Ql ]

Hence (77) is proved.

V. Conclusion

Pell and Pell-Lucas numbers can be represented by matrices. The identities satisfied by these numbers can be
derived using Binet formula. This study on Pell and Pell-Lucas numbers will inspire curious mathematicians to
extend it further.
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