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Abstract:This paper presents some facts about Pell and Modified Pell numbers. Pell numbers can be changed
to Modified Pell numbers and Vice Versa using matrices. The identities satisfied by Pell and Modified Pell
numbers with proofs are also discussed in this paper.
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I.  Introduction
The Pell numbers are named after English mathematician John Pell (1611-1685) . The details about Pell
numbers are found in [1, 2, 3]. In [3] the author has shown that Pell and Modified Pell numbers can be
represented by matrices. The identities satisfied by Pell and Modified Pell numbers are also mentioned in
[3].Both the Pell numbers and Modified Pell numbers can be calculated by recurrence relations.
The sequence of Pell numbers {P,} is defined by recurrence relation
P,=2P, +P, ,forn=2 withPy=0and P, =1 (8]
Where P, denotes nth Pell number. The sequence of Pell numbers starts with 0 and 1 and then each number is
the sum of twice its previous number and the number before its previous number.
The sequence of Modified Pell numbers {g,, } is defined by recurrence relation
Gn =2¢n1+qppforn=2 withqy=¢q; =1 (2)
Where q,, denotes nth Modified Pell number. In the sequence of Modified Pell numbers each of the first two
numbers is 1 and then each number is the sum of twice its previous number and the number before its previous
number.
The first few Pell and Modified Pell numbers calculated from (1) and (2) are given in the following Table
no.l.

Table no.1: First few Pell and Modified Pell numbers

n 0 1 2 3 4 5 6 7 8 9 10
B, 0 1 2 5 12 29 70 | 169 408 985 2378
qn 1 1 3 7 17 41 99 | 239 577 1393 3363

The rest of the paper is organized as follows. Some facts about Pell and Modified Pell numbers are
mentioned in Section-1l. Matrix representations of Pell and Modified Pell numbers are given in Section-Ill. The
identities satisfied by Pell and Modified Pell numbers are stated in Section-1V. Finally conclusion is given in
Section-V.

I1. Some facts about Pell and Modified Pell numbers
1. The Pell numbers {B,} are either even or odd but Modified Pell numbers {q,,} are all odd.
2. Binet formula:
The Binet formulas satisfied by Pell and Modified Pell numbers are given by

a™—pm

Po="— @3)
G =" @)
Where a and b are the roots of quadratic equation x? — 2x — 1 = 0. Solving this equation,
we get
a=1++2 (5)
and
b=1-+2 (6)
Then
a+b=2 )
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a—b=2V2 8)
ab=-1 9
3. Powersofaandb :

The powers of ‘a’ in Binet formula (3) or (4) can be expressed in terms of Pell numbers{P,} and
Modified Pell numbers{qg,,}.

a= 1‘|'\/7=C11‘|'P1\/7 [BY(5)]
2

a?=(1++V2) =3+2V2=q, +P,\V2

a’ =(1+x/§)3 =7+5V2=q3+P;

0t = (1+2)' = (3 +2VD)(3 +2V2) = 17+ 122 = 4, + P2

Noting the forms of above four expressions, one can write the n‘*power of 'a’ as given below.

a" =q, + P2 (10)

Similarly, the powers of ‘b’ in Binet formula (3) or (4) can be expressed in terms of Pell and Modified
Pell numbers.

b=1-+v2=¢q,—PV2 [By(6)]
b2=(1-+v2) =3-2V2=q, - P12
b =(1-v2) =7-5V2=q;— P2
b*=(1-v2)' =(3-2v2)(3-2V2) =17 - 12V2 = q4 — P2

Looking at the forms of above four expressions, one can write the n** power of *b’ as given below

br ={(qn _Pn\/z (11)
[Refer Table no-1 for values of Pell and Modified Pell numbers]
4. Let us now write Modified Pell numbers in terms of Pell numbers.

qZ=3=5_2=P3—P2
Q3:7:12_5:P4_P3
Gu=17=29-12=pP; - P,

Noting the forms of above expressions, one can write the Modified Pell number g, in terms of Pell
numbers B, as given below.

qn = P,,1 —B, forn=0,12,...etc. (12)
Replacing n by (n + 1) in the above expression, we get
n+1 = 42 — Pn+1
= (an+1 + Pn) - Pn+1 [By (1)]
= n+1 = 41 + Pn (13)
Adding (12) & (13), we obtain
n + n+1 = 2Pn+1 (14)

Modified Pell numbers are expressed in terms of Pell numbers by (12), (13) and (14).

I11. Matrix representations of Pell and Modified Pell numbers
1. Replacing n by (n + 2) in (12), we have
Gn+2 = Putz = Poy2
= (2Py42 + Poy1) — Poyz  [BY (2)]
= Pn+2 + Pn+1
= 2P+ B) + Popy [By (2)]
= qns2 = 3Pn+1 + Pn

Writing (13) and (15) in matrix form we obtain ()
@)=G D%
= (gﬁ) =M (P ';,:1> (16)
Where
M=(] ) )

The Pell and Modified Pell numbers are related by the matrix equation (16), which transforms Pell
numbers into Modified Pell numbers.

2. Replacing n by (n + 1) in (14), we have
dn+1 + An+2 = 2Pn+2

1
=>Pn+2 = E(qn+1 + qn+2)
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= %{qnﬂ + (2qn41 + q,)} [By (2)]

SPutz = 3 Bus1 + ) (18)
Expressing (14) and (18) in matrix form, we get
P2\ 173 1\ /(%n+1
(Pn+1) - 5(1 1)( n )
Pn+2 _1 qn+1
>(pt)=3m (%) Byam (19)

Thus Modified Pell numbers can be changed to Pell numbers by matrix M using the above relation (19).
3. Expressing (12) and (13) in matrix form we get

=G DG

= (%) =6 (%) (20)
Where "
G = (1 _1) 1)

Pell numbers can be changed to Modified Pell numbers by matrixG using the above relation (20).
4. Subtracting (12) from (13), we get
An+1 —qn = [Pn+l + Pn] - [Pn+1 - Pn]
= 2P,
1
= Pn = E(qn+l - qn)
From (14) we get
1
Pn+1 = E (qn+1 + qn)
Writing the above expressions (22) and (23) in matrix form we obtain

(i)-46 D)

- (PHP,: )=56(") By (24)

Modified Pell numbers can be changed to Pell numbers by matrix Gusing the above relation (24).

5. Even Powers of matrix M:
The even powers of matrix Mgiven by (17) can be written in terms of Pell numbers as given below.

(22)

(23)

- (3 1\(3 1\_ (10 4\ _ (5 2
w=mxm=( )G =0 2)=2G 7 (25)
Writing M2 in terms of Pell numbers we obtain

pP; P

2 3 2

wi=2(, ) 26)

Let us now find out the value of M*.
mt=mtxmz=4(3 2)(3 2) [By(25)]

2 1/\2 1 p P
"2 29 12 _ 2( 5 4)
=2 (12 5)_2 B b @7)
Noting the above expressions (26) and (27), one can write in general
P P\ .
M™ = 2n/2 ( ’I‘J“ b ) if n even (28)
n n—1

6. Odd Powers of matrix M:
The odd powers of matrix M can be written in terms of Modified Pell numbers as given below.

(3 I\ _(92 %
w=(D=( %) e o
3 — npm2 —
M3=M2xM= 2(%7 12(1 1) [By (17) & (25)]
=2 ( ; 3) (29a)
Writing M3 in terms of Modified Pell numbers we get
3_ (94 43
M o 2 (Q3 QZ) ) ) (30)
The above expressions (29) and (30) in general can be written as
— qn+1 an :
n — 9on-1)/2
M =2 ( o qn_l) if n odd (31)

7. Negative Powers of matrix M:
The determinant of matrix M given by (17) is

DOI: 10.9790/5728-1903024654 www.iosrjournals.org 48 |Page




A Study On Pell And Modified Pell Numbers

detM:ﬁ i|:z (32)

Since det M # 0, the matrix M is an invertible matrix.

Let us now find out a matrix B whose elements are the cofactors of matrix M.
B= (_i ‘31,) =BT [Refer (17)] (33)

As B = BT, the matrix B is a symmetric matrix.

The inverse of matrix M is calculated using the following relation.

_ 1 11 -1 :
M =—_pT = 5(_ . 3) [Using (32) & (33)] (34)
Writing M~ in terms of modified Pell numbers we get
-1 _ l qo —q1
M= =3 (_fh Q2) (35)

Let us now find out the matrices M~2, M3 and M~*.
M2=M"1xM"= l(_l _1) (_1 _1) [By (34)]

4 21 2 1 3
1 f—
T4 (_41; 120)
2 _ l —
>M2 =2 (_2 5) (36)
In terms of Pell numbers, the above matrix can be expressed as
_ 1( P, —P.
w2 =35 ) (37)
3oz _1f 1 =1y 1 -2
M3=M1xM?2= 4(_31 ;) (_2 5) [By (34) & (36)]
1 f—
Z(_Z 172
-3 _ i 2 —43
M =0 (—1% 2‘14 ) L (38)
-4 _ -2 —2_1 - -
Mt =mxmz=2( o T)(L, ") By e
_ 3( 5 —12)
4 —11)2 2P9
4 _1( —h
sut =50 (39)
Considering the forms of matrices (37) and (39), one can write in general
m_ 1 (P =P\ .
M™ = (_”Pn Pn+”l) if neven (40)
Similarly considering the forms of matrices (35) and (38), one can write in general
— 1 qn-1 —qn\ .
e (—qn an) if nodd (41)
8. Let
2 1
s=({ o) (42)
The matrices S, S2& S3 are expressed in terms of Pell numbers as given below.
(P2 P
s=(5 ) (43)
2 (2 1\(2 1\ _ (5 2\ _ (P Pz)
s=(1 G 0)=0 D=0 ») Bye (@)
3_c2wc_ (5 2\/(2 1_125_<P4 Pg)
$7=S XS_(Z 1)(1 o)_(s 2)_ p; P, (45)

[By (42) & (44)]
The above three matrices (43),(44) and (45) in general can be written as

P P
sn = ( A )forn — 1,23, .. (46)
n n—1

9. The matrices GS, GS?&GS? are expressed in terms of modified Pell numbers as given below.
6s=(7 D D=0 1) Refer 1) & (42)

1 —-1/\1 0 1 1
The above matrix in terms of modified Pell numbers is written as
(92 %D
GS = (‘h QO) “7)

Similarly we can calculate GS?& GS?3.

6s=(1 DG 5= 3) refer21) & 4y
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2 _ (93 42
=>G6GS° = (i]z 6111) 1 s o (48)
3 = —
GS° = (%1 _ql) ( 5 2) = ( 7 3) [Refer (21) & (45)]
3 4 3
=657 = (q3 qz) (49)
The above three matrices (47),(48) and (49) in general can be written as
n _ (9n+1 qn _
GS - ( qn qn—l) fOT n= 1:2,3, (50)
10. The matrices G and S satisfy the following relation.
G2S™ = 28" (51)
Where
_(1 1 21
6= (1 —1) and § = (1 0) [By (21) & (42)]
Proof:

2cn n _ 1 1 qn+1 an
Gt =6xast=(; )" o) By 60
— (qn+1 + qn qn + Qn—l)
qnéf—lg —qn (n qun—l
n+1 n
= By (14 52
An+1 —9n  qn — Qn—l) [ y( )] ( )
Now the elements in the second row of above matrix are modified as given below.
n+1 — qn = (an + qn—l) —qn [By (2)]
={qn + qn-1 = 2Pn [By (14)] (53)
and
n —qn-1 = (zqn—l + qn—Z) —(qn-1 [By (2)]
= qn-1 + qn-2 = 2Pn—1 [By (14)] (54)
Substituting (53) and (54) in the elements of second row of matrix (52), we obtain
2P, 2P, P, P
2¢cn n+1 n _ n+1 n
G°S _< 2Pn 2Pn—1)_2( Pn Pn—l)
= G2S" = 258" [By (46)]
Hence (51) is proved.

11. Let
(1 1
W = (0 ~ 1) (55)
and
P q
R =( n+1 n ) 56
" Pn qn-1 ( )
These matrices satisfy the relation
R, W =S8" (57)

The matrix S™ in the above relation (57) is given by (46).

Proof:
_ Pn+1 dn ) 1 1
Rn.W - ( Pn qn-1 (0 _1)

Pn+1 Pn+1 —qn
_( Pn Pn_qn—l) (58)
Using (12) we get
Pn = Pn+1 —qn (59)
Replacing n by (n — 1) in (12) we obtain
n-1 = Pn - Pn—l
= Pn—l = Pn —qn-1 (60)
Using (59) and (60) in the elements of second column of matrix (58) we have
Pn+1 Pn
Rn.W_( Pn Pn—l)
= R,.W = S" [By (46)]
Hence (57) is proved.
12. The matrices S™, W & R,, receptively given by (46), (55) and (56) satisfy the relation
S"W =R, (61)
Proof:

SnW = (P P Pf’;)((l) _1) [By 46) & (5)]
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— (Pn+1 Pn+1 - Pn)
Pn Pn - Pn—l
Using (12) and (60) in the elements of second column of above matrix we get
ST W = (Pn+1 Aqn )
Pn qn-1
=>S"W =R, [By(56)]
Hence (61) is proved.
13. Eigen values of M™:

The Eigen values of n"power of matrix M given by (17) can be expressed in terms of Pell and
modified Pell numbers.
@) neven:
For n = 4, we have from (27)

w2 )-8 1

The characteristic equation of M* is
116 —w 48 | -0
48 20— w
Where w is the Eigen value of M*. Solving the above determinant we get
(116 — w)(20 —w) — 48 x 48 =0
= w? - 136w +16 =0
__ 13618496 —64

> w

2
= w = 4(17 £ 12v2)
Writing the above expression in terms of Pell and modified Pell numbers we have
w =2"2(qy + P2)
The above expression gives two Eigen values ofM* Hence in general the Eigen values w;and w, of
M™ for n even are given by

=2"/2(q, + PV2
wr=e (0 + £, )} if n even (62)
Wy = 2 /Z(qn - Pn‘/j)
(b) nodd:
For n = 3, we have from (29a)
3_ (34 14
M= = (14 6 )
The characteristic equation of M3 is
34 —-w 14 | -0
14 6—w

Where w denotes the Eigen value of M3, Solving the above determinant we have
B4—w)(6—w)—14%x14=0
=> w?—40w+8=0
_ 40+yT600-32
2
=>w=2(2x%x5+7V2)
Writing the above expression in terms of Pell and modified Pell numbers we have

3-1
0 =2""%2(Py + q1v2)
The above expression gives two Eigen values of M3.Hence in general the Eigen values w;and w, of
M™for n odd are given by

W, = Z(n_l)/z(Pn + qn\/z)
w, =272 (P, - q,V2)

> w

if n odd (63)

V. Identities satisfied by Pell and Modified Pell numbers

The Pell and Modified Pell numbers satisfy the following identities.
1. Simpson formula:
The Pell numbers satisfy Simpson’s formula given by
Pn+1Pn—1 - Pn2 = (_1)n (64)
Proof: Using Binet formula (3), we get
an+1_bn+1 an—l_bn—l n_pny2
Pn+1Pn—1 - Pnz = ( (azi)z ) - (a(a_z)z)
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(aZn_an+1bn71_bn+1an71+b2n)_(a2n+b2n_2anbn)
(a—b)?
—a"1p" 1 (a?+h2—2ab)
(a—b)?
= —(ab)*' = (=" [By(9)]
. = Pn+1Pn—1 - Pnz_ = (_1)11
Thus the Simpson formula (64) is proved.
1
2. Pn+1Pn—1 + Pn2 = E{qn + (_1)n} (65)
Proof: Using Binet formula (3), we obtain
_ (an+1_bn+1)(an—1_bn—1) (an_bn)Z
Pn+1Pn—1 -|'Pn2 - (a—b)2 (a—b)?
(aZn_an+1bn71_bn+1an71+b2n)+(a2n+b2n_2anbn)
(a=b)?
_ 2(a®"+p?)—a™ b 1(a?+b2+2ab)
h (a—b)?
2(a®™ +b2")—(ab)* "L (a+b)?
(a—b)?
__ 2qan(a+b)—(ab)" " (a+h)?
- s [By (4)]
2qanX2—(—1)""1x22
=————>—— [By(7),(8) &9
@) [By (7).(8) &(9)]
1
= 2 {qan + (-1}
Thus the identity (65) is proved.
3. Gn41Gn-1 — G =2(-1)"*
Proof: Using Binet formula (4), we get
2 (an+1+bn+1)(an—1+bn—1) _ (an+bn)2
An+19n-1 n — (a+b)? (a+b)?
(a2n+an+1bn—1+bn+1an—1+b2n)_(a2n+b2n+2anbn)
(a+b)?
a"_lbn_l(a2+b2—2ab)
(a+h)?
(a—b)*
(a+b)?
_ (2v2)°
=~ 22 1By (7),(8) &(9)]
=2(-D)"' =2(-D)"'(-D?
= Qui1Gn-1 — 45 = 2(-D"*
Hence the identity (66) is proved.
4 Gui1Gn-1 t qn = Qo + ()" (67)
Proof: Using Binet formula (4), we obtain
_ (an+1+bn+1)(an—1+bn—l) (an+bn)2

(66)

= (ab)"!

2
An+19n—1 + an (a+b)2 (a+b)?
(azn+a"+1b"_1+b"+1a"_1+bz")+(a2n+b2"+2a"b")
- (a+b)?
_ 2(a®+b2")+a" " 1p" " (a? +h2+2ab)
- (a+b)?
__ 2qp(a+b)+(ab)" " H(a+h)?
= o By (4)]
_ 2920 + (ab)n—l

~ (a+b)
2q2n n—
=22 4 (-1 [By (7) & (9)]
= Gz + (1" (1)
= Qu41Gn-1 + 4p = Qo + (D"
Thus the identity (67) is proved.
5. anm—l - qn—lpm = (_1)m+1Pn—m (68)
Proof: Using (3) and (4) we have

at—pn am—1+bm—1 an—1+bn—1 am —_pm
Pain-1 = @n-1Pn = (50 ( )- (=)
nfm-1 dn—1tm a—b a+b a+b a—=b
(an+m—1+anbm—l_bnam—l_er-m—1)_(an+m—1_an—1bm+bn—1am_bn+m—1)

(a—b)(a+b)
a™ bm—l_bnam—1+an—1bm_bn—lam

(a—b)(a+b)
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a® 1pm=1(a+b)—p""1am1(h+a)
(a=b)(a+b)
an—lbm—l_bn—lam—l
(a—b)
amflbmfl anfl bnfl
T (a-b) (am—l_bm—l)

(ab)m_l (an_ a—b

= (=1)""'Pim [BY (3) & (9)]
= (_1)m_1(_1)2Pn—m

m_pn-m

= (_1)m+1Pn—m
Hence the identity (68) is proved.
6. Pan+1 - qun+1 = (_1)m+1Qn—m (69)

Proof: Using (3) and (4) we get . . ) )
Paimsr = GnPuss = (S) (am+ e ) - (525 (ama:ZH )

a+b a+b

(an+m+1+anbm+1_bnam+1_bn+m+1)_(am+n+1_am bn+1+bman+1_bm+n+1)

(a—b)(a+b)
anbm+1_bnam+1+ambn+1_bman+1

(a—b)(a+b)
—a™b™ (a—b)—b"a™ (a—b)
(a=b)(a+b)
—_ghtpMm_pngm
(a+b)
—gMmpm sqn pn
= (a+h) (a_m+ b_m)
_ m anfm_'_bnfm
- (ab) ( a+b )
= —(—1)'”lqn-m [By (4) & (9)]
= (1)1 gy,
Thus the identity (69) is proved.
7. Andm+1 — Gn+19m = 2(_1)m+1pn—m (70)
Proof: Using (4) we have

a+pn am+1+bm+1 an+1+bn+1 aMm4pm
Anm+1 = Gn+19m = ( a+b )( a+b )_ ( a+b )( a+b )

(an+m+1+anbm+1+bnam+1+bn+m+1)_(an+m+1+an+1bm+bn+1am +bn+m+1)

(a+b)?
al bm+1+bnam+1_an+1bm_bn+1am
- (a+b)?
__ —a"b™(a—b)+b"a™ (a—b)
- (a+b)?
_ (a=b)(p"a™—a™b™)
- (a+b)2
i )
T (a+b)? am  pm

a-b\?2 m (a" " =p" ™

- () G (S
V2 m

=— (%) (~D)"Piew [BY(3). (7). (8) & (9)]

= 2(_1)m+1Pn—m

Hence the identity (70) is proved.
8. 2PB,q, =Py, (71)
Proof: Using (3) and (4) we get

_ a—b™\ (a+b"

2R =2 () ()

a+b

2 aZn_bZn
_(a+b)( a—b )

= P, [By(3)and (7)]
Thus the identity (71) is proved.
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V. Conclusion
Pell and Modified Pell numbers can be represented by matrices. The identities satisfied by Pell and
Modified Pell numbers can be derived using Binet formula. This study on Pell and Modified Pell numbers will
inspire curious mathematicians to explore it further.
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