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Abstract: 
In this paper, we will discuss modeling of severity on motor vehicle insurance claims for third party liability 

guarantees with comprehensive coverage at PT. The 2019 X uses the Generalized Inverse-Lindley distribution.  

The Generalized Inverse-Lindley distribution is a non-composite distribution with α and λ parameter. The 

parameters in the Generalized Inverse-Lindley distribution are estimated through the maximum likelihood 

estimator method using the Newton-Raphson iteration numerical method. Distribution fit testing is carried out 

using the Kolmogorov-Smirnov test. The data used is secondary data from the recording results of the insurance 

company PT. X in 2019 is severity on Third Party Liability insurance claims with comprehensive coverage. 

Based on the results of the application of the Generalized Inverse-Lindley distribution on severity of Third Party 

Liability motor vehicle insurance claims with comprehensive coverage at PT. X in 2019 in category 3 using the 

Kolmogorov-Smirnov test can be concluded that the severity of claims in regions 1, 2, and 3 comes from the 

population distributed Generalized Inverse-Lindley. 
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I. Introduction 
Basically, human life is full of uncertainties. Uncertainty arises from the inability of humans to predict 

the possibilities that will occur in the future. Unvertainty that will come inevitably makes people themselves 

feel insecure. The insecurity caused by uncertainty is often referred to as risk. Risk is the danger, outcome, or 

consequence that may occur as a result of  ongoing processes or future events [1]. Human activities can pose 

risks that endanger the safety of body and soul and even property. Vehicles traveling on the highway can be 

damaged by accidents that can result in losses for drivers and motorized vehicles. The importance of a guarantee 

through insurance for a driver, in order to minimize losses. This loss can be transferred to the insurer or 

insurance company.  Ismanto [2] said that the types of insurance business fields in Indonesia include liability 

with one of its insurance products, namely motor vehicle insurance. In general, there are two types of motor 

vehicle insurance coverage, namely comprehensive (All Risk) and total loss only (TLO). Motor vehicle 

insurance can also be supplemented with additional guarantees, such as third-party insurance that covers risks 

arising from compensation claims from third parties. This type of insurance is better known as Legal Liability 

Against Third Parties or third party liability (TPL). So, if the third party is involved in an accident and demands 

liability, either for themselves or for other, the policyholder can file a claim. In loss modeling , there are two 

important measures that must be considered, one of which is the severity claims submitted by customers to 

insurance companies[3]. Severity claim in loss insurance is a positive random variable, which tends to follow a 

skewed distribution with a thicker right tail. The process of modeling severity insurance claim certainly involves 

a variety of distributions. Based on various studies, distributions with thicker right tails have been used in loss 

insurance, including the composite distribution, which is distributions determined by the probability density [4]. 

As research progresses, non-composite distributions have emerged as a approach to data modeling that may be 

particularly useful for practitioners dealing with large claims values.  

Asgharzadeh et al (2017) discuss modeling severity claims data using a non-composite distribution, 

namely theGeneralized Inverse-Lindley (GIL) distribution. The results of research conducted by Asgharzadeh et 

al show that the GIL distribution is better than several composite distributions such as the lognormal 

distribution, Weibull distribution, Pareto distribution and several other distributions, because it has the smallest 

Akaike Information Criterion (AIC) value,  the smallest Bayesian Information Criterion (BIC), the largest p-

value of the  Kolmogorov-Smirnov test and the largest p-value of the Cramer-von Mises test[5].  
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Based on research by Asgharzadeh et al (2017), in this paper will be modeled on severity on motor 

vehicle insurance claims for Third Party Liability coverage with comprehensive coverage at PT. X in 2019 used 

the Generalized Inverse-Lindley (GIL) distribution using the Kolmogorov-Smirnov test in evaluating the 

suitability of its distribution. 

 

II. Material And Methods 
The data in this paper is secondary data from the records of the general insurance company PT. X for 

the 2019 policy. The data includes largeseverity data on motor vehicle insurance claims for TPL coverage with 

comprehensive coverage at PT. X in 2019 for category 3 (sum insured IDR 200,000,000.00 to IDR 

400,000,000.00) and for all regions (region 1, region 2, and region 3).  

 

Lindley Distribution  

The Lindley distribution was first introduced by  Lindley[6]in the context of Bayes' statistics. The Lindley 

distribution with parameter λ is defined by the following probability density function:  

 

𝑓 𝑥;  𝜆 =
𝜆2

𝜆 + 1
 1 + 𝑥 𝑒−𝜆𝑥 ,       𝑥 > 0, 𝜆 > 0 … (1) 

 

The cumulative distribution function of the Lindley distribution is as follows: 

 

𝐹 𝑥;  𝜆 = 1 −
𝜆 + 1 + 𝜆𝑥

𝜆 + 1
𝑒−𝜆𝑥 ,       𝑥 > 0, 𝜆 > 0 … (2) 

 

Generalized Inverse-Lindley Distribution 

Let Y denote a one-parameter Lindley-distributed random variable and 𝑋 =  𝑌− 
1

𝛼 . Then the probability density 

function of X is as follows: 

 

𝑓 𝑥; 𝛼, 𝜆 =
𝛼𝜆2

𝜆 + 1
 1 + 𝑥−𝛼 𝑥−𝛼−1𝑒−𝜆𝑥−𝛼

,   𝑥 > 0, 𝛼, 𝜆 > 0 … (3) 

 

where λ is the scale parameter and α is the shape parameter. 

The cumulative distribution function of the Generalized Inverse-Lindley distribution is as follows: 

𝐹 𝑥; 𝛼, 𝜆 =  
1 + 𝜆 + 𝜆𝑥−𝛼

1 + 𝜆
 𝑒−𝜆𝑥−𝛼

,       𝑥 > 0, 𝛼, 𝜆 > 0 … (4) 

 

The GIL distribution was proposed by Sharma[7] which offers more flexibility to model extreme 

values or outside observations in the right tail direction. It also shows that the distribution has a heavy tail, that 

is, a polynomial tail or wider tail that decays much more slowly and is larger than the tail of the normal 

distribution. Heavy-tailed distributions are used to measure the probability of disorder or extreme events and are 

therefore very useful in modeling risk analysis, such as insurance data. 

 

Parameter Estimation of the Generalized Inverse-Lindley Distribution 

The Parameters of the generalized inverse-Lindley distribution can be estimated using the maximum 

likelihood method. The maximum likelihood method is used to obtain parameter estimates by maximizing the 

log-likelihood function. The likelihood function based on the observed sample x =  x1, x2, … , xn  is as follows: 

𝐿 𝛼, 𝜆 =  𝑓 𝑥; 𝛼, 𝜆 

𝑛

𝑖=1

=
𝛼𝑛𝜆2𝑛

 1 + 𝜆 𝑛
  1 + 𝑥𝑖

−𝛼 

𝑛

𝑖=1

 𝑥𝑖
−(𝛼+1)

𝑛

𝑖=1

𝑒−𝜆  𝑥𝑖
−𝛼𝑛

𝑖=1  … (5) 

 

The log-likelihood function for the GIL distribution is as follows: 

𝑙 𝛼, 𝜆 = 𝑙𝑛 𝐿 𝛼, 𝜆   

= 𝑛 ln  𝛼 + 2𝑛 ln  𝜆 − 𝑛 ln  1 + 𝜆 +  ln  1 + 𝑥𝑖
−𝛼 

𝑛

𝑖=1

−  𝛼 + 1  ln  𝑥𝑖 

𝑛

𝑖=1

− 𝜆  𝑥𝑖
−𝛼

𝑛

𝑖=1

 

… (6) 

The maximum likelihood estimator of the GIL distribution parameter is the solution of the first derivative of the 

log-likelihood function to which its parameters are equated to zero, namely: 
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𝜕𝑙 𝛼, 𝜆 

𝜕𝛼
=

𝑛

𝛼
−  

𝑥𝑖
−𝛼 ln  𝑥𝑖 

1 + 𝑥𝑖
−𝛼

𝑛

𝑖=1

−  ln  𝑥𝑖 

𝑛

𝑖=1

+ 𝜆  𝑥𝑖
−𝛼 ln  𝑥𝑖 

𝑛

𝑖=1

= 0 … (7) 

𝜕𝑙 𝛼, 𝜆 

𝜕𝜆
=

2𝑛

𝜆
−

𝑛

1 + 𝜆
−  𝑥𝑖

−𝛼

𝑛

𝑖=1

= 0 … (8) 

 

Based on the above equation, it can be seen that the estimated parameter cannot be solved analytically. 

For cases like this, numerical calculation methods are usually used to obtain the estimated parameters. One of 

the numerical methods that can be used is the Newton-Raphson iteration method. The Newton-Raphson iteration 

method requires the initial value of the parameter  α, λ , the first derivative of the log-likelihood function with 

respect to its parameters and the second derivative of the log-likelihood function with respect to its parameter. 

The second derivative of the log-likelihood function is given by: 

 

𝜕2𝑙 𝛼, 𝜆 

𝜕𝛼2
= −

𝑛

𝛼2
+  

𝑥𝑖
−𝛼 ln2 𝑥𝑖 

 1 + 𝑥𝑖
−𝛼 2

𝑛

𝑖=1

− 𝜆  𝑥𝑖
−𝛼 ln2 𝑥𝑖 

𝑛

𝑖=1

 … (9) 

𝜕2𝑙 𝛼, 𝜆 

𝜕𝜆2
= −

2𝑛

𝜆2
+

𝑛

 1 + 𝜆 2
=

−𝑛𝜆2 − 4𝑛𝜆 − 2𝑛

𝜆2 𝜆 + 1 2
 … (10) 

𝜕2𝑙 𝛼, 𝜆 

𝜕𝛼𝜕𝜆
=  𝑥𝑖

−𝛼 ln  𝑥𝑖 

𝑛

𝑖=1

 … (11) 

 

Suppose 𝜸 =  𝛼, 𝜆 𝑇  is the parameter vector. At the next iteration  ℎ + 1 , the updated parameters can be 

obtained [8]:  

𝜸(ℎ+1) = 𝜸(ℎ) −   
𝜕2𝑙 𝜸 

𝜕𝜸𝜕𝜸𝑇
 
𝜸=𝜸 ℎ 

 

−1

  
𝜕𝑙 𝜸 

𝜕𝜸
 
𝜸=𝜸 ℎ 

 , ℎ = 0, 1, 2, .. 

 

with 

∆=  𝜸(ℎ+1) − 𝜸(ℎ)  

… (12) 

 

The iteration process in equation (12) is stopped if the value of  𝜸(ℎ+1) − 𝜸(ℎ) < 𝜀. The value of 𝜀 is 

the error tolerance, e.g. 𝜀 = 1 x 10−6. The iteration equation in equation (12) requires initial values for 𝛼 and 𝜆. 

The way to obtain the initial value is to simplify equation (7) into the following: 

 

𝜆 =
−

𝑛

𝛼
+  

ln   𝑥𝑖 

1+𝑥𝑖
𝛼

𝑛
𝑖=1 +  ln  𝑥𝑖 

𝑛
𝑖=1

 𝑥𝑖
−𝛼 ln  𝑥𝑖 

𝑛
𝑖=1

 … (13) 

 

Next, equation (13) is subsumed into equation (8) to produce the following equation: 

 

2𝑛  𝑥𝑖
−𝛼 ln  𝑥𝑖 

𝑛
𝑖=1

−
𝑛

𝛼
+  

ln   𝑥𝑖 

1+𝑥𝑖
𝛼

𝑛
𝑖=1 +  ln  𝑥𝑖 

𝑛
𝑖=1

−
𝑛  𝑥𝑖

−𝛼 ln  𝑥𝑖 
𝑛
𝑖=1

−
𝑛

𝛼
+  

ln   𝑥𝑖 

1+𝑥𝑖
𝛼

𝑛
𝑖=1 +  ln  𝑥𝑖 

𝑛
𝑖=1 +  𝑥𝑖

−𝛼 ln  𝑥𝑖 
𝑛
𝑖=1

 

−  𝑥𝑖
−𝛼

𝑛

𝑖=1

= 0 

… (14) 

 

The initial value of the estimated parameter α can be obtained from equation (14) by trial and error. α 

that satisfies it. While the initial value of the estimated parameter λ can be obtained by subsuming the value of α 

to equation (13). Note that if a pair of initial values is found α and λ more than one, then select the pair α and λ 

that maximizes the log-likelihood function the most. 

 

Kolmogorov-Smirnov Test 

A distribution fit tests is used to show that a data set can be said to follow a certain distribution. One of 

the fit tests that can be used to determine a particular distribution is the Kolmogorov-Smirnov test. Suppose the 
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realization of a random sample is 𝑥1 , 𝑥2 , … , 𝑥𝑛  which corresponds to an unknown distribution function 𝐹 𝑥  and 

suppose 𝐹∗(𝑥) is a complete hypothesized distribution function. The hypothesis formulation for the 

Kolmogorov-Smirnov test  is [9]: 

𝐻0: Data comes from a population with a certain distribution  

𝐻1: Data does not come from a population with a certain distribution 

The statistics of the Kolmogorov-Smirnov test for the above hypothesis is:  

 

𝐷 =  𝐹𝑛(𝑥𝑖) − 𝐹∗(𝑥𝑖) 1≤𝑖≤𝑛
𝑚𝑎𝑥  

where:  
… (15) 

𝐹𝑛(𝑥𝑖) =
the number of observations ≤ 𝑥𝑖

𝑛
 … (16) 

Description: 

𝐹𝑛(𝑥𝑖): empirical distribution function for the observation data 𝑖.  
𝐹∗(𝑥𝑖): cumulative distribution function of the model under test for the the observation data. 𝑖 

Test criteria ff the test statistics 𝐷 is smaller than the critical value at the real level 𝛼 that has been 

determined, then the null hypothesis is accepted and it is concluded that the data comes from a certain 

distributed population. For 𝑛 > 40 the critical values is based on asymptotic distribution 

 

III. Result 
Data Description 

Data descriptions is used to provide an overview of the data distribution. Histograms are used in 

describing data. Figure 4.1 presents a histogram form of the severity of motor vehicle insurance claims for TPL 

coverage with comprehensive coverage at PT. X in 2019 for category 3 and all regions. 

 

Category 3 Region 1 

 

Category 3 Region 2 

 

Category 3 Region 3 

 
 

Based on Figure 1, it can be seen that the severity claim data for category 3 has a distribution of the 

data distribution is skewed to the right, because the tail of the distribution is on the right. Therefore, the GIL 

distribution is thought to be suitable for modeling the severity of motor vehicle insurance claims for TPL 

coverage with comprehensive coverage at PT. X in 2019 category 3 and all regions. 

 

Parameter Estimation of the Generalized Inverse-Lindley Distribution 

The estimation of GIL distribution parameters is done through maximum likelihood estimation using 

the Newton-Raphson method with the help of RStudio software. The results of pair values α and λ those 

accompanied by their log-likelihood functions for category 3 and all regions are presented in Table 1. 

 
Table no 1:Parameter Pairs 𝛂 dan 𝛌 with Log-likelihood Values in Category 3 and All Regions 

Category Region Initial Value α Initial Value 𝝀 Log-likelihood Function Value 

3 1 0,90 3,9917 x105 -480,8492 

3 2 0,92 5,7824 x105 -1.577,9614 

3 3 0,92 5,2857 x105 -670.6018 

 

The pair of initial value that have been obtained are entered into the iteration equation in equation (12). 

The estimated values used 𝜀 = 1 x 10−6 the results of the Newton-Raphson iteration are presented in Table 2. 

Table 2 contains pairs of estimated values of the and parameters 𝛼 and 𝜆, andthe number of iterations.  
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Table no 2:  

Newton-Raphson Iteration Results for Category 3 and All Regions 
Category Region Estimated Value α Estimated Value 𝝀 Number of Iterations 

3 1 0,8809299 305.923,1000 8 

3 2 0,9508589 894.964,5000 2 

3 3 0,9373648 673.294,4000 2 

 

Based on Table 2, the estimated parameters α and λ for severity on motor vehicle insurance insurance 

claims for TPL coverage with comprehensive coverage at PT. X in 2019 for category 3 and all regions.  

Figure 2 shows the histogram for severity on motor vehicle insurance claims for TPL coverage with 

comprehensive coverage at PT. X in 2019 category 3 with all regions and the GIL distribution density function 

curve with estimated parameters that have been obtained in Table 4.2.  

 

Category 3 Region 1 

 

Category 3 Region 2 

 

Category 3 Region 3 

 
Based on Figure 2, it can be seen that category 3 data with all regions has a density function curve shape 

following the histogram pattern.  

 

Generalized Inverse-Lindley Distribution Fit Testing  

GIL distribution suitability test on severity of motor vehicle insurance claims forTPL coverage with 

comprehensive coverage at PT. X in 2019 category 3 with all regions using the Kolmogorov-Smirnov test. The 

hypotheses for such testing are: 

H0: Severity on motor vehicle insurance claims for TPL coverage with comprehensive coverage at PT. 

X in 2019 category 3 contained in the region t comes from a GIL distributed population, where t = 1,2,3. 
H1: Severity on motor vehicle insurance claims for TPL coverage with comprehensive coverage at PT. 

X in 2019 category 3 contained in the region t comes from a GIL distributed population, where t = 1,2,3. 
The calculation of the Kolmogorov-Smirnov test statistic is obtained using equation (15). The 

estimated parameter values obtained in Table 2 are used to obtain the estimated cumulative distribution function 

of the GIL distribution using equation (4) and the empirical distribution function value using equation (16). For 

example, for the first order data in category 3 and region 1 with the number of claims in category 3 region 1 as 

many as 29 claims, x1 = 300.000with the help of Microsoft Excel software, the empirical distribution function 

values is obtained: 

 

𝐹29 𝑥1 = 𝐹29 300.000  

=
the number of observations ≤ 300.000

29
 

=
1

29
 

= 0,0345 

 

and the cumulative distribution function value of the GIL distribution is: 

𝐹∗ 𝑥1 = 𝐹∗ 300.000  

=  
1 + 305.923,1 + (305.923,1)(300.000)−0,8809299

 1 + 305.923,1 
 𝑒−(305.923,1)(300.000)−0,8809299

= 0,0103 

 

  Estimation of the value of the empirical distribution function and the cumulative distribution function 

of the GIL distribution for other data is performed using the same method as in the first category 3 of region 1. 

The results of calculations with the help of  Microsoft Excel software for  each data are presented in Table 3 
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with column (1) is the severity of motor vehicle insurance claims for  TPL coverage with comprehensive  

coverage at PT. X in 2019  category 3 and all regions that have been sorted from smallest to largest and taken 

unique values only, column (2) is the value of the empirical distribution function of the claim severity, column 

(3) is the cumulative distribution function of the GIL distribution , and column (4) is the absolute value of the 

value of the empirical function reduced by the value of the cumulative distribution function of the GIL 

distribution. 

 

Table no 3: 

Kolmogorov-Smirnov Test Calculation Results on Claim Size Data Category 3 Region 1 

No. Tertanggung 𝒙𝒊 𝑭𝒏 𝒙𝒊  𝑭∗(𝒙𝒊)  𝑭𝒏 𝒙𝒊 − 𝑭∗(𝒙𝒊)  

(1) (2) (3) (4) (5) 

1 300.000 0,0345 0,0103 0,0242 

2 385.000 0,0690 0,0254 0,0436 

3 685.000 0,1034 0,1095 0,0060 

⋮ ⋮ ⋮ ⋮ ⋮ 

27 10.000.000 0,9310 0,8118 0,1192 

28 16.800.000 0,9655 0,8763 0,0892 

29 25.000.000 1.0000 0,9112 0,0888 

 

Based on the results in Table 3, the Kolmogorov-Smirnov test statistical value for category 3 region 1 data using 

equation (15) is obtained, namely:  

𝐷 =  𝐹𝑛 𝑥𝑖 − 𝐹∗(𝑥𝑖) 1≤𝑖≤𝑛
𝑚𝑎𝑥 = 0,1639 

The value of the statistics for the fit to the Generalized Inverse-Lindley distribution for the other data 

was performed using the same method as in category 3 region 1 data. The complete results of the statistical 

values of the test are presented in Table 4 column (3). Using the real level α = 0,05, the critical value of the 

Kolmogorov-Smirnov test of category 3 and all regions were obtained. The complete results are presented in 

Table 4 column (4). The conclusions of the Generalized Inverse-Lindley distributed distribution fit test are 

presented in Table 4 column (5). 

Table no 4: Kolmogorov-Smirnov Fit Test on Category 3 and All Regions 

Category Region Test Statistics Critical Value Conclusion 

(1) (2) (3) (4) (5) 

3 1 0,1639 0,2460 𝐻0 Retrieved 

3 2 0,1272 0,1388 𝐻0 Retrieved 

3 3 0,1142 0,2124 𝐻0 Retrieved 

 

It can be seen that for category 3 and all regions, the null hypothesis is accepted. The conclusion is that 

the severity on motor vehicle insurance claims for TPL coverage with comprehensive coverage at PT. X in 2019 

category 3 in all regions comes from a GIL distributed population. 

Figure 3 displays the empirical cumulative distribution function graph and the cumulative distribution 

functions of the GIL distribution for severity on motor vehicle insurance claims for TPL coverage with 

comprehensive coverage at PT. X in 2019 for category 3 and all regions.  

 

Category 3 Region 1 

 

Category 3 Region 2 

 

Category 3 Region 3 
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Based on Figure 3, it can be seen that the empirical distribution function graph is close to the 

cumulative distribution function of the GIL distribution for the severity of motor vehicle insurance claims for 

TPL coverage with comprehensive coverage at PT. X in 2019 category 3 and all regions.  

 

IV. Conclusion 

Based on the results of the application of the Generalized Inverse-Lindley distribution on the severity 

of motor vehicle insurance claims for TPL coverage with comprehensive coverage at PT. X in 2019 using the 

Kolmogorov-Smirnov test it can be concluded that severity on motor vehicle insurance claims for TPL coverage 

of PT. The X of 2019 comes from the Generalized Inverse-Lindley distributed population for severity claims on 

category 3 and all regions. 
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