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Abstract. In this paper, some characterizations of Abel rings are introduced such as a ring R is an Abel ring if and 

only if for any e, g  E(R), eR   Rg = gR   Re. Also, using the related decompositions of idempotent, we show that 

R is an Abel ring if and only if every idempotent of R can be written uniquely the difference of an idempotent and 

an involution. And, in term of the solutions of certain equation, we prove that R is an Abel ring if and only for any 

e, g ∈ E(R) and c ∈ R, when exg = c has a solution, there is c = gce. Finally, with the inner inverse of regular, we 

show that R is an Abel ring if and only if for e ∈ E(R), e(1) = {c − ec + e|c ∈ R}. 

----------------------------------------------------------------------------------------------------------------------------- ---------- 

Date of Submission: 06-09-2023                                                                           Date of Acceptance: 16-09-2023 

----------------------------------------------------------------------------------------------------------------------------- ---------- 

 

I. Introduction 
Let R be an associative ring with identity. The symbols E(R), N(R) and C(R) stand respectively for the 

set of all idempotent elements, the set of all nilpotent elements and the center of R. If E(R)     C(R), then R is 

called an Abel ring. Lee proved that reduced rings and semicommutative rings are both Abel rings[1]. Liu et al. 

showed that α   rigid rings are reduced rings, so α    rigid rings are also Abel rings[2]. Wei and Li showed that a 

ring R is an Abel ring if and only if R is a quasi-normal left idempotent reflexive ring[3]. Literature [4–6] have 

showed some other rings associated with Abel rings. So Abel rings are very important in ring theory. In recent 

years, there already have been many characterizations of Abel rings. Han et al. showed that a ring R is an Abel 

ring if and only if every idempotent of R is left semicentral[7]. Zhou et al. proved that a ring R is an Abel ring if 

and only if ae = 0 implies ea = 0 for each e ∈ E(R), a ∈ N(R)[8]. Zhou 

et al. proved that a ring R is an Abel ring if and only if 1 − xy ∈ GPE(R) implies 1 − yx ∈ GPE(R) for each 

x, y ∈ R[9]. In this paper, some new characterizations of Abel rings are given. 

 

II. Properties of Abel rings 
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