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Abstract

In this paper, the concept of fuzzy C-almost P-Space is introduced and studied. The
conditions under which fuzzy P -spaces and fuzzy almost P -spaces become fuzzy C-almost P-
spaces are obtained. It is established that fuzzy C-almost P-spaces are neither fuzzy
hyperconnected spaces nor fuzzy open hereditarily irresolvable spaces. Fuzzy regular Oz -spaces
are fuzzy C-almost P-spaces and fuzzy Oz and fuzzy P-spaces, are fuzzy C-almost P-
spaces.
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I.  Introduction

The concept of fuzzy sets as a new approach for modelling uncertainties was
introduced by L.A.Zadeh [22] in the year 1965. The potential of fuzzy notion was realized
by the researchers and has successfully been applied in all branches of Mathematics. In
1968, C.L.Chang [ 3] introduced the concept of fuzzy topological space. The paper of
Chang paved the way for the subsequent tremendous growth of the numerous fuzzy
topological concepts. A. K. Mishra [8] introduced the concept of P-spaces as a generalization
of w,—additive  spaces of R. Sikorski [10]. Almost P-spaces in classical topology was
introduced by A.l.Veksler [21] as P ’-spaces and was also studied further by R.Levy[6]and
C.L. Kim [5].

The concept of P-spaces in fuzzy setting was introduced by G.Balasubramanian [12].
Fuzzy almost P-spaces was introduced and studied by G.Thangaraj and C.Anbazhagan in
[17]. In the recent vyears, there has been a growing trend to introduce and study various
types of fuzzy topological spaces. In this paper, the concept of fuzzy C-almost P-Space
is introduced and studied. It is obtained that fuzzy o -nowhere dense sets, fuzzy o -
boundary sets are fuzzy somewhere dense sets in fuzzy C-almost P-spaces. A
condition under which a fuzzy almost P -space becomes a fuzzy C-almost P-space, is
obtained. It is established that fuzzy C-almost P-spaces, are neither fuzzy hyperconnected
spaces nor fuzzy open hereditarily irresolvable spaces. Fuzzy regular Oz -spaces are fuzzy
C-almost P-spaces and fuzzy Oz and fuzzy P-spaces, are fuzzy C-almost  P-
spaces.

I1.  Preliminaries
Some basic notions and results wused in the sequel, are given in order to make
the exposition self - contained. In this work by (X, T) or simply by X, we will denote a
fuzzy topological space due to Chang (1968). Let X be a non-empty set and | the unit
interval [0,1]. A fuzzy set A in X is a mapping from X into I. The fuzzy set 0y Iis
defined as Ox(x) =0, for all xeX and the fuzzy set 1, is defined as 1x (x) = 1, for
all x eX.
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Definition 2.1 [3]: A fuzzy topology is a family T of fuzzy sets in X which
satisfies the following conditions :

@. 0xe T and 13 €T

(b). If A/ BET, then AABET,

(). If A;e T for each i €J, then v; A €T.

Tis called a fuzzy topology for X, and the pair ( X,T) is a fuzzy topological
space, or fts for short. Members of T are called fuzzy open sets of X and their
complements fuzzy closed sets.

Definition 2.2[3]: Let (X, T) be a fuzzy topological space and A be any fuzzy set
in (X,T). The interior, the closure and the complement of A are defined respectively as
follows :

(). intd) = v{pu/ p<A, peT};

@ii). c@ = A {p/ A< p,1-peT}

@ii). A (x) = 1- A(x), for all xe X

For a family {%;/i €]} of fuzzy sets in (X,T), the union ¢ = v; () and intersection & =
A; (7)), are defined respectively as

(iv). Y(x) = sup;i{ 4(x)/x€X }

(v). 8(x)= infi { &%) /x€eX}.

Lemma 2.1 [1] : For a fuzzy set A of a fuzzy topological space X,

(. 1—int() = cl(1-2) and (ii). 1— cl(A) = int (1— 2).

Definition 2.3 : A fuzzy set A in a fuzzy topological space (X,T) is calleda

(i). fuzzy regular-open set in (X, T) if A= intcl(});
fuzzy regular—closed set in (X, T) if XA = clint(x)[1].

(ii). fuzzy Gg-set in (X, T)

if A = A2, (), where NEeT for i€l ;
fuzzy Fg-set in (X,T) if A =

ViZ2i(%), where 1-4 €T foriel[2].

(iii). fuzzy dense set if there exists no fuzzy closed set p in (XT)
such that A < p < 1. That is, cl(X) =1, in (XT) [13].

(iv). fuzzy nowhere dense set if there exists no non-zero fuzzy open set p
in (X,T) such that p < cl(A). That is, intcl(X) =0, in(XT)[13 ].

(v). fuzzy somewhere dense set if there exists a non-zero fuzzy open set p
in (X,T) such that p < cl(X). That is, intcl(A) # 0, in (X,T)[14] and 1— A

is called a fuzzy complement of fuzzy somewhere dense set in (X,T)
and is denoted as fuzzy cs dense set in (X,T)[18].

(vi). fuzzy first category set if A= Vi2; (X)), where (A;)'s are fuzzy nowhere
dense sets in (X,T). Any other fuzzy set in (X,T) is said to be of fuzzy
second category [13].

(vii) .fuzzy residual set if 1— A is a fuzzy first category set in (X,T) [16].
(viii). fuzzy o-boundary set if A= V;°; (u;), where p; =cl (&) A (1 —2) and
(A;)s are fuzzy regular open sets in (X,T) [9].

(ix). fuzzy regular Gg-set in (X,T) if A = A2, int(%;), where 1—-X €T;
fuzzy regular Fg-set in (X,T) if A =VZ;cl(w), where p€eTI[11].
Definition 2.4 : A fuzzy topological space (X,T) is called a

(i). fuzzy P-space if each fuzzy Gg-set in (X, T) is fuzzy open in (X,T)[12].

(ii). fuzzy almost P-space if for each non-zero fuzzy Gg-set A in (X,T),
int(A) =0 in (XT) [ 17].

(iii). fuzzy open hereditarily irresolvable space if intcl(A) # 0, then

int (A)# 0, for any non-zero fuzzy set A in (X,T)[15].

(iv). fuzzy Oz-space if each fuzzy regular closed set is a fuzzy Gg-set
in (X,T)[19].

(v). fuzzy regular Oz-space if each fuzzy regular closed set A in (X,T) is
a fuzzy regular Gg-set in (X,T)[20].

(vi). fuzzy hyperconnected space if every non -null fuzzy open subset of (X,T)
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is fuzzy dense in (X,T) [7].
(vii). fuzzy extremally disconnected space if the closure of every fuzzy open
set of (X,T) is fuzzy open in (X,T)[4].

Theorem 2.1[9]: If A is a fuzzy residual set in a fuzzy topological space
(X,T), then there exists a fuzzy Gg-set u in (X,T) such that u < A.

Theorem 22 [18]:1f A is a fuzzy somewhere dense set in a fuzzy
topological space (X,T), then there exists a fuzzy regular closed set n in (X,T)
such that n < cl()).

Theorem 23[9]: If A is a fuzzy o-boundary set in a fuzzy topological space
(X,T), then A is a fuzzy Fs-set in (XT).

Theorem 24[ 1] : In a fuzzy topological space,

(@). The closure of a fuzzy open set is a fuzzy regular closed set.

(b). The interior of a fuzzy closed set is a fuzzy regular open set.

Theorem 2.5 [17] : A fuzzy topological space (X,T) is a fuzzy almost P-space,
if and only if the only fuzzy Fj;-set A such that cl(A)=1 in (X,T) is 1y.

Theorem 2.6 [19]: If a fuzzy topological space (X,T) is a fuzzy Oz and
fuzzy P-space, then (X,T) is a fuzzy extremally disconnected space.

Theorem 2.7 [20]: If & s a fuzzy Gg-set in a fuzzy regular
Oz —space (X,T), then clint(8) is a fuzzy Gg-set in (X,T).

1. FUzZY C- ALMOST P-SPACES
Definition 3.1: A fuzzy topological space (X, T) is called a fuzzy C-almost P-

Space if for each fuzzy Gg-set A in (X,T), clint (1) is a fuzzy Gs-set in
(X,T).

Example 3.1: Let X = {a,b,c}. Let | =10, 1]. The fuzzy sets a, B and y are defined
on X as follows :

a: X —> 1 is defined by a(@dd = 05; a()=20 a (c) = 0.6,

B: X - 1 is defined by fB(a = 05 ; B)=0 B(c) = 05,

y: X - | is definred by y(@ = 06; y((b)=20 y (c) = 0.5,

Then, T = {0, a,B, v, avVvpB avy,B vy a AB, a/\y, yv[a/\B] avfBvy, 1} is a
fuzzy topology on X. By computation, one can find that

cl(a) = 1; int (1 —a)=
cd@B)=1—-(any) = B; int (1 -B)=any;
ciy)=1; int(1 —y)=0;
cl(avp)=1 int(l —[avp])=0;
cl(avy)=1 int(lL —[avy])=0;
cI(va)=1 int 1 —[Bvy])=0;
cl(a AB)=1- (a AB) =a AB; int(l —[a AB])= a AB;
cl(a Any)=1- B= a Avy; int (1 —[a Ay])= B;
cl(avBvy)=1; int(L —[avBvy])= 0;
Now 1-B = BAyaA (@anB) = any;

1-(anB) = an (@avy)r [yv(aaB)] =a A ;
1-(any) = (avB)ArBvy)a(avBvy)= B.
Then, 1- B, L -(aAB) and 1 — (@ Ay) are fuzzy Gg-sets in (X,T). On computation, cl int (1-
B)=cl(any) =1-8,
clint(-[1-(@AB)]) = cl(@aB) =1- (a AB),
clint(1-[1—-(ary)])=cl(any)=1-8.

Hence for each fuzzy Gg-set A (=1-B,1-(aAB), 1—(anry)) in (XT), clint
(A)is a fuzzy Gg-set in (X, T)implies that (X,T) is called a fuzzy C-almost P-Space.
Proposition 3.1 : If p is a fuzzy F,-set in a fuzzy C-almost P-Space (X,T),
then intcl(p) is a fuzzy Fg-set in (XT).
Proof : Let p be a fuzzy Fy-set in (X,T) and then 1—p is a fuzzy Gg-set
in (X, T). Since (X,T) is a fuzzy C-almost P-Space, clint (1—p) is a fuzzy
Gg-set in (X,T). By Lemma 2.1, clint (1—p) = 1—intcl(n) and thus intcl(p)
is a fuzzy Fgy-set in (XT).

Proposition 3.2 : If p is a fuzzy Fj-set in a fuzzy C-almost P-space (X,T),

DOI: 10.9790/0661-1905015964 www.iosrjournals.org 61 | Page



On Fuzzy C-Almost P-Spaces

then u is a fuzzy somewhere dense set in (X,T).

Proof : Let u be a fuzzy Fy;-set in (X,T).Since (X,T) is a fuzzy C-almost
P-Space, by Proposition 3.1, intcl(n) is a fuzzy Fgs-set in (X,T) and this
implies that intcl(u) # 0 and thus p is a fuzzy somewhere dense set
in (X,T).

Corollary 3.1: If A is a fuzzy Ggset in a fuzzy C-almost P-Space (X,T),
then clint (A) # 1, in (X,T).

Proof : Let A be a fuzzy Gg-set in (X,T).Then, 1— X is a fuzzy F,-set
in  (X,T).Since (X,T) is a fuzzy C-almost P-Space, by Proposition 3.2, 1— A
is a fuzzy somewhere dense set in (X,T) and then intcl (1— A1) # O.
This implies that 1 — clint(A )= 0 and thus clint (A) # 1, in (X,T).
Remark : In the above Corollary3.1, intcl(1—A) # 0 in the fuzzy C-almost
P-Space (X,T), implies that intcl (1— X) = 6 and then 6 is a fuzzy open
set in (X,T) and 1— clint(A)= 6, implies that clint () = 1-06, in (XT).

Proposition 3.3 : If p is a fuzzy Fs;-set in a fuzzy C-almost P-Space (X,T), then there
exists a fuzzy regular closed set n in (X,T) such that n < cl ().

Proof : Let u be a fuzzy Fs-set in (X,T).Since (X,T) is a fuzzy C-almost

P-Space, by Proposition 3.2, p is a fuzzy somewhere dense set in (X,T).

Then, by Theorem 2.2, there exists a fuzzy regular closed set n in (X,T) such
that n < cl(w).

Corollary 3.2: If A is a fuzzy Gg-set in a fuzzy C-almost P-Space (X,T),then there exists
a fuzzy regular open set & in(X,T) such that int(A)< §.

Proof : Let A be a fuzzy Gg-set in (X,T).Then, 1— X is a fuzzy F,-set

in (X,T).Since (X,T) is a fuzzy C-almost P-Space, by Proposition 3.3, there

exists a fuzzy regular «closed set n in (X,T) such that n < cl(1—2A).

Then, n < 1 —int(A). This implies that int(A) < 1—mn. Let 6§ =1- n.

Hence for the fuzzy Gs-set A, there exists a fuzzy regular open set &

in (X,T) such that int(A) < §.

Proposition 3.4: If A is a fuzzy residual set in a fuzzy C-almost P-space (X,T),
then there exists a fuzzy Gg-set n in (X,T) such that n < clint(A).

Proof : Let A be a fuzzy residual set in (X,T). By Theorem 2.1, there exists
a fuzzy Gg-set p in (X, T) such that p < A. This implies thatclint(n) < clint(2).
Since (X, T) is a fuzzy C-almost P-Space, clint(w) is afuzzy Gg-set in (XT). Let n =
clint (p) . Thus, there exists a fuzzy Gg-set m in (X, T) such that m < clint(}).

Corollary 3.3 : If &6 is a fuzzy first category set in a fuzzy C-almost P-
space (X,T), then there exists a fuzzy Fs-set 0 in (X, T) such that int cl(§) < 6.

Proof : Let &6 be a fuzzy first category set in (X, T).Then, 1— & is a fuzzy

residual set in (X,T). Since (X,T) is a fuzzy C-almost P-Space, by Proposition
3.4, there exists a fuzzy Gg-set n in (X,T) such that n < clint(1— 68).This
implies that n < 1—intcl(§) and intcl(8§)<1-m. Let 8 = 1-1m. Hence for the fuzzy
first category set & , there exists a fuzzy fuzzy F,-set 6 in (X, T) such that
intcl(8) < 6.

Proposition 35 :If nn is a fuzzy o -nowhere  dense set in a fuzzy

C-almost P-space (X,T), then n is a fuzzy somewhere dense set in (X,T).

Proof : Let n be a fuzzy o -nowhere dense set in (X,T).Then, n is a fuzzyF, - set
in (X, T) with int (n)=0. Since (X,T) is a fuzzy C-almost P-Space, by Proposition 3.2, the
fuzzy F,-set n is a fuzzy somewhere dense set in (X,T).

Proposition 3.6 : If n is a fuzzy o - boundary set in a fuzzy C-almost
P-space (X,T), then n is a fuzzy somewhere dense set in (X,T).

Proof : Let n be a fuzzy o -boundary set in (X,T).Then, by Theorem 23,7 is
a fuzzy Fgy-set in (X, T). Since (X,T) is a fuzzy C-almost P-Space, by Proposition 3.2, the
fuzzy Fs-set n is a fuzzy somewhere dense set in (X,T).

Remark : In view of the above Propositions 3.5 and 3.6, one will have the

following result: “ Fuzzy o -nowhere dense sets, fuzzy o -boundary sets are

fuzzy somewhere dense sets in fuzzy C-almost P-spaces .”

DOI: 10.9790/0661-1905015964 www.iosrjournals.org 62 | Page



On Fuzzy C-Almost P-Spaces

Proposition 3.7: If A is a fuzzy Gsset in a fuzzy C-almost P-Space (X,T),
then int (A) # 0, in (X,T).

Proof : Let A be a fuzzy Gg-set in (X,T).Since (X,T) is a fuzzy C-almost P-
Space, by remarks of Corollary 3.1, clint(A) = 1-6, where 1-6 is a fuzzy
closed set in (X,T). This implies that int(A) = 0, in(XT).

IV. SOME RELATIONSHIPS BETWEEN FUZZY C-ALMOST P-SPACES AND OTHER
TOPOLOGICAL SPACES
Proposition 4.1: If a fuzzy topological space (X,T) is a fuzzy C-almost P-
space, then (X,T) is not a fuzzy open hereditarily irresolvable space.
Proof : Let n be a fuzzy o -nowhere dense set in (X,T).Then, n is a fuzzy

Fs-set in (X, T) with int (n)=0. Since (X,T) is a fuzzy C-almost P-Space, by
Proposition 3.5, n is a fuzzy somewhere dense set in (X,T)and thus intcl( n) = 0.But int (n
)=0in (X,T), implies that (X,T) is not a fuzzy open hereditarily irresolvable space.

Proposition 4.2: If a fuzzy topological space (X, T) is a fuzzy  C-almost
P-space, then (X,T) is not a fuzzy hyperconnected space.

Proof : Let A be a fuzzy Gg-set in (X,T). By Corollary 3.1, for the fuzzy Gg-Set
A in the fuzzy C-almost P-Space (X,T), cl int (A) # 1, in (X,T). Hence for the fuzzy open
set int (A), cl[int(A)] #1, in (X,T) implies that (X,T) is not a fuzzy hyperconnected space.

Proposition 4.3: If each fuzzy regular closed set is a fuzzy Gg-set in a fuzzy
P-space (X,T), then (X,T) is a fuzzy C-almost P-space.

Proof : Let A be a fuzzy Gg-set in (X,T). Since (X,T) is a fuzzy P-space, A is
a fuzzy open set in (X,T).Now cl int (A) =cl(A) and by Theorem 2.4,cl(A) is a fuzzy
regular closed set in (X,T). By hypothesis, the fuzzy regular closed set cl(d) is a fuzzy
Gg-set and thus cl int (A) is a fuzzy Gg-set in (X,T). Hence (X, T) is a fuzzy C-almost
P-space.

Proposition 4.4: If a fuzzy topological space (X,T) is a fuzzy Oz andfuzzy P-
space, then (X,T) is a fuzzy C-almost P-space.

Proof : Let X be a fuzzy Gg-set in (X,T).Since (X,T) is a fuzzy P-space, A is
a fuzzy open set in (X,T).Now cl int (A) =cl(A) and by Theorem 2.4, cl(d) is a fuzzy
regular closed set in (X,T). Since (X, T) is a fuzzy Oz-space,the fuzzy regular closed set
cl () is a fuzzy Gg-set andthus cl int (A) is a fuzzy Gg-set in (X,T). Hence (X,T)
is a fuzzy C-almost P-space.
Remark : In view of Proposition 4.4 and Theorem 2.6, one will have the following relations:

Proposition 45: If a fuzzy topological space (X,T) is a fuzzy C-almost P-space,
then (X, T) is a fuzzy almost P-space.
Proof : Let A be a fuzzy Gs-set in (X,T).Since (X,T) is a fuzzy C-almost P-
Space, by Proposition 3.7, int (A\) # 0, in(X,T). Hence (X,T) is a fuzzy almost P-space.
Remark 4.1: The converse of the above proposition need not be true. That

is, a fuzzy almost P-space need not be a fuzzy C-almost P-space.

The following proposition gives a condition under which fuzzy almost P-spaces
become fuzzy C-almost P-spaces.

Proposition 4.6 : If a fuzzy topological space (X, T) is a fuzzy Oz and fuzzy
almost P-space, then (X,T) is a fuzzy C-almost P-space.

Proof : Let A be a fuzzy Gs-set in (X,T). Since (X,T) is a fuzzy almost P-space, int
(A) # 0,in (X,T).By Theorem 2.4, cl[int (\)] is a fuzzy regular closed set in (X,T). Since
(X,T) is a fuzzy Oz-space, the fuzzy regular closed set clint(A) is a fuzzy Gg-set in
(X,T). Hence (X,T) is a fuzzy C-almost P-space.

Remark 4.2 :It is observed from Propositions 4.1, 4.2 and 4.5 that fuzzy C-almost
P-space are not fuzzy hyper-connected and not fuzzy open hereditarily irresolvable spaces even
though they are fuzzy almost P-spaces.

Proposition 4.7 : If a  fuzzy  topological space (X,T) is a fuzzy regular
Oz —space, then (X,T) is a fuzzy C-almost P-space.

Proof: Let A be a fuzzy Gg-set in (X,T). Since (X,T) is a fuzzy regular Oz
—space, by Theorem 2.6, clint(§) is a fuzzy Gg-set in (X,T). Hence (X,T) is a fuzzy C-
almost P-space.
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Proposition 4.8: : If a fuzzy topological space (X,T) is a fuzzy C-almost P-
space, then the only fuzzy F;-set A such that cl(A)=1 in (X,T) is 1x.
Proof : The proof follows from Proposition 4.5 and Theorem 2.5.

V.  Conclusion

In this paper the notion of fuzzy C-almost P-Space is introduced and studied. The
conditions under which fuzzy P -spaces and fuzzy almost P -spaces become fuzzy C-almost P-
spaces are obtained. It is obtained that fuzzy closures of fuzzy F,-sets contain fuzzy regular
closed sets and fuzzy interiors of fuzzy Gg-sets are contained in fuzzy regular open sets in
fuzzy C-almost P-spaces. It is established that fuzzy C-almost P-spaces are neither fuzzy
hyperconnected spaces nor fuzzy open hereditarily irresolvable spaces. Fuzzy regular Oz -
spaces are fuzzy C-almost P-spaces and fuzzy Oz and fuzzy P-spaces, are fuzzy C-
almost  P-spaces.
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