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Abstract

In this paper, we introduce intuitionistic fuzzy generalized semi-pre-compactness (IFGSP-compactness) in
intuitionistic fuzzy topological spaces. This structure of compactness is based on intuitionistic fuzzy generalized
semi-pre-open set. We investigate some of its characterizations and properties. We identify the relations between
fuzzy compactness and IFGSP-compactness in intuitionistic fuzzy topological spaces.
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I.  Introduction

Atanassov [1] generalized the concept of fuzzy sets and introduced intuitionistic fuzzy sets, which take
into account both the degrees of membership and non-membership subject to the condition that their sum does
not exceed 1. Coker [5] subsequently initiated a study of intuitionistic fuzzy topological spaces. Mondal and
Samanta [11] gave the concept of intuitionistic gradation of openness of fuzzy sets in X and using this, they
defined an intuitionistic fuzzy topological space. Many concepts of fuzzy topological spaces have been extended
in intuitionistic fuzzy topological spaces.

The concept of compactness in intuitionistic fuzzy topological spaces is first introduced by Coker [5].
Ramadan et. al. [12] introduced fuzzy almost continuous mapping, fuzzy weakly continuous mapping, fuzzy
compactness, fuzzy almost compactness and fuzzy near compactness in intuitionistic fuzzy topological spaces in
the sense of Sostak [17]. They investigate the behavior of fuzzy compactness under several types of fuzzy
continuous mappings.

In this paper, we introduce IFGSP-compactness in an intuitionistic fuzzy topological spaces. We study
their characterizations and properties in intuitionistic fuzzy topological spaces.

I1.  Preliminaries
Definition 2.1. [1] Let X be a non-empty fixed set. An intuitionistic fuzzy set (IFS) A is an object of the form
A = {{X, ta@)y Vaw)) 't X € X},

Where, the functions u, : X — [0,1] and v, : X — [0, 1] denote the degree of membership (namely
Ha(x)) and the degree of non-membership (namely v, () of each element x € X to the set A, respectively,
and 0 < py) + Vapy < 1foreachx e X

For the sake of simplicity, we shall use the symbol, A = {{x, 4, v4)} for intuitionistic fuzzy set
A = {{x,uA(x),vA(x)): x € X}.
Definition 2.2. [1] Intuitionistic fuzzy sets, 0. and 1. in X is defined as

() 0. = {{x,0,1): x € X};

b)1. = {(x,1,0): x € X}.
Definition 2.3. [1] Let A and B be intuitionistic fuzzy sets of the form
A = {{x, Pax) Vaw)):x € X}and B = {(x,Upx), V) : X € X}. Then

(@)A S Biff taw) < up(x) and vy, = vp(x) forallx € X;

(b)A = Biff A< Band B < A4;

(c) Aor A" = {(x,Va@) Haw)) X € X};

(@) AUB = {{(x, ttaxy V up(x), Vaey) AN vp(x)): x € X};

(@ ANB = {(x,hac) AN p(X),  Vau) V va(x)): x € X};

F)I1A = {{(tbay, 1 — maw): x € X}

@) A = {(x,1 = Vo) Vaw) * x € X}
Definition 2.4. [5] Let {A4; : i € J} be an arbitrary family of intuitionistic fuzzy sets in X, Then

DOI: 10.9790/5728-1905017579 www.iosrjournals.org 75 | Page



IFGSP-Compactness in Intuitionistic Fuzzy Topological Spaces

@UAL = {(x, V() Avy@): x € X);
(b)) NAi = {(x, Aua; (%), V VA, (x)): x € X}
Definition 2.5. [5] An intuitionistic fuzzy topology (IFT) on a non-empty set X is a family T of IFS in X
satisfying the following axioms;
(T))O0.,1. € T,
(T2) GynG, €T forany G;, G, € T,
(T3) UG; € T for any arbitrary family {G,: i € J} €T .
The pair (X, T) is called an intuitionistic fuzzy topological space.
An intuitionistic fuzzy set A is said to be intuitionistic fuzzy open set (IFOS) in (X, T),if A € T.
The compliment of intuitionistic fuzzy open set is intuitionistic fuzzy closed set (IFCS).
Definition 2.6. [5] Let (X,T )bean IFTSand A = {< x,u,,v4 >} bean intuitionistic fuzzy setin X. Then
the fuzzy interior and fuzzy closure of A are defined by
(a)int(4) = U{G: GisanIFOSinX and G S A}.
B)cl(A) = {K: KisanIFCSinX and K 2 A}
The int(A) is just largest intuitionistic fuzzy open subset of X contained in A. Clearly, A is IFOS iff
int(A) = A. The cl(A) is just smallest intuitionistic fuzzy closed subset of X containing A. Clearly, A is
IFCS iff cl(A) = A.

I11.  Intuitionistic Fuzzy Generalized Semi-Pre-Compactness
In this section, we introduce intuitionistic fuzzy generalized semi-pre-compactness in intuitionistic
fuzzy topological spaces. This structure of compactness is based on intuitionistic fuzzy generalized semi-
pre-open set. We investigate some of its characterizations and properties. We identify the relations between
fuzzy compactness and intuitionistic fuzzy generalized semi-pre-compactness in intuitionistic fuzzy
topological spaces.

Intuitionistic fuzzy compactness:

In 1997, Coker introduced the intuitionistic fuzzy compactness in intuitionistic fuzzy topological spaces.
Definition 3.1. [5] Let (X, T) be an IFTS. If a family {(x, g, , vg, : ¢ € J)} of intuitionistic fuzzy open sets
in X satisfies the condition U {(x, ug, ,vg, : © € J)} = 1., thenitis called a fuzzy open cover of X.
Definition 3.2. [5] Let (X, 7) be an intuitionistic fuzzy topological space. A finite subfamily of a fuzzy open
cover {(x,ug,,vg, : i € J)} of X, which is also a fuzzy open cover of X is called a finite subcover of
{06 g, v, © € I}

Definition 3.3. [5] Let (X, T") be an IFTS. A family {(x, ug, , vk, : © € J)} of intuitionistic fuzzy closed sets in X
satisfies the finite intersection property (FIP) iff every finite subfamily{(x, ux, , v, : i = 1,2,---,n.)} of the
family satisfies the condition NjL, {(x, ux, , vi, * @ € /)} # O..

Definition 3.4. [5] An IFTS (X, T) is called fuzzy compact iff every fuzzy open cover of X has a finite subcover.
Definition 3.5. [5] Let (X,77) be an IFTS and A be an intuitionistic fuzzy set in X. If a family {(x, pg, ,vg, : i €
J)} of intuitionistic fuzzy open sets in X satisfies the condition A < U {{x, ug,,vg, : { € J)}, thenitis called a
fuzzy open cover of A.

Definition 3.6. [5] Let (X,J) be an intuitionistic fuzzy topological space. A finite subfamily of a fuzzy open
cover {(x,ug,,vg,: L € J)} of A, which is also a fuzzy open cover of A is called a finite subcover of
{16, V-G i € )},

Definition 3.7. [5] An intuitionistic fuzzy set A = (x, uy,v4) inan IFTS (X, T) is called fuzzycompact iff every
fuzzy open cover of A has a finite subcover.

Intuitionistic fuzzy generalized semi-pre-compactness:

Definition 3.8. [15] An intuitionistic fuzzy set A in IFTS (X, T) is said to be
(@) intuitionistic fuzzy semi-pre-open set (IFSP-open set) if there exists an intuitionistic fuzzy pre-open set
Bsuch that B € A < cl(B).
(b) intuitionistic fuzzy semi-pre-closed set (IFSP-closed set) if there exists an intuitionistic fuzzy pre-closed
set C such that int(C) 2 A 2 C.
Definition 3.9. [15] Let (X,T) be an IFTS and A be an intuitionistic fuzzy set. Then
(@) intuitionistic fuzzy semi-pre-interior of A is defined as IFSP —int(A) = U{G: G is an IFSP —
opensetinXand G € A}
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(b) intuitionistic fuzzy semi-pre-closure of A is defined as IFSP —cl(A) = N{K: KisanIFSP —
closed setinX and A € K}.
Clearly, IFSP — int(A) = A iff A is semi-pre-open and [FSP — cl(A) = A iff A is semi-pre-closed.
Definition 3.10. [15] Let (X,T) be an IFTS and A be an intuitionistic fuzzy set. Then A4 is said to be
(a) intuitionistic fuzzy generalized semi-pre-open (IFGSP-open set) set if [IFSP — int(A) 2 U, whenever
A 2 U and U is an intuitionistic fuzzy open set in X.
(b) intuitionistic fuzzy generalized semi-pre-closed (IFGSP-closed set) set if IFSP — cl(A) < U, whenever
A < U and U is an intuitionistic fuzzy open set in X.
Definition 3.11. Let (X,T") be an IFTS. If a family {{x, ug, ,vs, : ¢ € J)} of IFGSP-open sets in X satisfies the
condition U {{x, ug, ,vg, : ¢ € J)} = 1., thenitis called IFGSP-open cover of X.
Definition 3.12. Let (X, 7") be an intuitionistic fuzzy topological space. A finite subfamily of a IFGSP-open cover
{(x, ug, ,vg, : T € J)} of X, which is also a IFGSP-open cover of X is called a finite subcover of {(x, ug,, v, :
i €)}
Definition 3.13. An IFTS (X, T) is called IFGSP-compact iff every IFGSP-open cover of X has a finite subcover.
Definition 3.14. Let (X,7") be an IFTS. A family {(x, uy, , vk, : i € J)} of IFGSP-closed sets in X satisfies the
finite intersection property (in short, FIP) iff every finite subfamily {(x, uy, , vk, : { = 1,2,---,n.)} of the family
satisfies the condition N}, {(x, u, , vi,)} # O-.
Theorem 3.15. An IFTS (X, T) is IFGSP-compact iff every family {(x, uy, , vk, : i € J)} of IFGSP-closed sets
with finite intersection property has a non-empty intersection.
Proof. Let IFTS (X, T') is IFGSP-compact. Suppose, {(x, ux, , vk, : i € J)} be any family of IFGSP-closed sets
in X such that N {(x, g, , vk, : ¢ € J)} = 0 ~.Thus, this implies that,
{6 A, » Vv = i€ )} = 0~,
= Mug, )i € J} = 0and V{vg,, x): i € J} = 1,
= U{(x,vg, kg, L €N} = 1.
Thus, {{x, vk, ,pk, : ¢ € J)}isalFGSP-open cover of X. Since, X is IFGSP-compact, so every IFGSP-
open cover of X has a finite subcover. Therefore, X has a finite subcover {{x, vy, , g, : { = 1,2,---,n.)}. So,
Uiy {(x, vk, bk, ¢ © € )} = 1. thisimplies that,

{(x:\ryvki:/\ﬂxi)} =1~
= \11/{/1Ki (x)} = 0and /n\{v,(i (x)} =1,

= ﬂ{(x!#KiivKi>} = O~'

i=
which contradicts to our hypothesis. Hence, every family of IFGSP-closed sets with finite intersection property
has a non-empty intersection.

Conversely, suppose, every family of IFGSP-closed sets with finite intersection property has a non-empty
intersection. Assume that, {(x,ux; vk, : i € J)} is any IFGSP-open cover of X, then U {(x,pk, , vk, : i €
J)} = 1.. Therefore,

U{(xl.uKirvKi NS ])} =1l~= n {(xivKi!HKi NS ]>} = 0~'
So {{x, vk, kg, : i € J)} is a family of IFGSP-closed sets in X such that N {{(x, vy, ,ugx, : i € J)} = 0.. By
assumption, we can find a finite subfamily, {(x, vy, ,pk, : i = 1,2,---,n.)} such that ni_; {(x, v, , pk,)} =
0 ~, which implies, UL, {{(x, g, vi)} = 1. Thus, {(x,pk,, vk, i = 1,2,--,n.)} = 1_ is a finite
subcover of X. Hence, X is IFGSP-compact.
Definition 3.16. Let (X, 7°) be an IFTS and A be an intuitionistic fuzzy set in X. If a family{(x, yg, ,vg, : i €
J)} of IFGSP-open sets in X satisfies the condition A < U {(x, ug, ,vg, : { € J)}, thenitis called a IFGSP-open
cover of A.
Definition 3.17. Let (X, T) be an intuitionistic fuzzy topological space. A finite subfamily of a IFGSP-open
cover {{x,ug, ,vg, : t € J)} of A, which is also a IFGSP-open cover of A is called a finite subcover of
{(X, ”Gi 'vGi NS ])}
Definition 3.18. An intuitionistic fuzzy set A = (x, 1y, v,) inan IFTS (X, T) is called IFGSP-compact iff every
IFGSP-open cover of A has a finite subcover.
Theorem 3.19. Let (X, T) be an IFTS. An intuitionistic fuzzy IFGSP-closed subset of an IFGSP-compact space
is fuzzy compact relative to X.
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Proof. Let A be an IFGSP-closed subset of X. Let {{x, us,,vs, : i € J)} be IFGSP-open cover of A. Then the
family {(x, ug,,vg,: i € J)} U A" is an IFGSP-open cover of X. Since X is IFGSP-compact, there is a finite
subfamily {(x, ug, ,vg, : i = 1,2,---,n.)} of IFGSP-open cover, which also covers X. If this cover contains A’
we discard it. Otherwise leave the subcover as it is. Thus, we obtained a finite IFGSP-open subcover of A. So A
is IFGSP-compact relative to X.

Theorem 3.20. Let (X, 7°) be an IFTS. Then (X, T) is IFR-compact iff (X, 75) is IFGSP-compact.

Proof. Let (X, T) be IFGSP-compact. Consider, a IFR-open cover {[]G; : i € J}of Xin (X, T5). Since, {[]G; :
i €]} =1. =V u; = 1.By,

ve, < 1—ng= f\ve, 1= \fve =1-1=0= v, =0

We get U G; = 1_. Since (X, T) is IFGSP-compact, then there exist G,, G,,--- ,G, such that U, G; = 1..

Therefore,
n n n
U Gi=1. =>\/,uGi = land /\V1—Gi = 0.
=1 i=1 i=1

Hence, (X, T5,) is IFGSP-compact.

Conversely, suppose that (X, T5 1) is IFGSP-compact. Consider a IFGSP-open cover {G; : i € J} of X
in (X, 7). Since, UG; = 1., which implies V ug, =1 and A(1 — pGi) = 0. Since, (X, Tp,) is IFGSP-
compact, there exist Gy, G, -, G, suchthat U;_,{[1G;} = 1.. Therefore, Vi_, ug, = 1and Af, (1 — uGi) =
0. Therefore,

n

n n
po, <1 =5, = 1=\[ug, < 1= N\v, = \ve, = 0
i=1

i=1 i=1
Thus, Uiz, 4, = 1..Hence, (X, T) is IFGSP-compact.
Theorem 3.21. An intuitionistic fuzzy set A = (x, s, v4) in IFTS (X, T) is IFGSP-compact iff for every family
{(x, g, ,vg, : T € J)} of IFGSP-open sets with properties

Hg < \/ugi and1l — v, < \/(l—vGi),

i€ i€J
there exist a finite subfamily {(x, pg, , vg, : @ = 1,2,---,m)} of {{x, ug, , vg, : © € J)} such that
n n

\/MG,- and1l — vy, < \/(1 —vg,) -
i=1 i=1

Proof. An intuitionistic fuzzy set A = (x, s, v,) inIFTS (X, T) is IFGSP-compactand G = {(x, g, , Vg, 1 €
J)} be any family of IFGSP-open sets in X satisfies the condition
Hg < \/“Gi and1l — v, < V(l—vGi)
i€ ieJ
Then1 — v, < 1 — Afvg, : i € J}, therefore vy, = Afvg, : i € J}, thisimplies A < {(x, Vug, , Avg,:
i € J)}. Hence,

IA

Ha

A < U{(x,pg,ve, st €N}
By assumption, there exists finite subfamily {(x, ug,,vg,: i = 1,2, --,n)} of {{x,ug, vg, : 1 € J)} which
covers A. So,
A C U{(x,/,tci,vci: i =12---,n}
It follows that,
A < {(x, Vg, Nvg,: i = 1,2,--,m)}.

n n
Uy < \//,t(;i and1 — v, < \/(1 - vg,) -
i=1 i=1

Conversely, let A = (x, uy,v,) be an intuitionistic fuzzy set in IFTS (X, 7)) and {(x, ug, , v, : i € J)} be any
family of IFGSP-open sets in X satisfies the condition
g S \//,t(;i and1l —v, < V(l—vci)
i€J i€]
Thus, A © U {{x, g, vg, * @ € J)}. Hence, {{x, g, ,vg, * © € J)}isalFGSP-open cover of A. By assumption,
there exists a finite subfamily {(x, ug, ,vg, : { = 1,2,---,n.)} such that

Hence,

DOI: 10.9790/5728-1905017579 www.iosrjournals.org 78 | Page



IFGSP-Compactness in Intuitionistic Fuzzy Topological Spaces

n

n
Uy < \/#ci and1 — v, S\/(l—vci).
i=1

Therefore, =

A S {{(x, Vg, Nvg, : 1 = 1,2,--,n)}
Hence, A is IFGSP-compact.
Theorem 3.22. Let (X, T) be an IFTS. If X is IFGSP-compact, then it is fuzzy compact.
Proof. Suppose, X be IFGSP-compact. Assume contrary that X is not fuzzy compact, then there is atleast one
fuzzy open cover {(x, ug, ,vg, : i € J)}of X nothasa finite subcover.i.e U {(x, ug, ,vg, : { € J)} = 1.afuzzy
open cover of X such that U?zl{(x, g, ,vGi)} = 1._. Since, every intuitionistic fuzzy open set is IFGSP-open set.
Therefore, a fuzzy open cover {(x,ug,,vg : i € J)} of X becomes IFGSP-open cover of X such that
Uiza{{x, 6, v6,)} = 1., which is a contradiction. Hence, if X is IFGSP-compact, then it is fuzzy compact.

IV.  Conclusion
In the present paper, the term intuitionistic fuzzy generalized semi-pre-compactness (IFGSP-
compactness) in intuitionistic fuzzy topological spaces is coined. Its characterizations and properties are
investigated. The relations between fuzzy compactness and IFGSP-compactness in intuitionistic fuzzy topological
spaces is identified.
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