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ABSTRACT

Let M™ be an n-dimensional differentiable manifold and F* = (M™, L)be a Finsler space with a fundamental
functionL(x,y). We consider a change of this metric by L— L = f{e?L(x,y), B(x,y)}, where B(x,y) =
v;(x,y)y', v; is an h-vector in F* = (M",L). We call this change a generalized g-conformal change by an h-
vector. In this paper, we have determined the relations between the v-curvature tensor, v-Ricci tensor and v-
scalar curvature with respect to the Cartan connection of Finsler spaces F* = (M™, L)andF" = (M",L). We
have also determined the conditions under which C-reducible, quasi C-reducible, semi C-reducible and S3-like
Finsler spaces remains a Finsler space of the same kind under a transformed Finsler metric.
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l. INTRODUCTION

Let M™ be an n-dimensional C*-differentiable manifold and F™* = (M™, L)be a Finsler space equipped
with a fundamental function L(x,y) (y' = ") on M™.Matsumoto [10] determined the properties of the Finsler
space equipped with the metric.
‘L(x,y)=L(x,y) + B(x,¥) , (1.1)

Where B(x,y) = v;(x)y" is a differentiable one form on M™. If L(x,y) is a Riemannian metric then
(1.1) is called a Rander’s metric.Rander’smetric was introduced by G. Rander’s ([16]) during the study of
General Theory of Relativity and applied to the theory of Election microscope by R.S. Ingarden ([5]). The
properties of Finsler spaces with Rander’s metric have been studied by C. Shibata, H-Shimada, M.Azuma and H
Yasuda ([17]) in detail. The geometrical properties of Finsler space with Rander’s metric have also been studied
by various authors ([10], [19]). If L(x,y) is a Finsler metric, then **L(x,y) = f(L, B)will be called a 8-change
and the properties of Finsler space with a §-change has been studied by C. Shibata ([20]) in detail. S.H. Abed
([1]) has introduced the Finsler space with the metric‘L(x,y) = e?®@L(x,y) + v;(x)y’ and named it a -
conformal change. Nabil L. Youseff, S.H. Abed & S.G. Elgend([26]) have introduced a change of Finsler metric
called a generalized g-conformal change given by

L(x,y) > L(x,y) = f[e?@L(x,y), B(x,y)]andstudied the properties of Finsler spaces equipped with
this metric. In all the above mentioned words, the function v;(x) are assumed to be a function of coordinates
only. Izumi ([6]) introduced the concept of an h-vector defined by v;|j = 0and satisfies LCiﬁ?vh = Khy;, where

|j denotes the v-covariant derivative with respect to Cartan connection in F* = (M", L), Cg is Cartan’ C-tensor,

h;; is the angular metric tensor, K = an—_l'l” ci= gthj"h. Prasad ([15]) has obtained the relation between the
Cartan’s connection of Finsler spaces F" = (M",L) and "F" = (M","L) where "L(x,y)=L(x,y)+
v;(x,y)y‘andv;(x,y) is an h-vector in F* = (M™, L). Here v;(x, y) is a function of coordinates and directional
arguments both satisfying. Léj v; = Khy;, éj =d/dy’, K= LnC—_l? is a scalar function. Singh and Srivastava [21]
has also studied the properties of Finsler space with this metric. Singh and Srivastava ([22]) and the present
author ([25]) has studied the properties of Finsler space with the metric 'L = f(L,8), where B(x,y) =
v;(x,y)y' is a differentiable one form and v;(x, y) is anh-vector in F* = (M™, L). Recently the present author
([23][24]) has introduced the change "'L(x,y) = e®*®@L(x,y) + v;(x,y)y' where v;(x,y) is an h-vector in
F™ = (M™, L) and studied properties of some special Finsler spaces equipped with this metric

In this paper we shall introduced a change L = f[*L(x,y), B(x,y)] where *L = e® L which we call a
generalized B-conformal change by an h-vector. Here B(x,y) = v;(x,y)y", v;(x,y) is an h-vector in F" =
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(M™, L) and f(*L, B) is a positively homogenous function of degree 1 in *L and B. This change is a
generalization of all the changes which were introduced earlier.

The purpose of the present paper is to determine the conditions under which C-reducible, quasiC-
reducible, semi C-reducible and S3-like Finsler spaces remains a Finsler space of the same kind under a
transformed Finsler metric. We have also determined the relations between the v-curvature tensor,w.r. tCartan
connection of Finsler spaces F* = (M™, L)andF" = (M", L)

The terminology and notations are referred to well-known Matsumoto’s book ([14]) unless otherwise stated.

II.  THEFINSLER SPACE F" = (M", L)

Let M™ be an n —dimensional differentiable manifold and F* = (M™, L)be a Finsler space equipped
with the fundamental functionL(x, y). We consider the change of Finsler structure defined by
L(x,y) = L(x,y) = f{e?@L(x,y), BCx, »)} = f(*L, B) (21)

and have another Finsler space F* = (M", L), whereL = f(*L, B),*L = e®L, B = v;(x, y)y', vi(x,y)
is an h-vector inF™ = (M", L) and f is a positively homogeneous function of degree one in*L and f.
Throughout the paper the entities of the Finsler space F* = (M™, L) will be denoted by putting bar (—) on the
top of the corresponding entities of the Finsler space F". We define
fi = 0f /%L, f, = 0f /B, fi, = 8f/9*Lg etc.
9; = 0/dx', 0, = 8/0y"
Since L = f(*L, B) is a positively homogeneous function of degree one in *L andg, hence we have
f=e’Lfi +Bfr e?Lfis + Bfrp = 0,e?Lfi; +Bfi, =0  (2.1)

Differentiating L = f(*L, B) with respect toy’ and using identities (2.1), we have

z}—%_efﬁflz + fov, 2.2)

Differentiating (2.2) with respect to y* and using identities (2.1), we have the angular metric tensor
hjk = Lakl = g]k — l lk glVen by

i = e (m) Wi + f faa[vyvic = B/L)(Gvn + Lewy) + (B2 /1)y ] +fL£Khjk

or h]k—qhk + romymy, , (2.3)

where q' = (e®q +Kr/L), q = ffi/L, mj =v; —(B/L) Y, 7o = ffo.7 = ff,
Equation (2.3) can be written as

i — Ll = (e¢ff1/L +Kff2/L)(Gjx — L) + flalvive — B/L) (v + Levy) + (B2/L2) Y]
orgix =q ik + a0y v +eq- (Ve +vyy) + (€%q-, — Kr /L)y yi

orgie = q gix + qovvk + e? a1 (v +vky,)+q 29 Vi (2.4)
where qo = f7 + ffaz, -1 = flfz +ff12 = q 247,92 =15 +e?q?/f?

q,—z = e"’q_z Kr/L o1 = fflz/L qo =T +f2 y T2 = f(e(pfll _fl/L)/L2 (2.5)
The reciprocal tensor g/* of Jji can be written as

g* = (1/q)g"* = sev* v —sL (W y* +vFy)) — syl yk (2.6)

Where v/ = gi* vy, v? = gy, v = (V2 — (B?/1%)}
T =f2/L12(q +vny), so = (f*r)/q T L%, s_y = (f*/q T L*)(e®q_y + KfF/L)

s =q_,/e?qq — (s_1/e?q)(ve®q_, — TKB/L?) 2.7)

From the homogeneity, it follows that.

1B +e?r_4I? =0, B+ 1, L* = —q, qoB +efq_i1? =T,

B +e?ql? =f%  qf+q,l*=0 (2.8)

From the definition of m;, it is evident that

(@mli=0 (b) mv' = mym' = v* — B*|L* = v where m' = g¥m;,
; ; K

(€) hym' = hyv' =m;  (d) Cii; =7 —hy; (2.9)

We have the following identities

(@) 97 = qomy + (r/L)};

(b) 9q = q_1m;

(© éjq' = ql_lmj, where g_; = e®q_; + K/L qq

(d) 9,90 = qom;, Where qo, = dq,/9p

€) 9,q-1 = —e~*(B/L*)qoamy — (q-1/L) |

() 912 = [e™? (B*/L) 02 — (q-1/LD)]my + q_1(2B/17)};

@©9:9=2 = [(B*/L)q02 — a1 /121 my + e®q_12B/L3); + (KT /LY, (2.10)
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Differentiating (2.4) with respect to y' and using (2.5), (2.8), (2.9) and (2.10) the (h)hv torsion tensor of F" is

given by

gk

ayt
+(Ke?q_1 /L) (hjyi + hiay;)

—e? Wy + vy —e~?(B/L*)qoamy — (q-1/L) U]

+q_z(g,zyk + guy;) + Yy {(B2 /L) g0z — (a1 /1)y my + e? g 2B/1)] + 2Kq/LH1}]

=2q G + q_1hpemy + e?q_y (A + by vy ) + goamymymy

—e?q_1 (B/L)(hy L + higy + 2L 1L) +2e® (B/L) q_1 L 1 1,

+(Kqo/L)(hj vy + higvy) + (€? q_1 K /L) (hjyyie + hiay;)

—(Kr/L3)(hkly] + R yi)

=2q Cy +q_ 1(hkml + hklm + hymy ) + qoamymymy

= 2Gu =29 Gy + qoamyy vy + (qoK)/L(hj vy + hiyvy) + e®q_ (v g + viegi)

or C]kz =q Gy + q-1(hgemy + hgmy + hyymy ) /2 + qopmymym /2 (2.11)
or G = q Gy + Vi
2.12)
whereViy = q_q (hjemy + hyymy; + hymy ) /2 + qopmymym, /2 (2.13)
q-1 = e?q_; + (K/L)qo (2.14)
Contracting (2.11) by g% and using (2.9) we have
Cie = Gl + M. (2.15)
where

MP = m —v(sv7’+s y?)| [d02mymu + g1 1y ]+ (hpm +him;) — (sov? + s_1yP)
jk T 2 0 1 02 k 1Yk k ] 0 1

(¢ kg + q 1mymy)
Putting k = p in M}, we have
5 )

14¢; ve o, v, q_1 B ;o
j’,)( =35 q' MV = = SoMidoz = 5 Soq-1™M + —, [mj + (- l)mj] —q S0Cpg — Soq-1vmy

(n+Dgly 3 1 902

=Ty TSVt +V7”0)] —q Soc}p’ﬁ (2.16)
Where and in the following the subscript 8 denotes contraction with respect to the h-vectorv*
~G=GC—q SOC},;/; + umy, (2.17)

(+1)q_q 3 1 qo2v

Where pu = 7{1 25091V + 2@ o)

C=g"C= [;g” —sgv'v) —sL, (v'y) + vy —S'_zy"y"] (Ci = q'sCigg + um)

. . 1 - / . "
=5l = soCg + 0 = (sov! +501Y))(Cp — 4 50Cggp + 1)

or ¢ = icf + Nf (2.18)
J=ELZml — — J J

V_Vhere_N_ q Eml — syC Bl? (Cﬁ +uv—gq SOCM;ﬁ)(SO‘lJ +s_.90) (2.19)

CZ=CJC}=q—CZ+1/) (2.20)

1 2u
1/) u*v (q— - sov) + C[; [q SO(C[; + 2;11/)]
+50Cppp (—2C7 + q's* Cppp v/ — 2usyvq v/ — q's(')Céﬁ) (2.21)
From equations (2.9),(2.11) and (2.15), the v-curvature tensor of F™ with respect to Cartan connection is written

as ([8])

~ ‘S_'ijkl = C_ilp (47;)( - (jikp (471)
or Sijkt = q Sijir + Agytha K + hy Ky} (2.22)
WhereK]k = Kln'l] my + KZ h’jk (223),
Auf... }denotes the interchange of indices k, [ and subtraction,
1 _ v4029-1 K q q02 PR
K (1 2s9vq) + Py {z(q oy 4 q_lso} (2.24)
_ q 1V Kq 1014 _ 2
K, = 78((1'”%) TR S0q V) — qu (2.25)
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From equations (2.6), (2.22) and (2.23), the v-Ricci tensor of F" is given by-

St =39S =S —q SoSy v'v© + T_ so(VKy + 2K;) [ mym
+I{(4 - 20)K; — Kiv}/q + sov(Kyv + 2K;)]hy
=S = q SoSijia V'V* + Athy + A;mymy (2.26)
where
={(4 - 2n)K, — Kyv}/q + sov(Kyv + 2K3) (2.27)
/12 Bk _ i (VK + 2K,) (2.28)

From equations (2.6) and (2.26), the v-scalar curvature of F" is given by-
S=g"$ = %S — 2508y V'K + q s Sy vV VRV + {4 (n = 1) + v}/q = sov(A + Apv) (2.29)

Definition (2.1):- A Finsler space (M™", L) with dimension n > 3 is said to be a quasi-C-reducible if
the Cartan tensor Cy;, satisfies ([14])
Cijr = Bij € + By C; + By G,
whereB;; is a symmetric and indicatory tensor
We know that the (h)hv-torsion tensor of F" is written as

Cijre = qujk+ (h imy + hyem; + hyymy )+ 2 mmj
From the above equations and equation (2. 17) we have

1 , - ;o
aA(ijk)[(3Q—lhij + qoamym;) (G, — Cie + q SoCipp )]

’ 1 ’ = 1 ’ o
=q Gy + aA(ijk){(3Q—1hij + qoymim; )Gy} + aA(ijk){(3Q—1hij + qo2mim;)(q SoCipp — Ci)}
Where Agjry (-.onne ) denotes the cyclic interchange of indices i, j, k and summation.
Hence we have the following

my

Cijk = q Cyjpe +

LEMMA (2.1) :- The Cartan tensor C;j, of the generalized f —conformal change by an h-vector can
be written in the form
Cijie = Ay (Byy Ci) + ik
where B;; = i (3q_1hyj + goymimy),
Qijk = éA(ijk){zﬂq’Cijk + (Sql—lhij + CIOZmimj)(qls(l)Ckﬁﬁ - C}
Since the tensor B;; is symmetric and indicatory, using the above lemma, we have the following.

THEOREM (2.1) :- Finsler space F"* = (M", L) is quasi C-reducible if g;;, = 0
COROLLARY (2.1) :- A Riemannian space (M™", L) is transformed to a quasi C-reducible Finsler
space F™* = (M", L) under a generalized 5-conformal change by an h-vector.

Definition (2.2):- A Finsler space F™of dimension (n > 3)is called semi C-reducible, if the (h)hv-
torsion tensor Cy;. is written in the form([14])

t
Cipe = 7 (hy G + hy G + 1y G) + 5 GG G
wherep and t are scalar function suchthatp +t =1

THEOREM (2.2) :- A Riemannian space is transformed to a semi C-reducible Finsler space by a
generalized g-conformal change by an h-vector.
Proof :-The (h)hv torsion tensor of F™ is written as

_ 1. 1
Cijr = 54- 1(hij my + hym; + hkimj) + 5 Qo2 M1y My
From the above equation and equation (2 17), we have
— _ ( 3 ) _
Cyje = qu,lﬂ (hij G + hix C; + My G) + %ch Ci
- - = = = t =~~~
=L(hi,.ck +hy G + i G) + 5 GG Gy

where p = =100 ¢ = v a02=34m0)
2au 2q'u(q +vro)
Herep+t=1
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Hence F™ is a semi-C-reducible.

Definition (2.3):- A Finsler space F* = (M", L) of dimension (n > 3) is called C-reducible if the
(h)hv- torsion tensor C;j, is of the form ([14])

1
Cijx = m(hzj Ce + Ry Ci + hy C;)
1

Let Wi = Cyx =5y (Ryj G + hix C; + hy C;)
Wi is symmetric and indicatory tensor. Also W;;, = 0 iff the Finsler space F" = (M", L) is C-reducible
The (h)hv- torsion tensor of F™ can be written as
Cijte=q Cyjre + g1 (hyymy + hyemy; + hyym; ) /2 + qoymymymy /2
From the above equation and equations (2.3) and (2.17), we have
(}_lij Cie + hy G + }_lkicj‘)

Coo_
Uk n 1
o T 1
=q Cyr —q [m (hyj Cie + by C; + hkiCj)] + ay
oWy, = q Wy + ay
1 . o
where a5, = WA(ijk){(ﬁlhij + Bymymy )my — romym; €y, + (Soq romumy + q 2sohy; ) Cipg },
_d_dn o _ae_ o
b = 2 B ontl
Hence we have the following theorem

THEOREM (2.3) :- The following statements are equivalent
() F™is a C-reducible Finsler space

(b) F"is a C-reducible Finsler space

iff the tensor a;j; vanishes.

Definition (2.4):- A Finsler space F* = (M™, L) with n > 3 is called an S3-like Finsler space if the v-
curvature tensor S, satisfies. ([14])
Sijkt = m{hm hjy — hy . }
Where S is the vertical scalar curvature
Let
Nkt = Sijit — m{hik hj — hy g}
Nyl = 0iff the space F™ is S3-like.
From equations (2.3), (2.22) and (2.29), we have
Mkt = Sijia — m{ﬁik by — hyhy}
., = q Nijir + $ijk
H ’
whereg; = Ay [hfz{(jk + hjk'f K'il - mhik hj, - ﬁ S+ CI, H? (hy milmk + hikmzmj)]
H = q so® S v' v/ vi vl + (n — DA /q + Av/q = 28590 v! — sov (A + A,v)
Hence we have the following theorem
THEOREM (2.4) :- The following statements
(@) F™ = (M™, L)is an S3-like Finsler space.
(b) F™ = (M™, L)is an S3-like Finsler space.
are equivalent iff the tensor &, vanishes.
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