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Abstract:

The present paper, we aim to establishing certain integral formulae involving the wright function. The obtained
results are in the form of hypergeometric and wright function, which are made with the help of Hadamard
product. We have derived some other interesting formulae as special cases of our main results.
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. Introduction
For x € C, A;,B € C and a;,b; € R the definition of generalized Wright hypergeometric function
p¥, is defined [3] as below:

(al:A)lp H 11"(a]+A K)x
RANE [ ’ (1.1)
* (by, ) 1_.T(b; + Bjx) K
(ay,41), .., (ap, Ap) ] 1“(a1 + Aix), ..., T (a, + Ap;c)x_"
[(b1,31 ., (bg, By) Z; r(b, + Byx),...,I' (b, + Byk) k! 1.2

where A;,B; # 0; i = 1,...,p; j = 1,...,q and for all values of the x under the condition:

q p
1+ZBj—ZAi>O (1.3)
j=1 i=1

For specific value of parameters A; = A, =--=A4,=1and B, =B, = -- = B, = 1, the Wright function
»¥q reduce into generalized hypergeometric function such that

(a,1),.. (ap, 1) H?zl F(aj) ay, .., ap
rfq [b b x] (1.4)
(by, 1), ..., (by, 1) _.I'(b) 1, by
where ,F; is the generalized hypergeometric series defined 3 [3,4] by
as, - (al)x (ap) x¥
AP x| = Z " (15)
L (b - (bp), ¥!
The Pohhammer symbol is defined [2] as foIIows
(), =T(a+n)/T(a); neN, aeC/Z, (1.6)

Il.  Preliminaries and Definitions
For our present investigation we recall the following interesting and useful results of Lavoie-Trottier

[7], MacRobert [10] and Edward [6]:
b sect (1S §o! “I I
[era-om(i=g) (1-3) «=() e @
where Re(u) > Re(e) > 0.

2u-1

1 Ir(wre
C*DE T'(u+¢€)

f E41(1 — )1 [CE + D(1 — )] ¢ dE = 22)
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where Re(u) > 0, Re(e) > 0 and C, D are non zero constant with the expression [C¢ + D(1 — &)], where 0 <
E<1.

rw)re)

TS (2.3)

f f £ (1 — OF1(1 — ) I(1 — £ )1 HdE df =
0 0

where Re(i) > 0 and Re(e) > 0.
Let f(x) =X720Ccx" and g(x) = Yo D, x* are two analytic functions with their radii of convergence
R and R, respectively, then their Hadamard product [8,9] is given by the following power series

Fro@=g+f()=) CDex"; (IxI<R) )
K=
where R, > R¢ - R, is the radius of convergence of the composite series.

I11.  Main Results

Theorem 3.1. Let ¢ > 0,v, e € Cbe such that Re(v) > 0,Re(e) > 0 and the conditions (1.3) is satisfied, then
for the generalized wright hypergeometric function ,¥,, the following integral formula holds true

1 . £\201 £\t (T I(e)
Jera-e (=) (1-3) @ =(5) Farg
mfarmon) el 4 e

where X = (1-8)?(1-%) 6
Proof. First we refer to the left hand side of equation (3.1) as the sign I; then making the use of equation (1.1)
in equation (3.1), we have

1 o et £\20-1 £\€1 = H?zlf(aj + Aij) 1- 5)2x(1 _ %)Kgrc
’ifff a-o=(1-4)" (1-5) q :
0 = Hj:lr(bf + Bjk) K
After interchanging the order of integration and summation under the theorem's condition
- - F(a- +A-K) orx 1 20-1 e+k—1
I = {Z 1 j J _'j Eu—1(1 _ E)2€+2K—1 (1 _ g) (1 _ %) dé
o j=1r(bj +Bji) k! o
By using equation (2.1) and after some simplification, we get
_ (4) o[- 7 (a; + 4K) 6% T@) I'(e + 1)
1= \o9 L ]‘[]q.zlr(b,- +Bjk) k! T(W+e+kK)
@) I'(e) (g) =i Mg + 4;) 6% (), (e
Irw+e) \9) LiTll_ (b + Bji) x! (v + €)c !
Now apply Hadamard producti.e. Yoy C, ¥* * Yo Die v = Do C Dy ¥*
r) rie /4" (ai, A7), .. (ap,Ap) €1
POLO &y, o)« [ &1 ] o
rv+e) \9 (by,By), ..., (by, By) v+te

d§

I

I

Theorem 3.2. Let £ > 0,v, € € Cbe such that Re(v) > 0,Re(e) > 0 and the conditions (1.3) is satisfied, then
for the generalized wright hypergeometric function ,¥,, the following integral formula holds true

1 et et f 2v—-1 E e—-1 _ 4 UF(U) F(E)
,[) a2 <1_§) <1_Z> pall] df = (5) rv+e
(as,Ay), ..., LA
X ptq (‘21131), --.,((C;)I;,Bg 9] * oF [UU,+1€ | 9] (3.2)

2

WhereY=E(1—§) 0
Proof. First we refer to the left hand side of equation (3.2) as the sign I, then making the use of equation (1.1)
in equation (3.2), we have

1 20-1 1~ [P, T(a; + Ak k(1 -£)"g*
bsz”‘l(l—f)zf‘l(l—g)u (1-9) /=1 (g + 450) £( '3) d&

0 e Hj=1r(bj + Bjk) e
After interchanging the order of integration and summation under the theorem's condition
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= 1_[’.’=1 F(aj +Ajic)9" 1 20+2K—1 -1
I, = J _f vHK=1(] — §)2e-1 1_5 1_§ d
S CEr oL A Gt A Sl

4
By using equation (2.1) and after some simplification, we get
_ (4) o[- 1 (g + AjK) 0% T + ) T(e)
27 \9 ?=1['(bj+B]-K)K! T+e+k)
_T)r (4) o i Mg+ Ak) 0% ) (D
T Tw+e) \9) Ll I (b + Bjx) kL (v + ) !
Now apply Hadamard producti.e. Yoy Cc ¥* * Yirg Die vV = X7 Ce Dy ¥*
OGN (ay,Ay), .., (ap, 4,) v 1
, = LWIO A", o« [ V1 | o]
Frv+e) \9 (by,By), ..., (bg, By) vte

Theorem 3.3. Let ¢ > 0,v, e € C be such that Re(v) > 0,Re(e) > 0 and the conditions (1.3) is satisfied, then
for the generalized wright hypergeometric function ,,¥,, the following integral formula holds true

. . e 1 rr(e
| et -t eE + DA -1 Wiz dE = e
(ay, Ay, ... (ap, 4,)] 6 v,61 6

P q[<b1,31>,...,<bq,sq> aco|" 255 oD G2

—_ §a-9
where Z [c§+D(1—$)]29

Proof. First we refer to the left hand side of equation (3.3) as the sign I3 then making the use of equation (1.1)
in equation (3.3), we have
1 1P, T (a + A (11— &)< pr
L= [ ema-petice+ i - prey et (o +4) Q-0
0 &1, I (by + Bjie) [CE + D(1 = )] «!
After interchanging the order of integration and summation under the theorem's condition
I1P_, I'(a; + A4K) g© 1
Jj=1 7 L f €U+K—1(1 _ €)e+x—1 [CE+D(1— f)]—v—E—ZK dé
?zll"(b]+B]K) K! 0
By using equation (2.2) and after some simplification, we get
1 - ?=1r(aj+AjK)9K 1 Tw+r)T(e+kK)
37 cvpe L 9_ T(b; +Bjx) k! C*D* T'(v+ e+ 2K)
(e K
Lo L IO Tl +46) () @ (@ (D
PTCDSTW ) Ll I(b+Bir) k! 220 (U9 (W) ki
Now apply Hadamard producti.e. Yoy C, ¥* * Yo Die v = Do C Dy ¥*

dg§

I; =

_ 1 rmreE (a1, Ay), .., (ap, 4,)| 6 . u+ve'i’+1£+1 ]
ST C e Trw+e) P (by,By), ., (by By)l 4CD| PP 5o 4CD

Theorem 3.4. Let £ > 0,v, € € C be such that Re(v) > 0, Re(e) > 0 and the conditions (1.3) is satisfied, then
for the generalized wright hypergeometric function ,,¥,, the following integral formula holds true

trt € v-1 €— 1-€e-v _ r'() e
fofof A= A= DT A=F O W] df S = T
(ay,4Ay), .., (ap, 4p) g] . 6,1 Q]
’ q[(bl,Bl),...,(bq,Bq) g| " sfe| e pen) g G4

= §a-9H0a=-9
where W a7 0

Proof. First we refer to the left hand side of equation (3.4) as the sign I, then making the use of equation

(1.1) in equation (3.4), we have

= f flfe(l —O - (@ A A -9 A - 0%t
0 Jo 1 -=§Qert Pt ?zlr(bj +Bik) (1—-§0 k!

After interchanging the order of integration and summation under the theorem's condition
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) 1_[5;1 I“(aj + AjK) gx f1J.1 §e+x(1 _ f)vﬂc—l(l _ ()E+K—1
?:1F(bj + BjK) k! A (1 _ f ()e+u+2x—1

By using equation (2.3) and after some simplification, we get

[ = > H?zll“(aj +Ajk)9KF(E+K) I'v+k)

+ = ?zlr(bj+BJ.K) k! T'(e+v+2kK)

r@) r@ 1= Mg + 46 05 (€, @) (D

F+e) LTI, (b, + Bye) 22 (59 (D)

Now apply Hadamard producti.e. Yoy Cc ¥* * Yirg Die vV = X7 Ce Dy ¥*

IV.  Special Cases:

r)re (ay,41), .., (ap, 4,)| @ 6,1 0
- pig —| * 3F; | vte viet1 7
(i). Ontakingv = € = 1 in Theorem 3.1, we get

rw+e (by,By), ... (bg, By)| 4 ——
fo a-9 (1 —g) X dE = (g)

I, = dé dg

Iy

Iy

!A JLLLD ) ;A ) 1,1
N s e] (4.1)
(by, By), ..., (bg, By), (2,1)
where X = (1-8)?(1-%) 6
(ii). Ontaking v = € = 1 in Theorem 3.2, we get
1
& 4
[a-9(1-3) i as=(5)
0
LA, .., (ay,4,), (1,1
X pr1¥q+1 [(al 1) (@ 4p), (L) 9] (4.2)
(blv Bl)t ey (qu Bq)l (211)
where Y = 5(1 - E)2 0
- 3
(iii). Ontaking v = 1 in Theorem 3.3, we get
1
[ a-o=es+pa-orer wiz d
0
— 1 (allAl)l ey (apiAp)i (E: 1)' (1'1) i (4 3)
Cvpe P*2RATH (b, By), ..., (bg, By), (e +1,2) | CD '
—_ £a-®
where Z = [C§+D1(1—§)]2
(iv). Ontaking € = 1 in Theorem 3.3, we get
1
[ ettes v pa -1 iz a
0
— (allAl)l ey (apiAp)i (U' 1)' (1'1) i (4 4)
PrEYAT| by, By), e, (bg,By), W+ 1,2) | CD '
—_ £a-®
where Z = [cg+D1(1—§)]2 6
(v). Ontaking v = 1 in Theorem 3.4, we get
1 1
[ [ea-oa-so i aa
0 0
(aerl); L (ap)Ap)! (EI 1)! (1!1)
= p+2¥q+1 (4.5)
(by,By), ..., (bg, By), (€ + 1,2)

—§0-90-9
where W 0

(vi). Ontaking € = 1 in Theorem 3.4, we get

DOI: 10.9790/0661-2001044751 www.iosrjournals.org 50 | Page



Certain Integral Formulae Involving The Generalized Wright Hypergeometric Function

1 1
f f EA-O (1—£Q™ W, W] dEd]

(a1, 4y), .., (ap, 4,), (v, 1), (1,1) 9]

= W 4.6
pt2 "“[ (b1, By), ., (bg, By), (v +1,2) (4.6)

—§0-9H0-9
where W 0
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