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Abstract

A real or complex valued function defined on the set of all positive integers is called an arithmetic function. An
arithmetic function f is said to be multiplicative function in one argument if f is not identically zero and f(mn) =
f(m) f(n) whenever (m,n) = 1. The objective of this paper is to prove few useful identities using strongly
multiplicative functions and using K — Prime integers.
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l. Introduction

An Arithmetic function is a real or complex valued function defined on the set of all positive integers.
An arithmetic function f is said to be multiplicative function in one argument if f is not identically zero and f(mn)
= f(m) f(n) whenever (m,n) = 1. An arithmetic function is said to be completely multiplicative function if f is not
identically zero and f(mn) = f(m)f(n) for all m, n. The function f(m,n) of two variables defined for pairs of positive
integers m and n is said to be multiplicative in both the arguments m and n if f(1,1) = 1 and f( mimy,niny) =
f(my,mz)f(mz,nz) where  ( ming,mzny) = 1.

The Euler Totient function ¢ (n) is defined to be the number of positive integers not exceeding n which

are relatively prime to n . It is given by

(1.1) 6 = Xam@nm=-1 1

1.2 Definition: Strongly Multiplicative function: A multiplicative arithmetic function f is said to be strongly
multiplicative function if for every prime P, we have  f(p) = f(p?) = f(p3) = - e e een s

If a and b are integers, not both zero, and k is any integer greater than 1, then (a,b)x denotes the largest
common divisor of a and b which is also a k™ power. This will be referred to as k™ power greatest common
divisor of a and b.

1.3 Definition: If (a,b)x =1, then a issaid to be relatively K- Prime to b.
1.4 Ecford Cohen [3] introduced a function @, (n) which denotes the number of non negative integers less than
Nk which are relatively K-Prime to NX.
15  Xam @k(N/d) = N¥
1.6 Definition: The Mobius function p (n) is defined by
umn) ={1 ifn=1DFifn=pp,..0 0 otherwise
where pi’s are distinct primes.

By the Mobius inversion formula, we get that

L7 BWN) = Zgyy  d pn(N/d)
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Il.  Preliminaries
We will derive few preliminary lemmas which will be used to derive the final result.

2.1 lemma: ¢, (r) is multiplicative function.

Proof: In view of (1.5), we get
¢ =2q)  du(3)
In order to prove multiplicative, we have to show that
¢ (111y) = ¢ (1) Pr(r2) whenever (ry73) =1
Suppose that 7,7, are positive integers such that (ry7,) = 1. Then

(2.2) b (r112) = Xy d*u (%)

Every divisord of 7, can be uniquely writtenas d=d,d, where f—l and &

1 2

Then (2.2) can be written as

b = ) () ()

(r172) dalz
T T;
=2, ), detu(g)u()
di/" \dy
(ry) (r2)
T T
-\ @) )2 @)
dy d,
(r1) (r2)
= i (1) Pi(12)
Proving the lemma.
k
23 Lemma: Let f(r) = ¢>1:(r) . Then f(r) is strongly multiplicative function.

Proof: First we see that f is a multiplicative function.
Thatis, f(riry) = f(r)f(r2)

. (r112)%
Consider  f(rym,) = @ktrfrz)

)

= (500) (G2t
T \orn/) \ i)

= fr)f ()
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Thus f(r) is multiplicative function.

Also, we have for every prime p,

pk

T3, (B
14

Pk
T akuP)+ PRu(1)

pk
pk—1

and

_ p2k
- L (p2) dk”(%;)

P2k

= TFR(PD+PEu(P)+ PPF (D)

P2k

T —pkyp2k

pk—1

Similarly it can be shown that

fPY) = f(PH) = =

Pk
flp) = m
X PZk
T = 5
k
Pk —1

Thus proving that f(r) is strongly multiplication function.

. 1 pk
3.1 Theorem: Let g(r) = e Then 22
X . _ 1
Proof: Consider g(p) = ™=
=——~ _ from (1.5)
Tq du(g)’ '

p

_ 1
" 1kuP)+ PRu(1)

1

pk—1

Main Result

ér®)
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. Pk
and consider ———1

dx(P)
pk—1 )

_ 1

T opk—q
Thus proving the result.

. ak T\ _ T 1
3.2 Theorem: 2 @ M (E) =u(r)u (t) e
3 - _ rk - - _ dk

Proof: In view of lemma 2.3, we have f(r) = e which gives f(d) = e

and ( [5], Theorem 3.1) gives forn = 1,m > 1, we have

(3.3) Y f(du (g) = u(n)u (g) h (g) , where t = (n,m)
d|n
dm)=1

using (3.3), X ¢:L>”(§):#(’”)“ Hn()

=u()u (g) ﬁ from theorem 3.1.

-
orlz
Hence the result.
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