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Abstract:

Let G be a simple, finite, connected, undirected, non-trivial graph with p vertices and q edges. V(G) be the vertex
set and E(G) be the edge set of G. Let f:V(G) - {a,a+d,a + 2d,a+ 3d,...,a+ 2qd} wherea=0and d >
1 is an injective function. If for each edge uv € E(G),f*:E(G) - {d, 2d,3d, 4d, ..., qd} defined by f*(uv) =
|f(w) — f(v)] is a bijective function then the function f is called arithmetic sequential graceful labeling. The
graph with arithmetic sequential graceful labeling is called arithmetic sequential graceful graph. In this paper,
we prove that one side arrow graphs AR, AR;, AR; and double-sided arrow graphs D(AR?),D(AR;}) are
arithmetic sequential graceful graph.
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I.  Introduction
A fascinating area of research in graph theory is labeling. Giving values to edges or vertices is the process
of labeling. It was Alexander Rosa [2] who first proposed the idea of graceful labeling. Later, a few labeling
techniques were presented. See Gallian's dynamic survey [3] for further details. V' J Kaneria , Meera Meghpara ,
H M Makadia Pasaribu[4] proved that grid graph is graceful graph . V. J. Kaneria, H. M. Makadia and M. M.
Jariya [5] proved that arrow and double arrow graph is graceful graph. Here are the some of the definitions which
are helpful in this article.

Il.  Definitions
Definition 2.1:
A function f is called graceful labeling of graph ¢ = (V.E) if f:V - {0,1, ..., q} is injective and the
induced function f*: E — {1,2, ..., q} defined as f*(e) = |f(w) — f(v)] is bijective for every edge e = (u,v) €
E. A graph G is called graceful graph if it admits a graceful labeling.

Definition 2.2:
An arrow graph ARf, with width t and length n is formed by connecting a vertex v to the superior

vertices of B,, X B, by m new edges from one end.

Definition 2.3:
A double arrow graph D (AR;,) with width ¢ and length 7 is formed by connecting two vertices v & w to
the superior vertices of B,, x B, by (m + m) new edges from both the ends.

Definition 2.4:

Let G be a simple, finite, connected, undirected, non-trivial graph with p vertices and q edges. V(G) be
the vertex setand E(G) be the edge setof G. Let f:V(G) = {a,a+d,a + 2d,a + 3d, ...,a + 2qd} wherea> 0
and d = 1 is an injective function. If for each edge uv € E(G),f*:E(G) —» {d,2d,3d,4d, ..., qd} defined by
f*uv) = |f(w) — f(v)| is a bijective function then the function f is called arithmetic sequential graceful
labeling. The graph with arithmetic sequential graceful labeling is called arithmetic sequential graceful graph.
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I11.  Main Results
Theorem 3.1:
Arrow graph AR7 is arithmetic sequential graceful graph, when n > 1.

Proof:
LetG = AR% be an arrow graph obtained by connected a vertex v with superior vertices of P, X B, by

two new edges. Let v; ;(1 < i < 2,1 < j <) be the vertices of P, X B,.

Join v with v; ; (1 < i < 2)by two new edges to get G.

V) ={v;;1<i<2;1<j< nju{w}

EG) ={vjvijs1:1<i<2;1<j<n—-1Uufvy:1<i<2}

Here |[V| = 2n+1,|E| = 3n.

We define a function f:V(G) - {a,a + d,a + 2d,a + 3d, ...,a + 2qd}.

The vertex labeling are as follows,

fw) = a'f(vz,1) =a+d

f(vy)=a+ [311 - 3(]2 D)

d,when j = 1(mod2) forallj =12,..,n

3
f(vu) =a+ [7]— 1] d,when j = 0(mod2) forallj=1,2,..,n

f(vo))=a+[f(vyj1) —2(=1)]d, forallj=12,..7
From the function f*: E(G) - {d, 2d,3d, 4d, ..., qd} we get the edge labels of the arrow graph ARE, as follows

Table:1 Edge labels of the graph AR?

fuv) Edge labels Value
fr(vvy) 3n_3(jz—1)}d‘ j=
ACVED) 3n—3(j_1)—32—k+1}d’ j=Llhk=2
F*(va,vx) |[1 .—f(vlyk_l) + 2(-1D*]d| j=Lk=2
) |G-t raend I e
B (T RICol I e s

It is clear that the function f is injective and also table 1 shows that
f*E - {d,2d,3d,4d, ..., qd} is bijective. Hence f is arithmetic sequential graceful labeling and the
graph AR7 is arithmetic sequential graceful graph.

Example 3.1.1: Arrow graph of ARZ and its graceful labeling shown in figure-1.

a+9d a+5d a+12d a+2d a+15d

a+7d a+10d a+4d a+13d a+d

Figure -1: Arrow graph of ARZ and its graceful labeling.

Theorem 3.2:
Arrow graph AR% is arithmetic sequential graceful graph, when n > 2.
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Proof:
LetG = AR% be an arrow graph obtained by connected a vertex v with superior vertices of P; X B, by
3 new edges. Letv; j(1 < i < 3,1 <j <n) be the vertices of P; X P,.
Join v with v; ; (1 < i < 3) by 3 new edges to get G.
V() ={v;;1<i<3;1<j< nju{w}
E@G) ={vvj41:1<i<3;1<j<n-1}u{vv,;:1<i<3}
Here V| = 3n+1,|E| = 57.
We define a function f:V(G) —» {a,a +d,a+ 2d,a + 3d, ...,a + 2qd}.
The vertex labeling are as follows,

fW)=a,f(vy) =a+2d
5 -1
f(vl,j)=a+[5n— (]2 )

]d,whenj = 1(mod2) forallj=1,2,..,n—1

5
f(vl,j) =a+ [7]— 1] d,when j = 0(mod2) forallj=12,..,n—1

f(va))=a+[f(vyj1) —3(=1)]d forallj=12,...n—1

f(vsj)=a+[f(vy;)+(-DI|d forallj=12..,7—-1

f(v1n) = a+ [f(vin-1) = 5(-1)"]d

f(van) = a+ [f(vay-1) +4(=1)"]d

f(vsn) = a+[f(vsy-1) = 6(-1)"]d

From the function f*: E(G) — {d, 2d, 3d, 4d, ..., qd} we get the edge labels of the graph AR} as follows

Table:2 Edge labels of the graph AR;

fuv) Edge labels Value
f*(yvil,j) ”57]—5(]2_1)]d| h=1j=1
fr(vva;) |[f (va-a) = 3(_1)j]d| j=1
fr(vvs;) |[f(vy,) + (=D)]d | j=1
5 i, =1,i, = 2,j = 0(mod2)
) | 21— [ + 3(—1)'<)] d| forallj =12, .., —1,
k = 0(mod2)forallk =1,2,..,.n—1
5G - 1) iy =1,i, = 2,j = 1(mod2)
. -1 j=12,..,n-1,
f*(1,v) ’[5" ——5 e+ 3(_1)k)] d‘ fokrg 1](mod2)fornall

k=12, ..,7—1
i=1i,=2i,=3)=
« i 0 d2), j=12,..,n—1,
f* (Vi Vis) |[f (viy,j-1) = 3(=1)) = f(wi,0) — (=1)¥)]d| (mo k)Efgzrioéz)for all 7
k=12..,7—1
=10, =20=3)=
« i 1 d2), j=12,..,n—1,
(v, i) |1f (viy j-1) = 3C=1)) = f(wi,0) = (=D¥)]d| (mo k)Ef%‘rzwéZ)for all 7

k=12,..,n—1

It is clear that the function f is injective and also table 2 shows that
f*E - {d,2d,3d,4d, ..., qd} is bijective. Hence f is arithmetic sequential graceful labeling and the
graph AR;?; is arithmetic sequential graceful graph.

Example 3.2.1: Arrow graph of ARZ and its graceful labeling shown in figure-2.

a+15d a+20d a+9d a+25d at+4d a+30d
at+16d a+l2d a+22d at+7d a+27d a+2d
a
a+13d a+19d a+l1od a+24d a+5d a+29d

Figure -2: Arrow graph of AR2 and its graceful labeling.
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Theorem 3.3:
Arrow graph AR{; is arithmetic sequential graceful graph, when n > 2.

Proof:
LetG = AR,5, be an arrow graph obtained by connected a vertex v with v;; (1 < i < 5) by 5 new edges.
Letv; ;(1 <i<5,1<j<n) be the vertices of P5 X B,.
Join v with v; ; (1 < i < 5) by 5 new edges to get G.
V(G)={v;;1<i<5;1<j< n}u{w}
E(G)={vjvij4+1:1<i<5;1<j<n—-1}uf{vv;;:1<i<5}
Here |[V| = 5n+1,|E| = 91.
We define a function f:V(G) - {a,a+ d,a + 2d,a + 3d, ...,a + 2qd}.
The vertex labeling are as follows,
fw) = a,f(vzil) =a+ 3d,f(v4‘1) =a+4d

f(vlyj) =a+ [9n —y

d,when j = 1(mod2) forallj=12,..,n—1

9;
f(vu) =a+ [7]— 2] d,when j = 0(mod2) forallj=1,2,..,n—1

o) =t 1) + 1 2
fvi)) =a+[f(vicyj-1) —=5(=1)/]d forall i=24& j=12,..,n—1

f(vl,n) =a+ [f(vl,n—l) - 6(_1)71]d

f(ven) = a+[f(vyn-1) + 7(=1D)"]d

f(vsn) = a+[f(vsy-1) —8(-D)"]d

f(vm) =a+ [f(vm_l) + 10(—1)’7]d

f(vsy) = a+[f(vsy-1) = 11(-1)"]d

From the function f*: E(G) — {d, 2d, 3d, 4d, ..., qd} we get the edge labels of the graph AR?, as follows

]d forall i=35&j=12,..,n—1

Table:3 Edge labels of AR;

f(uv) Edge labels Value
fr(vv) 902_1)—977 d j=1
fr(vvy) Hy'zﬁ—f(vu)}d‘ i=35&j=1
£ (v vi)) 24—902_1) d i=2j=1
f*(vy)vi) 3—f(vy)) —(_1)}2& d i=3j=1
f(vijvaj) f(vu)+%—4- d i=3j=1
F(vajvij) 4—f(vi) —H)]zﬁ d i=5j=1

It is clear that the function f is injective and also table 3 shows that

fE - {d,2d,3d,44d, ..., qd} is bijective. Hence f is arithmetic sequential graceful labeling and the
graph is arithmetic sequential graceful graph.
Example 3.3.1: Arrow graph of AR3 and its graceful labeling shown in figure-3.
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ar13d a+7d a+27d

a+15d a+22d a+3d

a+16d at8d at26d a
a+lld a+21d arad

a+20d a+ed a+25d

Figure-3: Arrow graph of AR3 and its graceful labeling.

Theorem 3.4:
Double side arrow graph D (AR?) is arithmetic sequential graceful graph, when 7 > 2.

Proof:

Let G = D(AR,ZI) be double sided arrow graph obtained by connected two vertices v & v’ with
P, X B, by 4 new edges in both sides. Let v; ;(1 < i < 2,1 < j < ) be the vertices of P, x .
Joinvwithv;; (1 <i < 2)and v with v;,,(1 < i < 2) by 4 new edges to get G.
V() ={v;;1<i<2;1<j< nju{piu}
EG) ={vvij41:1<i<2;1<j< n-1u{vy;11<i<2}u{v/ v,11<i<2}
Here |V| = 2n+2,|E| = 3n + 2.
We define a function f:V(G) - {a,a+ d,a+ 2d,a + 3d, ...,a + 2qd}.
The vertex labeling are as follows,
fw) = a,f(vzll) =a+d _
f(vy))=a+ [Sn +2- (302 D)
f(vlyj) =a+ [37]— 1] d,when j = 0(mod2) forallj=12,..,n—1
f(vo))=a+|f(vyj1) —2(=1)]d forall j=23,..,n-1
f(v1n) = a+ [f(vig-1) - 4(-1)"]d
f(vay) = a+ [f(v2y-1) + 6(-1)"]d

fW)=a+[f(vyy) —2(-1)"]d
From the function f*: E(G) - {d, 2d, 3d, 4d, ..., qd} we get the edge labels of the graph D(AR,%) as follows

)] d,when j = 1(mod2) forallj=1,2,..,n —1

Table:4 Edge labels of D(AR7)

fuv) Edge labels Value
(v, [3n +2- (D) j=1
fr(vvaa) |d|
3 i=1k=1,
£ (v ) [5 -1 £(or) +2¢-0]d] j = 0(mod?) for all
j=12,..,n—1
31
“3n+2—( 02 )>—f(u1,j_1) i=1k=2,
f*(vi,j Vk,j) j = 1(mod?2) for all
v

It is clear that the function f is injective and also table 4 shows that
f*E - {d,2d,3d,4d, .., qd} is bijective. Hence f is arithmetic sequential graceful labeling and the
graph is arithmetic sequential graceful graph.
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Example 3.3.1: Double sided arrow graph of D(AR%) and its graceful labeling shown in figure-4.

a+l4d a+2d a+11d a+7d

a a+5d

a+d a+l12d a+4d a+10d

Figure-4: Double sided arrow graph of D(AR%) and its graceful labeling.

Theorem 3.5:
Double side arrow graph D(AR3) is arithmetic sequential graceful graph, when 5 > 2.

Proof:
Let G = D(AR,?) be double sided arrow graph obtained by connected two vertices v & v’ with

P; X B, by 6 new edges in both sides. Let v; ;(1 < i < 3,1 < j < n) be the vertices of P; X P,.
Joinv withv;; (1 <i < 3) and v with v;,,(1 < i < 3) by 6 new edges to get G.

V) ={v;;1<i<3;1<j< nju{wiu{’}

E@G) ={vjvij41:1<i<3;1<j< n-1}JU{vry;:1<i<3}u{v/ v,:1<i<3}
Here |V| = 3n+2,|E| = 5n+ 3.

We define a function f:V(G) - {a,a+ d,a+ 2d,a + 3d, ...,a + 2qd}.

The vertex labeling are as follows,

fW)=a,f(vy) =a+2d

5G-1) . .
f(vu) =a+ [577 +3- ( > )] d,when j = 1(mod2) forallj=1,2,..,n —1

5
f(vlyj) =a+ [7]— 1] d,when j = 0(mod2) forallj=12,..,n—1

f(vy)) =a+[f(vyj-1) — (-1V]d forall j=23,.,n-1

f(vs;)=a+[f(vy;)+(~D/]d forall j=123,..,n—1

f(vl.n) =a+ [f(vl.n—l) —8(=1)"]d

f(vzyn) =a+ [f(vz,n—1) + 7(—1)’7]d

f(vsp) = a+[f(vsy-1) —9(-1)"]d

fO) =a+[f(vy,) - (=D"]d

From the function f*: E(G) - {d, 2d, 3d, 4d, ..., qd} we get the edge labels of the graph D(AR,?) as follows

Table:5 Edge labels of D(AR;)

ffuv) Edge labels Value
5G -1

ron) | [nes- (L)

Flov) ()-GO =1

fr(vvs) |[f (vu) + =1]d| j=1
o i=1,k=13.,0—1)

F (Vi) Visrge) |[57] +3- (5(]2 1)> = f(vipr) + (—1)"] d| j = 1(mod2) for all
j=12,.,n—-1

i=Lk=13,..,—1),

(Vi) Visrx) |[% —1—f(vy_0) + (—1)f] d| j = 0(mod2) for all
i=12,..,0—1
fr(v2) vs)) |[f (v1j-1) = 3(=1) = f(vy;) = (=1)]q| j=12..n1-1

It is clear that the function f is injective and also table 5 shows that
f*E - {d,2d,3d,4d, .., qd} is bijective. Hence f is arithmetic sequential graceful labeling and the
graph is arithmetic sequential graceful graph.
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Example 3.3.1: Double sided arrow graph of D(AR2) and its graceful labeling shown in figure-5.

a+33d a+ad a+28d a+9d a+23d a+15d
a+2d a+30d a+7d a+25d at12d a+19d
a a+18d
a+32d a+5d a+27d a+10d a+22d a+13d

Figure-5: Double sided arrow graph of D(AR2) and its graceful labeling.

IV.  Conclusion
We showed here arithmetic sequential graceful labeling of arrow graph. Here we proved five new results.
we discussed graceful of ARZ, AR3, AR; and double-sided arrow graphs D(AR3), D(AR;).Labeling pattern is

demonstrated by means of illustrations, which provide better understanding of derived results. Analysing
arithmetic sequential graceful on other families of graph are our future work.
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