IOSR Journal of Mathematics (I0OSR-JM)
e-1SSN: 2278-0661, p-ISSN: 2278-8727, Volume 20, Issue 6, Ser. 1 (Nov. — Dec. 2024), PP 43-49
www.iosrjournals.org

Game Theoretical Perspectives On Dual-Channel Closed
Loop Supply Chain With A Reward-Driven
Remanufacturing Policy
Soumita Kundu

Department Of Mathematics, Sister Nibedita Government General Degree College For Girls, Kolkata-700027,
India

Abstract:

This paper evaluates the impact of reward driven remanufacturing policy and pricing schemes on the dual-
channel supply chain competition. In the proposed model, a manufacturer sells products both through a retailer
and directly to end users in the forward supply chain. In the reverse supply chain, the manufacturer collects
used products to remanufacture them into new ones. Mathematical models for the supplier Stackelberg, retailer
Stackelberg, Nash game, and centralized scenarios are developed to define pricing decisions and
remanufacturing strategies. The optimality of all proposed models is analyzed theoretically.
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I.  Introduction

In recent years, sustainable supply chain management, a critical aspect of operations management, has
become achievable primarily through a well-structured supply chain network. As environmental regulations and
concerns have intensified, many businesses are now driven to adopt green supply chains, achieved by
integrating environmental and economic considerations into their traditional supply chain models. Traditional
network designs either incorporate environmental considerations as constraints or objectives, or include
additional collection and recycling centers to meet environmental goals. While a conventional forward supply
chain moves products from upstream manufacturers to consumers, a reverse supply chain facilitates the return
of used products from customers back to upstream partners for remanufacturing.

Extensive research on Closed-Loop Supply Chains (CLSCs) is available in works by Ostlin et al.
(2008), Choi et al (2013), Khalili et al. (2015), Asghari et al. (2022), Luo et al. (2022), and Goli (2023).
However, many studies highlight the typical assumption that customers dispose of used products without
expecting rewards, with collection rates modeled based on investment levels. However, industries such as
automotive, electronics, and furniture demonstrate reward-driven return policies, encouraging higher return
volumes. Examples include car manufacturers offering high residual values, electronics brands like Staples and
Hewlett Packard rewarding returns, and furniture shops incentivizing old product returns. Motivated by these
practices, this study examines the performance of dual-channel CLSCs under reward-driven remanufacturing
policies.

In today’s competitive business landscape, driven by the expansion of diverse channel options, many
companies have adopted multichannel distribution systems. Firms often establish multiple marketing channels
to reach customers, including a direct channel where products are sold straight to the end user. Physical stores
allow customers to engage directly with products, fostering trust in ways that technology-based channels cannot
replicate. However, direct sales through online channels help manufacturers reduce costs, boost revenue, and
tap into new market segments. As Chen et al (2012) noted, many customers prefer online purchases to save on
transportation costs and time. Consequently, the performance of dual-channel supply chains under various
constraints has gained significant attention from academics and industry leaders (Hua (2010), Kundu and
Chakrabarti (2018), Pathak et al. (2022)).

This paper introduces a closed-loop dual-channel supply chain model where the manufacturer
incentivizes end customers to return used products by offering rewards. Reflecting real-world conditions, we
assume that the return rate can be modelled as a monotonically increasing function of the reward amount. To
optimize the profit functions of both the manufacturer and the retailer, we utilize various game-theoretic
approaches. This study makes two significant contributions to the literature. First, it sheds light on the
coordination dynamics among members of a CLSC in a dual-channel supply chain. Second, it uniquely explores
the characteristics of CLSCs under reward-driven return policies, distinguishing itself from prior research.
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I1.  Model Development:
This paper examines a closed-loop dual-channel model in which a manufacturer produces a new
product by manufacturing from raw materials at a cost of c,, per unit and remanufacturing used products at a
cost of ¢, per unit, where ¢, < c,,,. The manufacturer supplies the product to a retailer at a wholesale price (w)
per unit, and the retailer sells the product to customers at a retail price of (p,)per unit. Additionally, the
manufacturer maintains a direct channel alongside the retail channel, selling the product directly to customers at
a price of (p,,) per unit.

We assume a linear price dependent demand structure of direct channel and traditional retail channel as follows:
D = pa — Bpm + 6p; 1)
D, = (1—p)a—PBp, + 6pm )

Here, a (> 0) represents the total market potential, while p (0 < p < 1) denotes the market share of
the direct channel. Consequently, the demand in the direct and retail channels are pa and (1 —p)a,
respectively. The parameters f and & represent the price sensitivity and cross-price sensitivity of the channels.
Since the demand for a channel is more strongly influenced by its own selling price than by the price of the
other channel, we assume 8 > 6.

The manufacturer collects used products directly from customers through a reward-driven return
policy. The return rate of used products is assumed to be a function of the reward amount (r) provided to the
customer for returning the products, denoted as f(r), where 0 < f(r) < 1. In this paper, consistent with real-
world scenarios, we assume that the return rate behavior is approximated by a monotonically increasing
function of r, expressed as

f)=AQ—-y")where0 <y <1

Hence, the profit functions of the manufacturer (r,,,) and the retailer (m,) are as follows

Ty = WDy + P Doy — Cu(Dpy + D) + (cp — ¢ — 1) f(r) (D, + D) (3)

. = (py —w)D, @)

Next, We optimize the above model under manufacturer Stackelberg (MS), retailer Stackelberg (RS),
Nash model and centralized, structures.

Manufacturer Stackelberg Mode (MS Model)l:
In a Manufacturer Stackelberg game, the manufacturer optimizes the direct channel price and
wholesale price, taking into account the retailer's best response in setting the retail price.

Propositionl. In the, Manufacturer Stackelberg model, the optimal pricing strategy is given by

* _ [(A-p)B+psla | 1 1
whs™ = —2(32—52) + Ecm ) (Cm -G - T')f(?") (5)
* _ [pB+(A-p)sla | 1 1
O 267-87)  T2m 2 (Em =& =1)f () ©)
ms* _ [(382-6%)(1-p)+2pBSla | p+8 =~ f+§ —C. —
pT’ = 4ﬁ(ﬁ2—52) + 4-,8 Cm 4',8 (Cm Cr r)f(r) (7)

From Proposition 1, we observed that the retailer would buy the product from the manufacturer at
wholesale price as long as w"S" < pMSje. if p > %otherwise, dual channel supply scenario does not exist.

Corollary 1:
owMs™ apMSs* apMS*

(1) — Pm Dr >0
dcm dcm dcem
owMs* apMS” IpMSs*

dcy dcy dcy

Corollary 1 indicates that the manufacturer and the retailer will increase their whole sale price, direct
selling price and retail price are increase as the cost associated with the manufacturing and remanufacturing
increases. The costs ¢, and ¢, have greatest impact on whole sale price and direct selling price followed by
retail price.
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Next, to investigate the effect of reward amount on manufacturer’s profit function, we
A MS*' %S* 1

TP = T {(em = ¢ =)y Iny + 1=y (367 = 62 = 28Oy e + (1 =y (e +7)]
[(1+ p)B + (1 — p)blal. Since the first order partial derivate is involved in r, we cannot made any conclusion

* %
Ay (wMS” pMST

obtain

and moreover, the equation >
numerically, which optimizes 7,, (W™S", pMS™).

= 0 does not yield explicit solution in r. So, we find r

Retailer Stackelberg Model (RS Model):

In a Retailer Stackelberg game, the retailer optimizes the retail price, taking into account the
manufacturer's best response in setting the wholesale price and the direct channel price. We set the retailer sales
margin as s, = p, — w.

Proposition 2. In the, Retailer Stackelberg model, the optimal pricing strategy is given by

rs* _ (1=p)(B2+6%)+2pBSa | 3-8 _ 3-8 o
wt = B (5757 t+= m gy (em— 6 = f (M) 8
* * _ [pp+(1-p)dla | 1 1
prlsls = p%S = 2(p2-67) + Ecm —3 (em—c—1)f (1) 9)
* *  [(3B%-6%2)(1-p)+2pBSla . B+6 B+6
phs = pits = R nbole I ¢ P en— e, =) (10)

From Proposition 2, we observed that the retailer would buy the product from the manufacturer at

wholesale price as long as w"S" < pMSje.
if p > (82-82)[em(1-F () +(cr+1) F ()] +(B-8)a

otherwise, dual channel supply chain scenario does not exist.

(BB-8)a

Corollary 2:
dwRS” 9pRS” apRS”

(1) w Pm Pr >0
dcm dcm dcm
awRS™ apRS* dpRS*

dcr dcy dcy

Corollary 2 indicates that when retailer acts as Stackleberg leader, the whole sale price, direct selling
price and retail price are positively correlated with the cost associated with the manufacturing and
remanufacturing increases. The costs c,, and ¢, have greatest impact on the whole sale price, followed by
direct selling price, whereas it has the least impact on the retail price.

Next, to investigate the effect of reward amount on manufacturer’s profit function, we

ImmWRS pBS 1

obtain PP = L (c — . = 1)y Iny + 1=y )[(562 = 367 = 2By e + (1 =¥ (e + 1)) -

[(14+3p)B +3(1 —p)bla]. Since the first order partial derivate is involved in r, we cannot made any

* *
o WRS” pfis

conclusion and moreover, the equation = 0 does not yield explicit solution in r. So, we find r

numerically, which optimizes 7,, (WRS", pRS”
Nash Model

In this situation, the manufacturer and the retailer are equally powerful and optimize their own profits
non-cooperatively and simultaneously. We set the retailer sales margin as s, = p,, — w.

Proposition 3. In the, Nash model, the optimal pricing strategy is given by

« _ (1-p)(B2+62)+3ppsa = 4f-8 4B-68

whs" = QD000 L 208 oy = 2222 (e — ¢ = 1F () (1)
* « _ [pB+(1-p)8la 1 1

Pm =Pm = gasen t3om =5 (Em— o =1f () (12)
«  [(ap?-6%)(1-p)+3pBSla , 2B+6 2B+6

pNs* = ( ﬁﬁiﬁz-ﬁz) + o ‘m T e (cm—c—1)f() (13)

From Proposition 3, we observed that the retailer would buy the product from the manufacturer at
wholesale price as long as w¥S" < pNS'ie.
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- 2_gs2 -
if p > @E=0a+(B*=8%)[em(1=r)+(er*nf O] yeryise. dual channel supply chain scenario does not exist.

(58-8)a

Corollary 3:
awhs” apNS* apNS*

(1) w Pm DPr >0
dcm dcm dcm
owhs* apNSs* JpNs*

dcy dcy acy

Corollary 3 is similar to Corollary 2.

Next, to investigate the effect of reward amount on manufacturer’s profit function, we

. O (WNS" pNS™) 1 r r 2 2 r r
obtain — = E[(Cm —c¢ =1y Iny +1—-y"][(13B% = 56° =8B [y ¢y + (1 =¥ )(c, +
r)] — [(4 + 5p)B + 5(1 — p)&la]. Since the first order partial derivate is involved in r, we cannot made any

I WS NS

conclusion and moreover, the equation = 0 does not yield explicit solution in r. So, we find r

ar
numerically, which optimizes m,,, (WS, S

Centralized Model:

In the centralized decision making, both the manufacturer and the retailer cooperate to achieve the
maximum total profit of the dual channel supply chain. The profit function of the system under this scenario is

nt = My + T = prDr + mem - Cm(Dm + Dr) + (Cm —Cr— T')f(T')(Dm + Dr) (14)
Proposition 4. In the, Centralized model, the optimal pricing strategy is given by

¥ * [pB+(1-p)&la 1 1
Pm = Dm° =W4‘Ecm—;(cm—cr—7‘)f(r) (15)

* [(1—-p)B+pb] 1
¢ =R 2em =& =1 () (16)

1
+5Cm -
Next, to investigate the effect of reward amount on manufacturer’s profit function, we

O (PmPF) _

obtain — i[(cm —¢—r)y ' iny+1—-y"[2B -y ¢,y + (1 —y")(c, +1r)] —a]. Since the
first order partial derivate is involved in r, we cannot made any conclusion and moreover, the equation
C* C* * *
amg%” = 0 does not yield explicit solution in r. So, we find r numerically, which optimizes 7. (p,, p¢ ).
I11.  Numerical Analysis:

In this section, we compare the optimal profit of the channel members under different game theoretic
perspectives through numerical analysis to illustrate the above theoretical results and obtain more clarity. We
assume the values of the parameters in appropriate units are as follows: a = 200, g =0.7,6 = 0.5, p = 0.7,
cm =52,¢, =10,y =0.5.
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From the figure 1, we observe that the manufacturer’s profit function in Manufacturer Stackelberg,
Retailer Stackelberg and Nash model and total profit in Centralized model is stricty concave in r and Optimal
solutions under different modes are shown in Table 1.

Table 1: Optimal solutions under different model

Model w* by Do r ;. J13% Total Profit
MS 241.40 261.67 274.73 474 287.78 23503.70
RS 221.12 261.67 274.73 474 575.57 2321591
Nash 227.88 254.91 274.73 474 511.61 23439.74
Centralized 241.40 274.73 4.74 24079.26

IV.  Conclusion:

In this paper proposed a close loop dual channel supply chain model, where manufacturer collect the
used products from end customer by offering a reward. We employed different game theoretic approaches to
optimize the manufacturer’s and the retailer’s profit functions. This study offers two primary contributions to
the literature. First, it presents observations on the coordination among CLSC members within a dual-channel
supply chain. Second, unlike previous studies, it examines the characteristics of CLSCs under reward-driven
return policies.

Appendix
Proof of Proposition 1:

From Eq (4), we obtain the value of p;: by Solving Z% = 0 and the best response is given

(1-p)a+pw+6pm

2
We also find that z,.(p,.) is strictly concave in p,., as % =-28<0.
r

by pr(w,pp) =

Substituting the value of p; into Eq (3), we obtain the values of w™S" and pMS” solving the first order

conditions ?—Wm =0and ‘;Z—Z = 0. Finally, putting the values of wS" and pS"in Eq (A.1), we obtain p2S"
Now, aazv’;" = —fB < 0 and the Hessian matrix of the profit function m,,, is
2 2
| (7
Bwm) =\ g2p = s 2P ﬁ_ 0
opm0w  0p3,

|H,| = 2(B? — §%) > 0. Hence the manufacturer’s profit function is concave in w and p,,

Proof of Proposition 2:
Setting p, = s, +win Eq (3) and Eq (4) and from Eq (3) we obtain the value of w* and p;, by solving

9mm — 0 and 2 = 0 and the best responses are given by
ow opm
* [((1-p)B+p8] 1 1
W) =Sty En = 5) =5 (em — 6 = 1)) (A2)
* [pB+(1-p)&] 1 1
Pin(sr) =" mmen T 36m — 3 m — & = (1) (A3)
%,

We also find that, = —2B < 0 and the Hessian matrix of the profit function m,, is

w2
0%m,,  0°m,

ow?  owdp, | _ (=28 26
0%m,,  0°m, _(25 —2,3)

H2 (W, pm) =

0pn,0w  0pZ
|H,| = 4(B% — 6%) > 0. Hence the manufacturer’s profit function is concave in w and p,,

Substituting the values of of w*and p;, into Eq (4), we obtain the values of s,.%5" solving the first order
conditions 2= = 0.

dsy
SrRS* _ (1—P)a—(ﬁ—5)[(1—2}“ﬁfr))cm+(cT+r)f(r)] (A4)
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Finally, putting the value of s,25" into Eq (A.2) and Eq (A.3), we obtain values of w?" and p25™. The pRS is
given by pRS™ = 5, RS" 4 wrS”

. . . 92
Now, 7,(s,) is strictly concave in s,., as =% = — < 0.
T

Proof of Proposition 3:
Setting p, = s, + w in Eq (3) and Eq (4), we obtain the value of w"S",p¥S" and s¥S" by solving a;r—w’" =0,

ontm omny
—/—=0and——=0
apm a T

Finally, the value of p¥S"is given by pNS" = 5, N5" 4+ whs”,

Proof of Proposition 4:

From Eq (14), we obtain the values of pg, and p¢~ solving the first order conditions 2 = 0 and 2

Now,

=0.
opm 317r

e
Opm?

= —2f < 0 and the Hessian matrix of the profit function m,, is
0%m¢ 0%m¢
apmz apmapr _ (_2.8 26 )

H3(pm' pr) = aZTL'C aZTL'C - 28 —2‘3
\aprapm op,? /

|Hs| = 4(B% — §%) > 0. Hence the manufacturer’s profit function is concave in p,,, py

Proof of Corollary 1:
From Proposition 1, we have

aps”
dom

ow

dcm

Now,

= ED (1) = B g,

apm s _(1 _ apm s —f(T)

awMs™

MS* MS* MS* _
_ oo 36 5(1—f(r))>0and S B ey >0

dem dcm dcy 4B

Proof of Corollary 2:
From Proposition 2, we have

apfS”
dom

3B5

_ (B+® ar (B+6) wRS"  3p-s
L2 (- 1) —’i;; foyS— =22 (1~

ol _ = (1-£®) and ool =2 f()

_ ok awRS"  apBS" _ p-s
; =—(1—f(r))>0'w ~I =2 f) >0

acy

ow RS*
Now,
dcm
apm
dom dom

RS RS* _
- a”f =38 5(1 — £() > 0 and "”m I i—;f(r) >0

dcy

Proof of Corollary 4
The proof is similar to Corollary 3.
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