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Abstract: This research presents an age-structured Susceptible-Vaccinated-Exposed-Asymptomatic-
Symptomatic-Hospitalized (SVEASH) COVID-19 model that accounts for age-dependent recruitment and
transmission rates, contact ratios, and multiple infection forces. It assumes perfect vaccination that guarantees
permanent immunity. The study explores the mathematical properties of the model, determining the existence of
equilibrium and the local stability of the disease-free equilibrium (E°). The basic reproduction number Ry, a
key threshold for stability, is calculated as a weighted average from both asymptomatic and symptomatic
infection classes. Using the Laplace transform, the model is solved analytically, and simulations show that
vaccinating up to 85% of the global population between ages 0-80 significantly reduces the disease's peak and
shortens the epidemic's duration. The research also highlights the importance of vaccinating not only
susceptible and hospitalized individuals but also those who have recovered, further aiding in controlling the
outbreak.

Keywords: Covid-19, Transmission, Vaccine, Response, Age-structured, and population

Date of Submission: 14-12-2024 Date of Acceptance: 31-12-2024

l. Introduction

The COVID-19 pandemic, caused by the SARS-CoV-2 virus, has led to global health, social, and
economic disruptions. As of 2020, the virus has spread worldwide, prompting governments to implement
various public health measures to limit transmission, including lockdowns, travel restrictions, and vaccination
campaigns. Mathematical and epidemiological models have played a crucial role in understanding the dynamics
of COVID-19 transmission and in evaluating the effectiveness of these interventions (Ferguson et al., 2020).
One of the most important advancements in epidemiological modeling has been the incorporation of age
structure into transmission models. These age-structured models divide the population into age groups that have
distinct risks for infection, disease severity, and responses to vaccination (Keeling & Rohani, 2008; Hethcote,
2000).Age-structured models are particularly relevant in the context of COVID-19, as evidence suggests that
disease severity and transmission vary substantially across different age groups (Liu et al., 2020). Older adults
are at higher risk of severe disease and mortality from COVID-19, while children and young adults tend to
experience milder symptoms or remain asymptomatic (Liu et al., 2020). This variation in disease progression
necessitates models that account for these differences to accurately predict the course of the pandemic and guide
interventions. Furthermore, age also affects the immune response to both natural infection and vaccination, with
older individuals often showing a weaker immune response to vaccines compared to younger populations
(Polack et al., 2020; Hall et al., 2021).

Traditional epidemiological models, such as the Susceptible-Infected-Recovered (SIR) model, have
been instrumental in understanding the spread of infectious diseases (Kermack & McKendrick, 1927).
However, these models often assume a homogeneous population, which fails to capture the important variations
in disease transmission and vaccine efficacy across age groups. To address this, age-structured models explicitly
partition the population into age classes, each with distinct rates of infection, recovery, and vaccination
response. These models are particularly effective in simulating how COVID-19 spreads through different
cohorts and in assessing the impact of vaccination campaigns that prioritize specific age groups (Anderson &
May, 1992; Brauer et al., 2019).The importance of age-structured modeling in the COVID-19 context has been
demonstrated in several studies. For example, Ferguson et al. (2020) developed a model that incorporated age-
specific transmission rates and assessed the impact of various non-pharmaceutical interventions, including
social distancing and quarantine measures. Their work emphasized that age structure must be considered when
predicting the outcomes of public health interventions. Similarly, age-structured models have been used to
evaluate vaccination strategies, with a focus on prioritizing older adults who are at greater risk of severe disease
(Hodges et al., 2021). These models have shown that vaccinating high-risk age groups first can significantly
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reduce hospitalizations and deaths, even in the absence of widespread vaccination.Another critical factor in the
modeling of COVID-19 transmission is the role of vaccine efficacy across age groups. Vaccines have been
shown to be highly effective in preventing severe disease, but their efficacy can vary by age. For instance, older
adults may experience a lower immune response to COVID-19 vaccines, which influences vaccine effectiveness
and the timing of booster doses (Hall et al., 2021). Models that incorporate these differences are essential for
simulating the impact of vaccination campaigns. Studies by Hodges et al. (2021) and others have indicated that
prioritizing vaccines for older populations can help achieve the greatest reductions in mortality and
hospitalizations, even if younger populations are vaccinated later.Additionally, waning immunity over time
presents another challenge for modeling the long-term effectiveness of vaccination campaigns. As immunity
from both natural infection and vaccination decreases over time, booster doses may be necessary to maintain
protection, particularly in older age groups (Ferguson et al., 2020). Models incorporating age-structured
immunity dynamics can estimate the long-term impact of vaccination strategies and help inform decisions
regarding booster shots.

In conclusion, age-structured models are indispensable for understanding COVID-19 transmission
dynamics and optimizing vaccination strategies. These models provide insights into the variation in
susceptibility, disease progression, and vaccine response across age groups, allowing for more tailored and
effective public health interventions. As the pandemic continues and new variants emerge, ongoing refinement
of these models will be crucial for guiding responses and ensuring the most efficient use of resources.

. Methodology
Thefollowing are the materials usedin this research work.
2.1Equation Editor : This is used for typing and inserting mathematical equations and symbols appropriately.

2.2MAPLE 2015 Version : it is used for plotting of both the 2D and 3D graphs. All the mathematical analysis
here is visualized using MAPLE 2015 for easy interpretations.

2.3ModelVariablesandParameters:table 3.1 shows the description of model variables and
parameters used.

Table2. 1:Description of model variablesandparameters

Variable Description

P(a,t) Total population density of age a at time t

S(a,t) density of susceptible individuals of age a at time t

V(a,t) density of Vaccinated individuals of age a at time t

E(a,t) density of exposed individuals of age a at time t

M(a,t) density of asymptomatic infectious individuals of age a at time t
1(a,t) density of symptomatic infectiousindividuals of age a at time t

H(a,t) density of hospitalizedindividuals of age a at time t

Parameter Description

A Maximum age attained by individuals in the population, 0<A< «

y(a,t) The per capita force of infection

B(a) Transmission or infectionrate

g(a) Contact ratio

b(a) Recruitment rate for all ages a

B Total number of birth rate (newborns)

K,]j Fraction of susceptible who become vaccinated, exposed who become symptomatic.
p(@), aa) age-specific natural and disease induceddeath rate respectively

?(a) age-specific vaccinationrate

0(a) age- specific exit rate from the exposed class

z(a), g(a) age-specific hospitalized rate for infectious asymptomatic and symptomatic class
n(a) age-specific boost of immunity

2.4 ModelDescription

The proposed model isan age-structured susceptible-vaccinated-exposed-asymptomatic infected-
symptomaticinfected and hospitalized (SVEMIH) model that considered a total population density of
P(a, t),where a denotes the age of individuals attime t. A is the highest age attained by the individuals in
the population, where A <o with a € [0, A) or witha € [0, ). The whole population under consideration
is divided into six compartments of susceptible, vaccinated, exposed, asymptomatic infectious,
symptomatic infectious,and hospitalizedage densities denoted by S(a,t), V(a,t), E(a,t),M(a,t), I(a,t)
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and H(a, t)respectively.

Let b(a), u(a) anda(a) be age specificflow or recruitment for all ages aentering only the susceptible
compartment, natural mortality and force ofmortalityrate of the population respectively with a fraction k of
susceptible individuals vaccinated at the rate@(a)and the remaining (1-k) become exposed after contact
with the infection at the transition rate g(a)A(t).6(a)is the exit ratefrom the latent class, j is the
proportion of exposed individuals who show symptomswhile the remaining (1-j) are asymptomatic
infectious without symptoms.

Most individual’s immune response is capable of controlling and clearing the infection over time when
hospitalized and treated (WHO 2021). n(a) is the rate at which individuals who recovered as a result of
medical intervention are vaccinated. q(a), z(a) is the rate at which symptomaticinfectious and
asymptomatic individuals who are noticed as a result of diagnosisarehospitalized respectively.

According to Institute for Health Metrics and Evaluation, Healthline (2023), most comprehensive study to
date provides evidence on natural immunity after recovery from COVID-19, but the duration and level of
immunity can vary among individuals. When a person recovers from a viral infection like COVID-19,their
immune system produces antibodies and memory T cells that are specific to the virus. However, the extent
and duration of immunity are still being studied and are not yet fully understood. Due to these
uncertainties, our model considers boosting of immunity of recovered individuals immediately after
treatment.

Here, the force of infectiony(a, t) after contact with thesymptomatic and asymptomatic infectious in the
infective compartment is assumed to be

A
y(at) = g(a)f B@i(a,t) + M(a,t)]da 2.1
0

Equation (3.3.1) is the force of infection of the inter-cohort separable form, where g(a) and g(a) is
defined as the transmission coefficient andthe contact ratio respectively. Due to the natureof this contagion
disease, Covid-19 can also be transmitted through droplets generated by the infected individual on the
surfaces and different public places.

Let A6) = [ B(@[I(a,t) + M(a,t)] da
equation (3.3.1) becomes
y(a,t) = g(a)A(t) 2.2

The integral fOAI(a, t)da and fOA M(a,t)da stands for the total number of symptomatic infected and

asymptomatic infected individuals respectively.
The following diagram describes the transmission dynamics and vaccination of COVID-19 infection.
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Figure 2.1 Flow diagram of COVID-19 transmission and vaccine response

2.5The Model Equations
From the assumptions, descriptions and the compartment diagram in figure 2.1, we obtained the following
system of partial differential equations for the transmission dynamics of the diseases.

dS(a,t) 0S(a,t)
5a Tt~ @~ k@ +ke(@) + (1 - k)g(@AD)]S(a 2.5.1

DOI: 10.9790/0661-2006016393 www.iosrjournals.org 65 | Page



Modelling Covid-19 Transmissions and Vaccine Response In An Age-Structured Population

oV(a,t) N oV(a,t)

9a 5 = K(@S@ D) +n@H(@ ) — p@) V@0 2.5.2
0E(a,t) 0JE(a,t)

a5 = 1~ Beg@A®s@ Y — [u(@ + 6(@)]E@ D 2.5.3
oM(a,t) 0M(a,t) .

+ = (1 -DO@E(@, ) — [2(a) + n@]IM(a,t) 254

da ot
dl(a,t) Jdl(a,t)

ot =10@EG@ D — [9() + u@) + a@]la 1) 255

0H(a,t) N dH(a,t)
da Jt

=q@)I(,t) +z(a)M(a, t) — [n(@) + p(@) + a(a)]H(a,t) 2.4.6

A
AlY) = f B(a)[I(a,t) + M(a,t)] da 2.5.7
0

with limiting conditions
S(0,t) = B,V(0,t) = E(0,t) = 1(0,t) = H(0,t) = M(0,t) =0 2.5.8
and initial conditions

S(a,0) = Sy(a), V(a,0) = Vy(a), E(a,0) = Ej(a), M(a,0) = My(a) 2.5.9
I(a,0) = Ip(a),H(a, 0) = Hy(a)

2.6Methods

In this research work, we will obtain the basic reproduction number using the condition for the local
stability of the disease-free equilibrium (Li et al., 2020). The Laplace transform method for solution of partial
differential equations will be employed to solve our model since Laplace transform enable us to explicitly
incorporate initial conditions into the solution or transformed equations seamlessly, making it very effective for
solving initial value problems. It is better suited for solving differential equations and analyzing system
behavior over time and finally we will perform numerical simulations of the model with graphical
representations using Maple software.

2.6.1 Laplace Transform

The Laplace transform, named after its discoverer Pierre-Simon Laplace, is an integral transform that
converts a function of a real variable (usually t, in the time domain) to a function of a complex variables s (in
the complex-valued frequency domain, also known as s-domain, or s-plane).The transform is useful for
converting partial differential equations (PDEs) in the time domain into much easier ordinary differential
equations (ODEs) in the Laplace domain. This gives the transform many applications in science and
engineering, mostly as a tool for solving differential equations and dynamical systems by simplifying partial
differential equations into ordinary differential equations and also by simplifying ordinary differential equations
and integral equations into algebraic polynomial equations.

Laplace transforms provide a potent technique for solving partial differential equations. When the
transform is applied to the variable tin a partial differential equation for a function u(a, t) while considering a
as a parameter, the result is an ordinary differential equation for the transform u*(a,s). The ordinary
differential equation is solved for u*(a, s) and the function is inverted to yield u(a, t). The Laplace transform
of u(a, t) with respect to t and a are defined respectively:

[e4)

L{u,(a,t)} = f e Stu,(a,t) dt = su*(a,s) —u(a,0) 2.6.1
0

[ee]

L{u,(a,t)} = f e Stu,(a,t) dt =uy(a,s) 2.6.2
0

2.6.2 Basic properties of the model

To be sure that the model formulated is well-posed and epidemiological meaningful, there is need to prove the
positivity and invariant region of the solutions of equation (2.5.1) — (2.5.9). These are best done when the model
equations are ODE and not PDE and since solution to the transformed ODE along the characteristics curves also
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provide solution to the PDE. Hence, there is need to transform our model equations to ODE only at these points
using the method of characteristics to be able to carry out these proves.
First, compare equation (2.5.1) with the general form of a first order PDE in equation (2.5.1)
a(x, Yu, +b(x, y)u, +c(x,y)u =d(x,y) 2.6.1
Here, u is a function of x and y. Hence,
a=1b=1x=ty=a,c= (,u(a) +kod(a) + (A - k)g(a)/l(t)),d =b(a),u=S
Let e=t¢t
Then
da b(x,y) 1

dt  aley) 1

That is
da =dt
Integrating, we have
f(da —dt) = (a — t) = constant

Let n=[(da—dt)=(a—1t)
and S(a,t) =S(&,n)
then (2.6.1) becomes

ds
— = b(a) - (k@) + k(@) + (1 = ) g(@A®))S

de

That is,

as

Pri b(a) — (u(a) +ko(a) + (1 — k)g(a)l(t))S 2.6.2
Similarly, (2.6.2) — (2.6.6) becomes

d_‘z =kd(a)S +n(@H—p@@)V 2.6.3
2—f = (1 —k)g(a)A(t)S — [u(a) + 6(a)]E 2.6.4
O = (1~ DOE ~ [z(a) + u@IM 255
% = j8()E — [q(a) + p(a) + a@]I 266
fl—’: = q@)! + 2(@M — [na) + n(@ + a@]H 2.6.7
Adding (2.6.2) — (2.6.7) gives

o = b(@) ~ u(@P ~ a(@)! + H] 268

2.6.3  Positivity of Solution

Since the model studied human population, we need to show that all the state variables remain non-negative for
all times.

Theorem 2.1 : Let Q={Q={S,V,E,M,I,H) € R$:5(0) =0,V (0) =0,E(0) =0,M(0) =0,1(0) >
0,/0=0then the solutions .Sz V¢ £t M¢. /¢ At of the system of equations (2.5.2) — (2.5.7) are positive for all z2>0

Proof: Let {(5(0),V(0), E(0),M(0),1(0),H(0)) = 0} € RS
From (2.6.2), we have

das

Py b(a) — (00 + ogl(t))S 2.6.9
Where 6y = p(a) + kdp(a), og = (1 —k)g(a)

Then

das

2 —(o9 + 05A(1))S 3.6.10
Solving (2.6.10) gives

S(t) = S(0)e~(otos[A(D)dt) > 2.6.11
Since 0y = 0and ogA(t) =0

av

T 0;S+n(@H—p@@)V 2.6.12
Where o; = kd(a)

Then
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av

&2 —u(@) Vv 2.6.13
Solving (2.6.13) gives

V(t) = V(0)e @t >0 2.6.14

Since u(a) =0
From (2.6.14), we have

dE

E = Gg}\(t)s - GzE 2.6.15
Where o, = p(a) + 06(a)

dE

a > —0,E 2.6.16
Solving (2.6.16) gives

E(t) = E0)e %2t >0 2.6.17

Since 0, = 0
From (2.6.5), we have

E = 0'4E - 0'3M 2.6.18
Where o3 = p(a) +z(a) and o, = (1 —j)6(a)

Then

M

ar > —o3M 2.6.19
Solving (2.6.19) gives

M(t) = M(0)e 3t =0 2.6.20
Since 03 =0

From (2.6.6)

dl

Frie ogE — o5l 2.6.21
Where o4 =j0(a) and o5 = u(a) + q(a) + a(a)

Then

dl

pr > —o;l 2.6.22

Solving (2.6.22) gives

I(t) = 1(0)e 5" = 0 2.6.23

Since 05 = 0

From (2.6.7), we have

dH

7 = @I+ z(a)M - o7H 3.6.24
Where o; = p(a) + n(a) + a(a)

Then

dH
— >—0,H 2.6.25

Solving (2.6.25) gives

H(t) = H(0)e °7* = 0 2.6.26
Since 0; >0

Hence, this completes the proof.

2.6.4 Invariant Region
Theorem 2.2: the region Q in theorem 3.1 is positively invariant and all solutions are contained in Q € R$

Proof: LetQ = (S,V,E,M,I,H) € ]R?r be any solution of the system with non-negative initial conditions.
From (3.6.8), we have that in the absence of infection I(t) and H(t) equals zero. Thus, we have

dP
i b(a) — u(a)P 2.6.27
P=S+V 2.6.28
Solving (2.6.27) using the method of integrating factor yields
b(a)
P(t) = —=+ ce #@t 2.6.29
w(a)

Using the initial condition P(0) = Py(a) and simplifying gives
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b(a) ( b(a)
P(t) < ——=+|Py(a) ——= | e H@rt 2.6.30
wa@ " u@
Applying Birkoff and Rota’s theorem on differential inequality (Birkoff and Rota 1982), gives
b(a)
0<P< ast — o
u(a)
The total population approaches % . Therefore, the feasible solution set of the model enters the region Q . in

this region, the model equations (2.6.1) — (2.6.6) are epidemiologically meaningful and mathematically well
posed.

2.7Disease Free Equilibrium (DFE)

The disease-free equilibrium (DFE) point is a state where there is absence of COVID-19 infection in the

population. Steady state solutions play an important role in studying the qualitative properties of the solution

when the explicit form of the solution is not known. The disease-free equilibrium points

£" = (5%a),V°(a), E°(a), M°(a),1°(a), H (a)) of model system (2.5.1) - (2.5.6) is obtained by setting

as oV OE oM 9l OH

ot dt at ot ot ot

And in the absence of disease,
A=E=M=I=H=0 2.7.2

So that from equation (2.4.1), we have

2.7.1

ds? 0
da + (,u(a) + kd)(a))S = b(a) 2.7.3
Solving (2.7.3) gives
a a a
S%a) = Be Jo oo dx +j b(r)e Je oo dx gg 2.7.4
0

Where 6y(a) = p(a) + kdp(a)

Also, from equation (2.4.2), we have
0

av
o + u(@)V° = k¢ (a)S°® 2.7.5

Solving (2.7.5) gives
a a a T T
Vo(a) = f cl(r)e_fr Hx) dx <Be_f0 o0(x) dx +J b(a)e‘fa o0(x) dx da) dt 2.7.6
0 0
Where 0, (a) = kd(a)
Hence the DFE states £° = (S°,V°,E°, M°,1° H®) is thus given by (2.7.2), (2.7.4) and (2.7.6)

2.8Endemic Equilibrium (EE).
Let (S*,V* E*,M*,I*, H*) represents any arbitrary endemic equilibrium point of the model equations (2.5.1) —
(2.5.6). this equilibrium satisfies the following equations:

dS*(a)

ga_ T (00 + 045" (a) = b(a) 2.8.1
dv*(a)

Ia + u@V*(a) = 0;5*(a) + n(@)H*(a) 2.8.2
dE*(a)

Ia + 0,E*(a) = ogA*S*(a) 2.8.3
dM*(a)

Ia + o3M*(a) = 0,E*(a) 2.8.4
dl*(a)

Ia + 051" (a) = o4E*(a) 2.8.5
dH*(a)

. + o,H*(a) = q@)I"(a) + z(@)M*(a) 2.8.6
Solving (2.8.1) using integrating factor method, gives
§*(a) = e~ Jo (Gotoatax (f b(z)e o Co+osiDady gr 4 B) 287
0
Also, solving (3.8.2) — (3.8.6) gives
E*(a) = e~y o2dx (f GSA*S*(T)eft)T"zdy dr) 2.8.8
0
M*(a) = e o o3 dx (f 04E*(T)ef(;“3 dy d‘r) 2.8.9
0
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I*(a) = e~ o o5 dx (f o E*(T)eh 05 dr) 2.8.10
0
H*(a) = e~ o o7dx (f (q(‘r)[*(‘r) + Z(T)M*(T))eformdy d‘r) 2.8.11
0
V*(a) = e o h@dx (f (0,5*(1) + n(@)H* (2))elo n® @ dr) 2.8.12
0

So, the endemic equilibrium state (S*,V*, E*, M*, I*, H*) isgiven by equations (2.8.7) - (2.8.12)

3.9Basic Reproduction Number (R,)

Epidemiologically, R, is the number of secondary cases produced by one infectious individual in an
entirely susceptible population during the lifespan as infectious. Mathematically R, is a reproduction number if
it serves as threshold for the stability of the disease-free equilibrium. (Li et al, 2020)

One of the fundamental questions of mathematical epidemiology is to find the reproduction number,
which determines whether an infectious disease spreads in a susceptible population when the disease is
introduced into the population. For an age-structured model, a possible formula for R, can be derived by
determining the condition for stability of the disease-free equilibrium (Li & Brauer, 2008). Thus, whether a
disease becomes persistent or dies out in a population depends on the value of R,

Following the approach by Wang & Zhang (2016) and Ashezua (2015).
Let

A
Ry = cg(a)SO(a)f B(@)(I*(a) + M*(a)) da 2.9.1
0

According to Dickmann et al (1990),Basic reproduction number R, of our COVID-19 model is in the form
(3.9.1) and this is explained as follows, Since the total or overall infectivity at time t is the sum of the infectivity
of each infected compartment, we define
Ro =R, + Ry 2.9.2

The basic reproduction number R, can be seen as a weighted value of the basic reproduction number due to
asymptomatic infectious class and the basic reproduction number due to symptomatic infectious class.R, is a
mix of how much the disease spread from people without symptoms and from people with symptoms. It gives
us a big picture of how the disease spreads in the entire population since it reflects the combined impact of both

groups.
Where

A
%, = 03(@5°(@ | P@I"(@) da 293

0
is the number of secondary cases generated by individuals in the symptomatic infected class;

A

R = 03@5°(@ | p@M"(@) da 294

0
is the number of secondary cases generated by individuals in the asymptomatic infected class and

a a a
S%(a) = Be~Jo oo dx +f b(t)e Je o0 dx gg 2.9.5
0

is the number of susceptible individuals in the absence of COVID-19.
When R, < 1, the number of infections decreases toward zero. The basic reproductive number R, must exceed
one for the disease to persist in the population.

2.10L ocalStability Analysis of the Disease-Free Equilibrium Point
Here, we investigate the local stability of the DFE state
£% = (5%a),V°(a),E%a), M°(a), I°(a), H*(a)) = (5°(a),V°(a),0,0,0,0) 2.10.1
Let x(a,t),y(a,t),u(a, t), h(a,t),w(a,t),r(a,t) be the perturbation in E° respectively, defined as follows;
S(a,t) =5%a) + x(a,t)
V(a,t) =V°a) + y(a,t)
E(a,t) = u(a,t)
M(a,t) = h(a,t)
I(a,t) =w(a,t)
H(a,t) =r(a,t)
Linearizing equations (2.5.1) — (2.5.8) about £°, give the following equations

Ox 0x 0
E + % = b(a) - Go(a)x(a, t) - 68(‘1)5 (a)l(t) 2.10.2
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dy 0dy

24 2 = 6, @x(@,0) +n(@r(a,0) — u(@y(a,0 2103
Ju OJu (A 2.10.4
5t T ag = 08(@S (@A) - 02(a)u(a,t) -10.
oh oh _

PR os(a)u(a,t) — o3(a)h(a,t) 2.10.5
ow ow

¥ + P og(@u(a,t) — os(a)w(a,t) 2.10.6
% + Z—Z j q(@w(a,t) + z(a)h(a,t) — o7 (a)r(a,t) 2.10.7
A = f B(a)[w(a,t) + h(a,t)] da 2.10.8
x(0,t) =0 y(0,t) = u(0,t) = h(0,t) = w(0,t) =r(0,t) =0 2.10.9

To analyze the asymptotic behavior of £°, we look for exponential separable solutions of the form:
x(a,t) = x(a)e?,y(a,t) = y(a)e? ,u(a,t) = u(a)e“’”} 2.10.10
h(a,t) = h(a)e?t,w(a,t) = w(a)e?,r(a,t) = r(a)e® o
This is because exponential separable solutions of the form 3.10.10 captures the temporal growth or decay rates
of the perturbations. It simplifies the process of finding the eigenvalues and determining the stability of the
equilibrium in a system of PDEs.Hence, we consider the following linear eigen-value problems:

dx(a) 0

PR (¢ + 0p(@))x(@) = (b(a) — 05(a)S°(a)A) 2.10.11
dy(a) 3

PPk (¢ + n(@)y(a) = o1 (@)x(a) + n(a)r(a) 2.10.12
du(a) 3 0

PP (¢ + 02(a))u(a) = og(a)S°(a)2 2.10.13
dh(a)

P (¢ + 03(a)h(a) = oy(a)u(a) 2.10.14
dw(a) 3

Fra (¢ + o5(@)w(a) = og(a)u(a) 2.10.15
dr(a)

T+ (¢ +0;(@)r(@) = a(@w(a) + z(a)h(a) 2.10.16

A
A= [ p@lw@ +h@] da 21017
0
x(0,t) = y(0,t) = u(0,t) = h(0,t) = w(0,t) =r(0,t) =0 2.10.18
Solving (3.10.11), (3.10.14) and (3.10.15) we obtain
u(a) = /'lf 05(1)S0 (1)e P @~k 0215 gy 2.10.19
0
h(a) = f o4 (Du(r)e?@ ek 036 ds gy 2.10.20
0
w(a) = f o6 (Du(t)e?@ ek 056 ds gy 2.10.21
0

Substituting (2.10.19) into (2.10.20) — (2.10.21) and changing the order of integration, we get

a T T a
h(a) = AJ‘ 0,(7) (f Gg(n)SO(n)e—qJ(a—n)e_fn o2(s)ds dn)e‘ff o3(s)ds -
0 0

a a T a
“f og (M) S° (e~ @M f o4(0)e I 2O o= [ o3 ds grgn
0 n

a a @
h(a) = /If 08(1)50(‘[)6_‘P(a_f)J 04(n)e_frn 02(s)ds o= Jy 03()ds dndr  2.10.22

0 T
a T T a
w(a) =1 | o4(1) (f cg(n)SO(n)e_‘/’(a_")e_fn 02(s)ds dn) el o5 ds gp
0 0

a a T a
”f 05 (M)S° (e ~# (@) J 05()e” h P2 e losds gray
0 n

a a @
w(a) = Af GS(T)SO(T)e“”(“‘T)f cé(r))e_fr]7 02(s)ds o=y 05 ds dndr  2.10.23
0

T
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Substituting (2.10.22) and (2.10.23) into (2.10.17), it follows that
A a a T a

A= AJ- [?(a)f 08(1)50(1)3_‘”(a_7)f ol o2)ds (04(17)e_fn 03(s)ds 5
0 0 T

+og(n)e 59 andrda 2.10.24

By dividing both sides of (2.10.24) by A (1 # 0), we get the following characteristic equation about the
eigenvalueg

A a a T a
1= [ 8@ [ axmst@e e [ e hrOw (g e
0 0 T

+ o(me 5% ) andrda 2.10.25
denote the expression on the right-hand side of (3.10.25) by F(¢), i.e.,
A a a T a
F(p) :f [’)(a)f Gg(T)SO(T)e_‘p(“_T)f e_fn o2(s)ds (04(n)e_fn 03(s)ds
0 0 T
+og(me 59 )dndrda 2.10.26

and define the basic reproductive number as R, = F(0), i.e.,
A a a ) .

Ro :f ﬁ(a)f GS(T)SO(T)f e—f" o(s)ds (64(7’))6_f'7 o3(s) ds
0 0 T

+ag(me I 9% ) dndrda 2.10.27
Now, we establish the following results from equation (3.10.25)

Theorem 2.3

The disease-free equilibrium of the system (2.5.1) — (2.5.8) is locally asymptotically stable, if Ry, < 1 and
unstable if Ry > 1.

Proof: Suppose we differentiate F(¢), we then have

A a a T a
F@) == [ 5@ [ @-00,@s'@e e [ e hm0 (g,gpeh o0
0 0 T

+og(me M 759 andrda
it is observed that F is a decreasing function of ¢ as
F'(p) <0, lim,_q, F(@) = 0,lim,_,_, F(¢) =+
we know that equation (2.10.25) has a unique negative real solution ¢*, if and only if F(0) < 1, 0or R, < 1. and
a unique positive (zero) real solution if F(0) > 1(F(0) = 1), or Ry > 1(R, = 1). To show that ¢* is the
dominant real part of the roots of F(¢), we let ¢ = x + iy (x,y € R, where i is the imaginary unit and R is the
set of real numbers) be an arbitrary complex solution to equation (2.10.25).we note that

1=F(p) =|F(x+iy)| <F(x)

which indicates that Regp < @™, where Re denotes the real part. It follows that the disease-free equilibrium is
locally asymptotically stable if R, < 1, and unstable if R, > 1.

2.11Analytical Solution of the Model Using Laplace Transform
Our model equations are coupled. It cannot be solved analytically without breaking the couplings. To decoupled
the equations, we have to perturbed the equations.At this point, Sy,Vy, Eq, My, Iy, Hy are the varying
compartments and S,", V", Eo*, My ", I;*, Hy" are the Laplace transform of the compartments respectively.
Let 0 < B(a) < 1and let us define the following

S(a,t) = Sg(a,t) + B(a)S,(a,t) + -+

V(a,t) = Vy(a,t) + B@)Vi(a,t) + -

E(a,t) = Eg(a,t) + B(a)E,(a,t) + -
M(a,t) = My(a,t) + B@M;(a,t) + -

I(a,t) =l(at) + @I (a,t) + -

H(a,t) = Hy(a,t) + B(a)H;(a, t) + -+
Then, we have for

B(a)°(Order zero):

aso+aso+[ Kb@S, = b 5111
2t T oa w(@) +kd(a)lsy = b(a) L
v, av,

5 T T n@Vvy = kd(a)Sy +n(a)Hy 2112
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2t T T [n(@) +6(a)]E; =0 2113
oM, 9M, o

aa—t +6E + [u@@) +z(@)IM, = (1 —j)B8(a)E, 2.11.4
04704 (@) + a(@) + a(@lly = 0)Eg 2115
2t Taa F [w(@) + n(a) + a(a)]H, = q(a)l; + z(a)M, 2.11.6
B(a)! (Order one):

S, 05, B A

Frr T [n(@) + kdp(a)]S; = —(1 —k)g(a) UO [Ip + Mo] da] So 2117
v, oV, ~

Pt + Pa + u@V; = kd(a)S; + n(a)H, 2.11.8
OE, OE, B A

5t Tl t [n(a) + 8(a)]E; = (1 —Kk)g(a) U; [Io + Mo] da] So 2.11.9
oM, oM, o

a?—t +ala—a + [u@@) +z(@)]M; = (1 —j)8(a)E; 2.11.10
o T 3.+ M@ + 4@ + a@]l = B)E; 21111

5 T g T [w(@) +n(@) + a(a)]H; = q(@)]; +z(a)M; 2.11.12

P(a,t) = S(a,t) + V(a,t) + E(a,t) + M(a,t) + I(a,t) + H(a, t) 2.11.13

For conveniency, let

op = w@) + k@), o =kdp(@), o, =p@) +6(@) , o3 =un)+z@) ,

o5 = @) +q@+a@) , o, =(1-j6@) , o =jb(a) ,

o; = () +n@ +a@), og=(1-k)g()

Now, consider equation (3.11.2) in the form

0 1 B0 | o5 =b 2.11.14
E + % + Opdg = (a) A1,

Applying the Laplace transform to all terms in (2.11.14), we have
dSg 0So
L; {_} + L {_} + ooL{Sp} = Li{b(a)}

da Jt
That is
dS;(a, s b(a
0(a,s) +5S5(a,s) — Sp(a, 0) + 04S5(a,s) = ¥
dsi(a,s) b(a)
i + (s +00)Sp(a,s) = —~ + Sy (a) 2.11.15

Solving equation (2.11.15), we obtain

a(b(a
Si(a,s) = e~G+o0) f <¥ + S, (a)) e5H00X dx 4 f(s)e~(+o0)a
0

= g~ (stop)a ;<@ +So (a)> e(S+co)x|a + f(s)e~+o0)a
st+op\ s 0

1 (b(a
So(a,s) = m(% +So (a)> (1 _ e—(s+co)a) + f(s)e—(s+co)a

S5(0,s) = f(s) =
Therefore,

-S04 (0 2) () 32
- So(a)—@>< !

oy ) \s+ 0o

B
S

e—(s+co)a>

So,
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b(a b
0@ = L 5 @) =+ <So( )—Q) -°°f+(B—i—‘:))e-ooaua<t)

(Sg(a) —%)u (t)e 902 =00(t=a)2 11 16
0

Where,
1, t

u, (t) ={O’ tiz ,fora=0
Unit step function (delayed)

Consider equation (2.11.3) in the form:

0E, O0E,

= T35 T OB =0 2.11.17
Applying the Laplace transform to all terms in (2.11.17), we have

dE;(a,s)

—aa + (s + 03)Ej(a,s) = Ey(a) 2.11.17

Solving equation (2.11.17), we obtain
a

Es(a,s) = e—(s+02)a f Ey(a) e(s+0)x dy 4 f(5)e~(s+o2)a
0

— e—(s+02)a EO_(a)e(s+62)x|Z + f(s)e—(s+62)a

S + (o3}
( S) EO(a) ( e—(s+cz)a) + f(s)e—(s+02)a
+0o
E;(0,s) = f(s) =0
Therefore,
Bi(a,5) = o (1 - e6+00)211.19
2
So,
Eo(a 1) = L {Ej(a,9)} = Eg(a) (e 72" — e72%u, (t)e 22 (9))
Eo(a,t) = Eg(a)e ™02 (1 — u, (1)) 2.11.20
Also, consider equation (2.11.5) in the form
oM, M,
W‘I‘ ot +0'3M0 = 04E0(a t)
That is,
oM, aMO
25 T TosMo= o,Eg(@)e™2t (1 — u, (D) 2.11.21
Applying the Laplace transform to all terms in (2.11.2), we have
d1\/[6('3'5)+(+ M;(a,s) = My(a) + E()( ! e ) 2.11.22
da S 03/M0ta8) = Mold) 7+ 04 Bold s+o0, s(s+0y) o

Solving equation (2.11.22), we obtain

a
M;(a,s) = e_(5+°3)aj e(5t03)x (Mo(a) + 04E0(a)<
0

a 1 0,E,(@)
— p,—(s+o03)a M + o,E ( ) (s+oz)x _ 470 Y 53x dx + f —(s+o03)a
¢ ,L (( 0(@) +04Eo (D) s + o, ¢ s(s+0y) € x+f(s)e

1 1 04Ey(a)
— p—(s+03)a M +o,E ( ) (s+op)x _ _ 470  o3x
¢ (s + 03 ( 0(@) +04Eo (a) + o, € 03s(s + 03) €

1 e—XS

s+02_s(s+02)

)) dx + f(s)e~(s+o3)a

a
+ f(s)e~(+o3)a
0

1 0,4Eq(a)
= E 1 — g—(s+03)2) _ —as _ ,—(s+03)a f —(s+o3)a
S+0'3< 0(@) + 4 O(a)( >>( ) ()'3S(S+0'2)( € )+ (s)e
M;(a,s) = My(a) 04Eo(a) _ M, (a) e—(s+o)a _ 04Eo(a) o—(Gsto3)a _ 04Eo(a) s
0L s+o; (s+o0;)(s+03) s+o; (s+0y)(s+03) 035(s + 03)
_0B0@)  _hopa f(s)e~(+o3a
035(s + ;)
M;(0,s) =f(s) =0
Therefore,
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s+o;3 (03—0)\s+0;, s+o03 s+ o3

0,4Ey(a) _63a( 1 1 >e_as 04E (a)( 1 )e_as

(03—02) S+02_S+03 0307 S S+02
+m%@gﬂw@_ 1),M
030, S S+ (o))
So,
Mo(a,t) = L' {Mj(a, )}
= Mo(a)e—cgt ( Oy 0( ))( —oat _ e—o3t) _ Mo(a)e—c3aua(t)e—g3(t_a)
03
04Eo( ) . 0,Eq(a)
L T () e~ 02(t—a) _ p—o3(t—a)) _ 2277, ®(1 — e~ 02(t—a)
(03 —03) ¢ ( ) 030, ( )
o,.Eq(a
+ L()e—“saua ®)(1 - e702(t-9)3.11.24
030,
Also, consider equation (3.11.6) in the form:
al, 0dl,
a‘l‘ at +0'5[0 = 0'6E0(a t)
That is,
al, dl, oot
a2 T 50 T o5k = 06Eo(2)e ™2t (1 — u, (V) 2.11.23
Applying the Laplace transform to all terms in (2.11.23), we have
dIS(a’s)+(+ Mi(a,s) = 1(a) + E()( ! e ) 2.11.24
da 571 05)%01a,8) = Lola) T GeBola s+o, s(s+o0y) o

Solving equation (3.11.26), we obtained
a
I;(a,s) = e~(s+os) f e(s+05)x (IO (a) + 04Ey(a) (

0

- o : 1 05)X G6E0(a) Oog5X - (o)
=g Gt S)afo ((Io(a) + 06E((a) (s T GZ))e(S+ ) —me 5% | dx + f(s)e~(+os)

—XS

_ d f —(s+osg)a
s+o, s(s+ 02))> x+f(s)e

1 o6E(a)
= I E 1 — e—(s¥o5)a) _ 6o —as _ ,—(s+o5)a f —(s+05)a
s+05(0(a)+06 0(@ (S+0'2>>( ¢ ) oss(s+02)( € )+ (s)e
That is,
I (a,s) = Ip(a) osEo(a) _ (@) o—(sHos)a _ osEo(a) o—(s+os)a _ ogEo(a)
s+os (s+o0y)(s+05) s+o; (s+03)(s+o03) oss(s + 03)
_06E0@)  _(hopa f(s)e~G+os)a
oss(s + 0,)
I500,s) = f(s) =0
Therefore,

Ih(a ogEq(a 1 1 e ™
lj(a,) = 22 4 6“)( - )~ lo@e s ()
s+o; (05—0y,)\s+0, s+o0; s + o5
ogEp(a) - ( 11 )e“” 3 oEp(a) (1 1 )e“”
(05—02) s+o0, s+og 050, \s s+o0,
O YL B s

0507 s s+o,

So,
IO (a, t) = L;I{Ia (a' S)}

oe¢Ep(a
— Io(a)e—cst + ( Og 0( ))( —o2t _ e—O‘st) _ Io(a)e—csaua(t)e—gs(t_a)
03
_ me—csaua(t)(e—oz(t—a) — emos-0) _ L‘J(a) Ua ()(1 — e2¢-0)
(05 —03)
ogEq(a
+ &()e—csaua ®)(1 - e02(t=9)3.11.27
0507
Also, consider equation (2.11.7) in the form:
dH, 0H,
Fa +— ot + o,Hy = q(@)]; + z(a)M, 2.11.25

Applying the Laplace transform to all terms in (2.11.25), we have
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dHg(a, s)
————+ (s + 0,)Hj(a,s)
da
=Hy(a)
4 ) Io(a) 06Eo(a) < 1 _ 1 ) — lo(a) e—(s+o5)a
05—02) s+0; s+o0s/ s+os
_ GﬁEO(a) < 1 _ 1 )e—(s+0'5)a — G6E0(a) (} ju— 1 )e_as
(05 —02) \s+0, s+o0s 0502 NS S+0;
+ 0—6]5:0(3) <1 _ 1 >e—(s+05)a]
0507 S s + (0]
L Mo(a) 04Eo(a) ( 11 ) _ M@ sranra
03—02) s+o, s+o;3 s+ 03
B 0'4E0(a) < 1 _ 1 >e—(s+o3)a _ 04Eo(a) <1 — ! )e_as
(03 —03)\s+0, s+o; 0302 S S+0;
L 5Eo(@) <} 1 )e—(s+03)a] 2.11.26
030, \S s+o0,

Solving equation (2.11.26), we obtained

a
Ha(a' S) - e—(s+c7)af e(s+c7)x [Ho(a)
0

+q(a ) 10(3) o6Eo(a) ( 1 _ 1 )_ ly(@) o~ (s+o5)x
(05—02) s+o0, s+o0s5/ s+os
GGEO(a) ( 11 )e—(5+65)x 3 oEp(a) (1 1 )e_sx

B (0'5 - 02) S+ oy S + o5 050, s s+o,
+ GéEO (a) (1 _ 1 ) e_(s+05)x]
050, \s s+o0y
My (a 04Eq(a 1 1 Mg (a
+2(a) ol )+ +Eo(a) < _ )_ ol )e_(s+°3)x
s+o;3 (03—03)\s+0; s+o03/ s+o;
3 04Eq(a) ( 1 3 1 )e—(s+o3)x_04’E0(a) <1_ 1 )e_sx
(03 —03)\s+0, s+o0; 030, \s s+o0,

dx + f(s)e=(to7)a

N 04E¢(a) (1 _ 1 ) e—(s+03)x]
S

0309 s+ o,

Ho(a) —(s+o7)a q@ly(a) _ _(stopa
Hy(as) = +07( —e )-l_(s+05)(s+cs7)(1 e )
q(a)ogEq(a) 1 1 —(s+07)a
(05 — 03) ((s+02)(s+07)_(s+05)(s+07)> (1—e )
_ q@I,(@) —(s+05)a _ ,—(s+o7)a
VAR (e o
_9q@)ogkg(a ( )( —sa _ g=(s+o7a)
0,0507 s s+o,
q@osE(@ (1 1 (st+og)a _ o—(sta)a z(a)M(a) __—(s+o7)a
e aalsTrre) ¢ L e )
z(a)osEp(a _ — p—(sto7)a
"o —on (GFonGTe  GFoGTey) L™
Z(a)MO(a) (e—(s+63)a _ e—(s+67)a)
(o0; —03)(s+ 03)
_ 7Z(a)?(’54EO (3)3 ( 1 _ 1 > (e—(s+(s3)a _ e—(S+G7)a)
(C(77)— %3)((%3 I 02) f +0; s+o03
2(a)04bola —sa —(s+07)a
* 00307 (g_s+62>(e —e ))
z(a)o,Eq(a) (1 3 1

0,03(0; — 03) s s+ 0,

) (e—(s+63)a _ e—(s+cr7)a) + f(s)e—(s+c7)a

H;(0,s) = f(s) =0
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* — HO(a e~073 p—as q(a)IO(a) 1 1 —c7a ,—as
HO(a'S)_s+07(1_ )+ 07—05 ((s+05)_(s+07)>(1_e e
q(a)ogEq(a)

( 1 B 1 )_ 1 ( 1 B 1 )](1
(o5 —032) (07—02) (s+0;) (s+o07) (07 —0os)\(s+o5) (s+o7)

— e 7073, —as) _ q(a)IO(a) (e—osa _ e—c7a)e—as
(07 — 05)(s + 03)
_ q(a)agEq(a) (e-050 — e—m)( 11 )e—as
(o5 — 0;)(07 — 05) (s+o0;) (s+o0s)

q(a)GGEO (a) —o7a 1 1 —as
a 0,0507 (1_e )(§_5+0'2>e
(a)U6EO(a) _653 —o7a 1_ 1 —as
0205(07 5)( —¢ )<S S+02>e
z(a)M,(a) 1 1
+ ( -
(0;—03) \s+03 s+o,
2(2)04Eo (2) () - (- ]a
(03 —03) o7 —0)\(s+o0;) (s+o07)) (07—03)\(s+o03) (s+07)
Z(a)MO(a) (e—aga _ e—o7a)e—as
(07 —03)(s + 03)
_ Z(a)G4EO(a) (6_633 _ 6_673) ( 1 _ 1 )e—as
(((77)— %3)((33 —03) . . s+o0; s+o03
Z(a)ogbp(a —o7ay [Z _ —as
a 0,0307 (1-e )<s s+02>e
+ Z(a)G4EO(a) ( —03a __ 6—673) (1 — 1 )e—as

0'20'3(07 —0'3) S Ss+oy

) (1—e7972 ¢73)

_ —U7a —as)_

So,
Ho(a,t) = L7 {H(a, )}
= H, (a)(e—c7t — e 973y, (t)e—c7(t—a)) n M(e—cst

— e 07t _ p—073y, (t)(e—cs(t—a) _ e—oﬂt—a)))
07 — Os ¢

q(a)oﬁEO(a) —0o2t _ ,—07t) _ 1 —os5t _ ,—07t
e o I i oy e
_ (: - )ua(t)(e—"z(f—a> — o7 4 (ff;)“a () (=05 — e—o7(t—a))]
- 7 95
a@l (@)
E
"~ (os q_(a;:)ﬁ(oi(a_)cg (€775 — e ™7y (1) (67270 — e 705~ )
E
E
e
n Z(E)i)l\_/IOOF:)) ( 3t _ g—o7t _ e—cr7aua(t)(e—63(t—a) _ e—c7(t—a)))
Z(a)G4E0(a) —o2t _ ,—o7ty _ 1 —o3t _ ,—o7t
(056;02) [(67 —03) (e e (07_;7;’3) (e )
N CEr )ua(t)(e_"Z(t_“) — o7t 4 5o )ua(t)(e_“3(f_“) _ e—c7(r—a))]
7 7~ 03
- Z(Sl—)h_%o(a)) (€73 — e ™7y (e ™3
E
— (0-72_(a0)-:')4(603(i)62) (e7037 — 072)y, (t)(e—cz(t—a) _ e—og(t—a))
_ z(a)o,Eq(a)

1 — e 072 (1 - —o0y(t—a)
(e T, (1~ e )

z(a)o,Eq(a)

—(6—633 _ e—67a)u (t) 1-— e_GZ(t_a) 3.11.30
0,03(07; — 03) ¢ ( )
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Also, consider equation (3.11.3) in the form:
v, Vv,
E + a_ + u(a)VO = 0150 + n(a)Hoz 11.27

Applying the Laplace transform to all the terms in (2.11.27), we have
dvy (a S)
+ (S + u(a))V0 (a,s)

@+ [0+ (30 52) (55 (3-52) )
1

b(a) —(s+0p)a
(Sﬂ(a) ‘c—0> (e )]

0@ e L d@L@ 11  renn
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B Do
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) (e=G+o)a — g=(s+o7)a) 2.11.28

Solving equation (2.11.28we obtained
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B, — n(a)z(a)Mo(a) _ n(a)ogz(a)Eg(a) _ n(a)ogz(a)Eg(a)

2L (o7-0)(@—07) " " 22 T (03-0)(07-0)m@—02) ' 23 T (03-02)(067—02)(1(a)—07)

B, = n(a)osz(a)Eg(a) — n(a)ogz(a)Eo(a) B, —_°1 ( _b(a))
24 7 (63-02)(07-03)((@)—03) ' 2%~ (03-02)(067-03)(n(@—07) ' 20 T (u(@—oo) a0

Table 2.2: Values for Variables used for the Graphical Presentation

Variables Values per year Source

S (a’ 0) 2000 Assumed
vV (a' O) 1000 Assumed
E(a, O) 1800 Assumed
M (a. 0) 900 Assumed
I (a’ 0) 600 Assumed
H (a’ O) 100 Assumed
P(a, 0) 6400 Estimated

Table 2.3: Values for Parameters used for the Graphical Presentation

Parameters Value Description Unit Source
ﬂ(a) 0.0404 Transmission rate /Day Wang et al. (2021)
b(a) 0.075 Recruitment rate for all ages /Day Assumed
a [0, 80] Age of individual at time t IYear Assumed
O{(a) 0.01 Force of mortality rate /Day Assumed
0.033 Contact ratio /Day Assumed
g(a)
¢(a) 0.85 Vaccinated rate for susceptible [Year Signorelli and Odone (2020)
individuals
0.018 Natural death rate /Year Assumed
#(a)
H(a) 0.1923 Exit rate from latent class Year Wang et al. (2021)
n(a) 0.85 Vaccinated rate for hospitalized IYear Signorelli and Odone (2020)
individuals
(a) 0.06 Hospitalized rate of /Day Wang et al. (2021)
q symptomatic individuals
z(a) 0.04 Hospitalized rate of /Day Wang et al. (2021)
asymptomatic individuals

1. RESULTS AND DISCUSSION

3.0 Analysis of Results

In this Dissertation, an epidemic model for the transmission dynamics of COVID-19 was formulated
and analyzed. The main objective of this study was to assess the impact of the vaccines and hospitalization on
the transmission dynamics of the disease. Simulations of analytical solutions of model system (2.5.1) — (2.5.8)
are carried out using a set of baseline and other assumed parameter values given in Tables 2.1 and 2.2. MAPLE
2015 version is used for the simulations. Since most of the parameter’s values were not readily available; we
used baseline data from literatures (Wang et al., 2021; Signorelli and Odone, 2020) and the unknown data were
assumed. Tables 2.1 and 2.2 show the set of parameter values which were used.
3.1 Graphical Presentation of Results and Discussion

In the presence of different parameter values, we performed numerical simulations of the system of
differential equations (2.5.1) — (2.5.8) for the susceptible individuals,asymptomatic infectious individuals,
symptomatic infectious individuals in order to study the transmissions dynamics of the disease in various
populations of these compartments, with time and age. We also performed simulations of the vaccinated
individuals to study the extends to which individuals between the age 0 to 80 accepted COVID-19 vaccines.

3.1.1 simulation graphs
Graphical representations showing the variations in human population in relation to age a and time t are
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provided in Figures 4.1 — 4.10.
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Figure 2.1: Plot of vaccinated population versus age a

Figure 2.1Here, we found that an increase in vaccination rate

¢(a) , lead tocorrespondingincrease in vaccinated

population across different age group. Figure 2.1 also indicates that up to 85% of world populace between the
age of 0 to 80 accepted vaccination campaign despite the propaganda on the COVID-19 vaccines by both some

health workers and the society.

DOI: 10.9790/0661-2006016393 www.iosrjournals.org

85 | Page



Modelling Covid-19 Transmissions and Vaccine Response In An Age-Structured Population

Hia,r)

0 20 40 60 B0 L0

I— mla) =025 — —nla) =050+ ula) = []_Hﬁl

Figure 2.2: Plot of hospitalized population versus time t
Figure 2.2 showed that there is a decrease in the hospitalized population as vaccination rate n(a) of recovered

individuals increases over time. This occurs because as hospitalized people received vaccines after treatment,
they gain immunity. Hence, reduce the population of the susceptible class
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Figure 2.3: Plot of asymptomatic infectious population versus time t

Figure 2.3 showed that there is a decrease in the asymptomatic infectious population over time as asymptomatic
hospitalized rate z(a) increases. This occurs because asymptomatic infected individuals who are detected are
hospitalized, treatedand vaccinated after recovery.
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Figure 2.4: Plot of asymptomatic infectious population versus age a and time t

Figure 2.4 showed that there is a decrease in the asymptomatic infectious class over time and across all ages as
the rate of asymptomatic hospitalized increases. This occurs because asymptomatic infected individuals who are
detected are hospitalized, treated as a result of medical attention are vaccinated and move to vaccination class,
hence increasing the vaccinated population and reducing the susceptible class which in turns lead to the
decrease in the number of individuals who become exposed to the disease. Figure 2.4 also revealed that this rate
of movement ofasymptomatic infectious individuals into the hospitalized class for treatment is not influenced
by age. This means that asymptomatic infectious individuals are detected and treated equally across all age
groups.
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Figure 2.5: Plot of symptomatic infectious population versus time t

Figure 2.5 Here, we found that there is a decrease in the symptomatic infectious population as symptomatic
hospitalized rate q(a) increases. This occurs because symptomatic infectious individuals are hospitalized,
treated as a result of medical attention are vaccinated.
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Figure 2.6: Plot of symptomatic infectious population versus age a and time t

Figure 2.6 showed that there is a decrease in the symptomatic infectious class over time and across all ages as
symptomatic hospitalized rate increases. This occurs because symptomatic individuals are hospitalized, treated,
get vaccinated and move to vaccination class. Figure 2.6 also revealed that the rate of hospitalization of
symptomatic infectious individuals has nothing to do with age of people.
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Figure 2.7: Plot of asymptomatic infectious population versus time t

Figure 2.7 showed that there is a decrease in the asymptomatic infectious class as vaccination rate ¢(a) of
susceptible individuals increases. This suggests that vaccinating more people helps reduce the number of
asymptomatic carriers.
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Figure 2.8: Plot of asymptomatic infectious population versus age a and time t

Figure 2.8 showed that over time, there is a decrease in the asymptomatic infectious population across all ages
as the vaccination rate of susceptible individuals increases. Thisoccurs as a result of decrease in the number of
both the susceptible and exposed population as vaccination rate of susceptible individuals increases.
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Figure 2.9: Plot of symptomatic infectious population versus time t
Figure 2.9 showed that there is a decrease in the symptomatic infectious class as vaccination rate ¢(a) of
susceptible individuals increases.
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Figure 2.10: Plot of symptomatic infectious population versus age a and time t

Figure 2.10 showed that there is a decrease in the symptomatic infectious population over time and
across all ages as the vaccination rate of susceptible individuals increases. This occurs as a result of decrease in
the number of both the susceptible and exposed population as vaccination rate of susceptible individuals
increases.

From figure 2.7 — 2.10, the infectious compartments decrease towards O as the vaccination rate
increases to 85%. This indicates that vaccination is effective in reducing the number of infectious classes due to
fewer people being susceptible and exposed to the disease as more get vaccinated. Furthermore, figure 2.2 -
2.10 suggest that medical interventions, such as hospitalization and vaccination, effectively reduce the number
of infectious compartments. Simulations results obtained showed that the nationwide eradication of COVID-19
can be done if at least 85% of the population is vaccinated.

5.0Conclusion

In this research work, we have formulated and analyzed an age-structured SVEMIH epidemic model
for transmission dynamics of COVID-19 incorporated Vaccinated and Hospitalized compartment. We
determined the steady states of the model and prove local stability results for the disease-free equilibrium under
certain conditions. From the model we have derived the basic reproduction number, and proved that the DFE is

locally asymptotically stable when RO <1.

we have also performed numerical simulation of the model using Laplace transform method, from
which we have shown the effect of parameters on the disease dynamics.

Numerical simulations of the model indicates that COVID-19 can be controlled in the community with
the implementation of vaccination and hospitalization of infected individuals. Our results suggest that both
vaccination and hospitalization as control strategies have greater impacts in mitigating the spread of COVID-19
disease. Furthermore, simulation result indicates that perfect vaccination and treatment does not only reduce the
peak of COVID-19 disease outbreak but also shortened the duration of the disease as shown in figure 2.2 — 2.10.

On the other hand, figure 2.2 highlights the importance of boosting immunity after treatment as its
clearly shows that increase in vaccination rate of recovered individuals leads to decrease in hospitalized
population.

From this study, we can conclude that the administration of COVID-19 vaccines, hospitalization of
infected individuals and treatment is more effectivein eradicating the COVID-19 from the population.
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