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Abstract:

This paper uses the Laplace transform and laplace decomposition method to solve fractional differential
difference equations with interval conditions. To do this, we use the Caputo fractional derivative definition. we
get laplace transform form the given fractional differential difference equation to Laplace form and taking an
inverse Laplace transform, we get the solution of the fractional-differential difference equation. For the Laplace
transform of a difference-type function. The equation becomes to a differential-difference equation if a=1. our
proved result is valid for a=1

Keywords: Differential-difference equation, caputo derivative, Laplace transform method,laplace decomposition
method.

Date of Submission: 16-01-2025 Date of Acceptance: 26-01-2025

imtroduction:

Differential-Difference Equations iz givenn in [1]

Let u, v be a funchon 15 precewize contimuous and of exponential order,
1.2 laplace tranzform emizts. Next the eguation for fractiomal differemtial-
differsnca

u () —uit—w) =

vlt) e «.i1)) of fractiomal
differential order o, m-l<osn, nelN, and difference order 1 with muhal
conditions of the form w0y =u,, k=0,1,2, ..n—1, uit) =0 fort <

0, w > Ohaz a umgue selution,

u(t) = ) Tl 2=

Flik+1)al

iy kE4djo—1

vit—n) dg+

j.i E;.._] [ —wic) - n-1 u E—1* dn
il k=0 |I.':ITII|': k=0 !
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w is any positive real pumber of frachional differential order eop-l<esn nel
and difference arder 1.
where w*{0) denots: the ardinary derivative of mteger arder k at =0 of the
function u, and «_“({t) denptes the Caputo fractional dermvative of order o is
ziven in [1]
With the mitial conditions x(t — 1) = @(t), 0 = ¢ < 1,x(0) = x; . Sugiyvama
5.[3] has iustrated the differential-difference equation
1) = flt,x(c), x(t - 10],¢ € [0, ;] and given the existence of a coptinwos:
solation 7t} valid ford = ¢ < min ct“."'-'r_.-"w, supposing that F{¢, x, ) 1s
bounded by M>0 and contmucus in the region [x — x| = K, [y —wl = K.
otherwize, the uniqueness of the solution %(t) , not enzared by the contimuation
of the fosction £ iz piven in [3]
Review of literahare:
Bazic of difference Eguation given m [4]
Bazic of laplace tran=fonm iz grven in [3]
Lmear differential difference

gu(t)

at

+eult—wl =it >w .l

pitl=a+bt0=t=w.2)
¢ = 0,4 bare real Constant

Lt wt) is a function of exponential ordar, and w is a positive constant
1.2 difference parameter is given selution is given in [§)
Non lmear differential difference Equation

au (F— Wit .
ﬁ—l.-'l:ﬂ - Wl =W

uitl —a+ M0t =w
Solution is given mf§]
Bazic of differential equation s ziven in [7,5,9]
Fouarter seriez and boundary value probleam iz given in [10]
Bazic of fractional differential eqoation and factional caloula: is given in
[10,01,12,13,14,15,156,17)
Differential-Difference Equation:

Differential-Difference Equation: differential Difference Equation confains
both the dermvatives of 2n unknown function and alzo some of itz derivatives at
arpuments that differ by a predetermmed mmmber of vahee:. The order of the
hughest derivative in a differential-difference sguation 12 itz differential arder,
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and the number of distinet arguments that appear 1 the differsntial-diffarence
equation mumus one 15 the difference order.

An ordmmary diffsrential-difference eguation of differsntial ordsr n and
difference order m 1n = most general form. F[z, w(th, ul(t —wy o ult —
Wy ' (2" (= wy D en s w0t — g e ™ (e ™ — v e

'“IIL:'[:E - W:lu.::'-l = fit)
. the constanfs W, Wy, .., Wy, are spans or refardations, and t,w; E R, 1 < i <
m.

Or thiz aquation 1= :
Tima ’;Lnu,_. (eyul?? (& —w,) = F(t)The (m+1(n+]) functions ayit) ara
defined on zome mterval [a,b] on the real t-axis,

An fractional differential-difference equatiom of differential ordsr na and
difference order m 1n 1= most general form.

F[t, wlth (e — wy b, il — Wiy L™ (e w™ (e —wy by e, u™(t—

Win Js wes 0 (), ™ (e — ), s wlT (2 — wiy)] = w(2)

Herst,w; R, 1< i< mn<a<n+ 1, the constants wy, wy, .., Wy, are

called a= span= or retardations.
Or Thiz egquation 1=

m m

D @yl = wi) = v(e)

1={ =i

where the (m + 1)(n + 1) fimctions a;;(t) are defined on some mterval
[a, blof real t-ams.

2 Mamn Eezultz
Linear fractional differential difference solution
d®uit)

dt

+eoult—w)=v(tht >w,..1)
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ult ma+bt" 0=t < w..2)
¢ ¥ 0,a,.b are real Constant

. ul(t),v(t) 15 2 funchion of exponential order, and w1z a positive constant
1.2 difference parametar.
Laplace Tranzform method

Method 1:
Multipy hoth sides by e ™%,z = 1 to and inteprate between w to .

And

wad (E) oy oaWo . L
Ill ar © dt_jn bae dr_bn[‘:-.-.- +s]

J.m a®ult) PR [dﬂulif} N El_n! [1— &)
a £

dt dt
Tad%ult - -
f E }a"“-:!'-z+cf ult —wle =t de =f v(t)e =t dt
e O w -
Applymg laplace transform to 1,
T dTult) b -
f e tdt——[1—e "] +es ""'"f wltle "' dt
0 dt £ o
= er""*""'f vit + wle "dt
i
T dTult) b -
J. g tdr+—[e " —1] + e "'""f ul(tle ' de
0 dt £ a

(=g

= a""*""'J- it + wle *de
i

d%ult)] ba .
L[ 2 ] + e = 1]+ e Llu(e)] = o L[ (e + w)]

caputo derrvatrve of fractional order o laplace transform

n—1

s L[uit)] — z g7-1 418 gy

=l
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n—1
s L[ult)] —Z g=e iy i) +?[&'“" — 1]+ e ™ Lul(t)]
k=11

=g "Llvit+w]]

e"Llu(t)] — s 'a +%[s"""" — 1] + ce ™™ L[ui(t)] = e ™ L[v(t +w)]

[z +ce ") L[ul(e)] — =" 'a +%[a""""' — 1] = e ™™ L[r(t +w]]

og — Iy b‘ﬂ' 2 — Wy

1+ NLu(t)]—sta+ [¢ ™ —1] =

z a+ g Llv(z +w]]
g £ =
-5 a bhax g Ws
()] = - -z - 1]+

5 5 & £

o8

(1+ Llv(t + w)]

W5 og =

)
o

g

a ba
Lluit)] = [;+ -

e [E-I'.l'.'.' _ 1] +

— Llv(e + w1 +
E—I'.l'ﬁ E_—i'l-'.'n' EEE—EH'I-'.T

a bo . e
L[ﬂ.;;}.]:{;—sw[5--“—1]+ — L[u[r+w}]}{{l— =

o —NWE

—_t-+ E_l}nsuT+ -}

I?ﬂ'lﬂ' =5 b-ﬂ! 'E.—I'.I'.E

gt +E.-'.'r+l+ 0 L[FE3+W}]}_

[l
Lm&ﬂ:{;
b-l:‘ g =g

T+l g

Llv(t +w)]}

-+

E:E':'H.'f a bﬂ.a_—ﬁ'l-'.'l' IJ'# 'E.—'l-l.'f
—{—— Tttt .L[m:z+w}]}+-..

@ g g g

=
o —fWE a I;'ﬂ'ﬂ' —Ws IJI# —HWsE

D o e L Wl

ult) 1s mverzel.e Laplace mverzs
Laplace mwverze of

—HWE

Llw(t + w)]

EE

Lat L=Vt + w)] = v(t)

BN

Laplace inverse L[~ :_= S

H=

= plt)

-1}t
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And usmg convoluton theorem
t

fm:u}m:r—n}dn

We have to find mverse Laplace transform of

oWy a Elllll'_"'"' b E_I

.:_1;.=1‘;'M {:— Tttt .:'L[u(t+w}]}

-1 -1

Smce the mverze Laplace transform of (—1)7" = :.r =
__gqq (E—awyRet
(—1) e fort > nw

And the mverze laplace of

a hge W brex g _ bap® N hi| g —wr =
{ {s L +::'“'"+ 5T L[I.-'I:‘l‘+1-'|-"::l:|}:|-—-|.'-l-+ ! ar! N
f‘li‘il—lu'l-':l'r_" . _
j'" gy v(t —n)dn
Therefore by convoluton theorem
Laplacs inverse of (—1)7" - :;= E - 1-.::::] + ;i + c;ﬂ Llvie + w}]}

F=11"t — nw — "=t bau®™ baiu—w)® Eip —w !
J‘E]‘E iy o+ L }'+ (m —w) ol
. (ne — 1)! o’ a! g La—1M
— pdelndelp
Therefore
ult)=a+ mz:tﬂ - M“:!wr +_i'|:|t “II_:.JIZ!-I vit —nldng+... .+

Bi—11" — nw — )t boau®™  balu —w)"® Eig —w)= !

_L (ne — 1) et T +_[, PEE TR
—nldnldip + - ..

Method 2

Multipy both sides by e ™",z = 1 to and integrate between w to 00 to obtain
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Note that [ %a-ﬂdz = ["betdt=b [f_; +4]

J‘mdﬂul:t} gstge — | F‘."u[ﬂ] +E [1— & ]
i g

dt dat
Td%ule - =
j ( }a"‘tdt+cf ult —wle " dt :f v{t)e "=t dt
W Gt w -
Applvmeg laplace transform |
TdTult) bee -
f g tdr——[1—e ") + :‘a"""’f ultle *tde
0 dt £ o
= a""*""'f vt + wie *dt
o
“dTult) bee -
f g tdr+ —[e ™ —1] + s "'""f wul(tle " dt
o dt E 0

(=g

= a""*""'f vt + wie *dt
0

d®ul(t)] ba .
L[ dr ] +—[e7" = 1]+ o L[u(D)] = e L[ (e + )]

Caputo fractional derivative Laplace transform formula

n—1
sTLu(t)] — }»y s 1yl®{0))
n—1
e LIult)] —Z A T 1 +?[&'“ — 1] + e ™ L[ult])]
k=

=g "Lri(t+w]]

o Lu(e)]— s a +%[s WE— 1]+ ee " LIuit)] = e " Lv(r +w]]

{=% + o ™) L[uit)] — 5" ta + I;:[a""’""' — 1] = e ™L[ri(t+ w]l]

Driding
S =5

NLE)] — £ 'a + —— [ — 1] =

SE‘I’]

Llvit + w)]

{1+ e =
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cg~WF a - e g W3
(1 +— ()] = —— —7 ™ — 1] + — L[vit + w]]
= = = £
a be e -5 cg s .
Lluit)] ={———z =™ — 1]+ ——L[v(c +w)]H1 +—I}
= = = =2
a ba . g W5 cg W5 olg—2ws
Llwu(t)] ={;_Sa+1[5 =1+ - Llvi(t+wl](l-— - + 2=
ol g —TWs
— 4+ E_I}H—Sna + .-}
@ b e hiz _ gre " L .
[.'.' .'."”']-'_IEr [ Fusl g+l +.1""L[FI:E+H}]+
- aceg™" cher I — (-1}" acg ™ cher
F - FT=1 __TL:+I+FL[UI:3+W}] e +-"+_.l.':.-|-J|.r [_ Fa=l _s'a.|+|+

— L[v(t + w)]e ™"
Z Lliﬂ,,_l:t} :I g ~nws
=i

The the mverse Laplace transform
We get

ult) = Z U, [t —nwlelt — nw)

=il
Where g(t — nw) 1z functon defined as

0, &= :I'1-'I.-l.'}
1.t = nw

gt —nw) = {
Hence the Exact zolution for sach mterval 1= given by
ult) = Foegtin(t —mw) Nw <t < (N+ 1)w.
4.4Laplace decomposition method:
ad®uie)
dt
ult)=a+bt"0<t < w..l2)

+eoult—wli=v(tht > w,..1)

¢ F 0,a,b are real Conztant
u(t) 15 a grven function of Exponential order and w1z a posihive Constant and

called differance parameter.
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Multipy both sides by e ™%,z = 1 to and integrate betwreen w to o to obtain

Note that [ %a"“dr = [ be~tdt = b[- +-]

TdTu(e) o [dTw()] B
J;. dr :dF_L[ dt ]+3[1 =

Td%ult -
f l: }a"‘t-:!'.z+cf ult —wle =t dt :f v(t)e ~=tdt
at w

e

[r o

W

Applyme laplace transform and changing varnable t-w to € we get,

dTu(t) ba -
f g dt——[1—e ™)+ e "'""f ultle " dt
0 dt £ o

[=p]

= a""*""'f it + wle dt
0

=]

dTult) bo
f g tdt+—[e ™ — 1]+ oo "'""f ultle *dt
1 £ 0

dt

[=p]

= a""*""'f it + wle dt
0

Tn [e ™™ — 1]+ e ™ Llult)] = e ™ L[w{t +w)]

d®ult)] b
.!.[ = ]+

Caputo fractionzal denvative Laplace transform formula

n—1

sTL[u(t)] — Z sa-k=1 (K g)]
fr=1l

n—1

e Lult)] —Z A TR (1] +?[&'“ — 1] + ce ™ L[ult]]
k=0

=g "Lr(t+w]]

e"Lu(t)] — s 'a +%[s"""' — 1]+ ce ™ L[u(t)] = e ™ L[v(t +w)]

o ] 1 1 ]
Lluit)] — =z ta + [e7™ —1] + S—Ece'“".!.[z:[t:l] = S—Ea""”"L[::{t + wl]

E.-E|'+l

Llu(t)] =" 'a—

e d 1 1
[¢ 7™ — 1] — —ece ™ Lult)] + S—Ea'“""f.[::{t + w)]

EE+] 5=

MNowr
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Lu(t) = Er=oe """L{ua(t)}....(1)

Mow the mam theme of laplace decomposition 1s to set teration as follows

Tiieo s ™ Lug(£)} = 5o — = o7 — 1] — < e " L[ug(£)] -

=0 TRmz e Ly ()} + e LI (e + w)](2)
Forn=0,12,..
Equate the coefficient of ¢ 7™ on both sides

a bao
'I'-"EH'IIET}]' = ; + E-'ﬂ""l-

bo 1 1
Liu, ()} = — et —F-:'L[tr,:.[r}] +E—a.{.[a=-[z + wl)

1 ey |
L6} = = e D L{un-1()}n 2 2

Bv applving mverza laplace tranzform to equation (1)
We get

u(t) = Z U, (t —nw et — nw)

1=l
Where gt — nw) 1z unit stap function

i, & <l :I'1-'I.-l.'}
1.t = nw

gt —nw) = {
Hence the Exact solution for each mterval 1= given by
ult) = Fo=ntin(t—nw) Nw <t < (N+ 1w
Ap]:-li-:aﬁ-:-nE:l

Lapace transform method

Example 2.1:
aTult)
dt
uit)=1 ,0<t<w..2)
Multipy both sides by &%, 2 == 1 to and mtegrate betwreen w to 00 to obtain

—ult—wi=1t>w,..1)
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TaTuit - =
f l: }a_—.ﬁtdz _ E—w.'.'f 'IZrI:I::IE'_"'-t di = E—w.ﬁf g5t de
0 dt 0 0
T dTult - g
f l: }E""'tdt—f ultle =t dt =
I dt I

aTult) s B g
L[] e e = £

caputo fractional derrvative laplace transform
n—1
sTL[u(t)] — Z s7-k-1 4,18 10y
=1l
Smee uit)=1

g -5

sPLuit)] — s — e ™ L[u(t)] =

£
=W

(=% — e ™" )L[u(t)] — %! = z

=¥ — S
£

g 'F
Lt — =7t = —5
5 E

(1-

E_'H.'i 1 a_'l'l-'i
(1 -— }L[uu:c}] =—+ o

1 —WE -ws, —1
L] = [+ =71 (1 - —)

L — g~ WS gTiws 3w g ~AWS
Llu(e)] = I:;+ SE'I-I:I {1+ o + i + e Tt I

+ ...

E—I'.l'.ﬁ d,—'rl-'i B_-JH‘E a,—.zw.'.' E—R'rl-'.'.' g —3dWE B_—ﬂl'.l'.ﬁ

1
Llu(z}] :; + LT +] + L+l + e+l + SZat] + g+l + =T - T

=W
g

+ + -

EIEE

—TRWE

1
(] =-+2)

n=1

Apphrmg the mverse Laplace Transform

- =Wz
ult) = L7° [E] + 2Lt Z z
z S:l1-'.'r+l.

n=1
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[r o

[t — nw )T
u(th)=1+2 Z—E[r— nw)
Tl
n=1

Whrera

i, t < nw

et —nw) = {l,z = ﬂu'}

Is the Exact Solution

L=t uz note that
ult)=1,0<t<w
ult) =14+ 2(t —w)i% w <t < 2w

(£ — 2w)""
uit) = 1+2[r—w}‘"+T y2W ST = 3w
!
P 1. ST .
uwit) =1+ 2(t—w)® + 't_lj:” + 't_*;:” 3w < < Aw
-1 _
m |:I:—|::I‘1-—1::|'I-'I-":||H 1l
z:[t}:1+2[r—w}"+z Do AN — 1w < £ < Nw
— i(n Ja!
-1
N (&= (aw))™
ult) =14+ 2(t —w)* + — ANw=r= N+ 1w
=2 I:H'I-"}l
and
uT(t) =00 <t < w
u?(t) = 2a, Wt 2w
alt — 2w )~
u®(t) = 2a t——— 2w =t £ 3w
'#I

wT(r) = 2a + @4_ Aw < £ < dw.

2{n—1a(t—in—1jwjim- e
() = T AU ey — L < £ < Nw

in—1Jax!

I~II

it — Hw.}m—ljn'

u®(t) = 2a + z Dt Nt (N+ 1w
e in Jax!
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We modify the mterval to get contmuty at t=w for u®(¢).

The Example 15 becomeasz
a%ult)
dt
ult)=1+2t"0<t < w

—ult—wi=Lt>w,.l

mtegrate batween w and oo and multiply by 87,2 = 1
The Caputo fractional derrvative's Laplace transform 1s

n—1

sL[u(t)] — Z IO

=il
“dTulr) s i . Y g s
f E—.'.'I:dt+_[E-I.I'H_ 1]_E-|.'|-.'.'f {rlir}d'_"‘t —
o dt 5 0 g
a®ul(t)] 2a . g "
L o +?[-E'_'” — 1] —1le ™ L[ult)] =
EH I B_—H-'.'n'
sTLu(t)] — s '+ —[e ™™ — 1] — 1la ™ L[u(t)] =
s
2# I E_—H-'.'n'
(2% — g ™ )Lu(t)] — s+ —[e ™ —-1] =
£
g — s Zﬂ. B_'l'l-'.'n'
(11— - JL[eeie) —E'L+SEH [¢ ™ —1] = i
a_—i'l-'.'n' EEB — s 2# g — s
_ — 1 _
(1 P }'['[Hl:t}] == gt + I:E""TH':I + g+l
a—'l'l-'.'n' 1 ERE—H'H 2':: 'E.—'l-l.'i
(1 T }L["Et}] = gt + L::r-l-l] + STt
1 Trg W 3y g s g WS -1
L] = =~ + o]+ (1= )
1 Zﬂ.a-'ﬂ-‘.’n’ E:I -H'-""""'- 'E.-I'.rﬁ E-EI'I-'.T E-st
L[ul:t}]:{;_ gt +|:E|:1-]:|+S|:r+l}{l+ e + g +ot R
+ -}
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s (LR WeE

1 Zge™ ™ e g g Ws DgpTiws 2oe”
L[u(r)] = {; - =T + L"“] + Em—]} + LT+l - e+l +[ g+l ]
E—E'.-I-'.'.' 2 — s ZG‘E—EWT :ﬂ-ﬂ' —ZFprs g -
+ gla+l + o+l - g+l + ! + gIa+l + -
a—'l-l.'i Zﬂ. E_W‘ E_W‘ g — s E—EI'I-'.T E—R'ﬂ-‘.
Llu(e)] = {;_ LT+l + [Sm-l] + E..:r+L}+ L+l + e+l + Zat] + EET
ot
1 2'5‘3 —HE Zﬂ. E_W‘ E_W‘ g — s E—EI'I-'.T E—R'ﬂ-‘.
Llu(e)] = {;_ LTl + [Sm-l] + E..:r+L}+ Latl + e+l + S2a+] + EET
ot
]. Zﬂ'ﬂ‘ —L¥5 Eﬂ' g — TS5
L[u(tl] =L T gatt + [E.:H] + Zz e
n=1]
Taking 1mverze laplace transform
t® 2al(t—w)" - [t — nw)?e
u(t) =1+ 2a - +Ez—a{z—nw:l
()l ) Croce )]
n=1
Ult)=
e 2t —w)® (t—w)" (t—wl® Z2alt— 2w)*"
:{1+24:: - + }+ ~
(e)l al al ol 2al
2ot —w)*® (t— 2w)=
—~ L[+ —t
2! 2ot
T 2ot —w)®  (t—w)® (t—w)® (t—2w)*"
=1+2a—- - + +
(]! ol ! al 2al
(r— 2w)*"
2al
Example 2.2
a%ult)

—ulit—wil=1lt>=w,..1
o= [ )

ult) =14+t 0<t<sw
n—1

sTL[u(E)] — Z sT-k-1 4,18 1g)]

fr=il

DOI: 10.9790/0661-2101010429 www.iosrjournals.org 17 | Page



Laplace Transform And Laplace Decomposition Method For Of Order (4,1)... ....

& gl AT

“dTult) — E —wrE o —WE st 8
J;u dr tdt+s[ﬁl H-e J; ule = =

d®ult)] = _ g
L [ ] +—[e™™ —1] — 1le ™ Lult)] =
dt s 5

=¥y

sTL[ult)] — s + % [e ™™ —1]— 1a ™ L[ult)] =

g =Wy

(2™ — e " )L[ul(t)] — 27! +E[E'“" —1] =
E z

g —WE P E_-H-'.'.'

—IL[u(t)] — s+ —=[e" - 1] =
5 £ £

—W'E o — s x

(1 - :_5 }L[I“:t}'] =g ' - ST + Laﬂ l] T

a
(-
— WS —wrg. —1

1= 6 = S + [ 1]+ S (1- )

(1-

E+l

L

1 @e™ ™ o4 g "
}L[“EE}]z__ P [Em-l 1]+ STt
— ¥y

—HW3E
EE

g

£
1 xS — s o E_'H-'.'l' 'E._'H.'s E_ll'.rﬁ g —TRWF
@l = -+ [t SRl
—
1 xS =5 o E__H-'.'l' 'E._l'.rﬁ g —Zws o — W E_ll'.rﬁ
L[u[t}]:;— e +[3.:+1 1]+S.:-r| +3.:+1_ Al + SZat] +£.z.:1-1
+ ot
1 E.E__H-.'l' o 'E._".l'.r.'l'
L[::[t}]:;— ey +[E.-'.'r+l]+1 T

Takmg the mverza Laplace transform

uity =1 +4:::: - s ;:W}ae[r— w) + 2;%3[1‘ — W)

Example 2.3:
ult)—ult—w)i=1t>w

With rutial mterval condition
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ult) =1+ 2¢
Heree=1,a=1b=2,c=1k=0

The solation 12

j ul }a'"dz—f u{z—w}a"“!drzf g dt
dt Kr W

W

T duit) 2 . Y g W=
f g tde ——[1 —a'“’]+a""’"’f ult)e ™ der =
- 1 g o E

Applymg laplace transform |

du(t) 2 | g v
o[ 1]+ e Lu(e)] =

at 5
2 a—'l'l-'i
sLiuit)—1+—-[e™ — 1]+ e ™ L[ult)] =
5
2 'E.—I'.r.ﬁ
(zg—e ™™ )L{u(t)—1+ E[&""’""' —-1] = .
a—'l'l-'i 1 2 E-E'_II'“ 'E.—'I-l.'i
(1——)L(u(t) =~ =+ —— = —
E g =° s s
{1 a—ws}Ll: - 1+ 2 EE-W.'.'-I-E—H'::
- vl =—7——
= g g° g? st
1 a 3 g ~Ws g —Ws —Wrs
L) =+ ———+ -/
1 a —rs g=Ws  g—iws g TS
L{{”:I}:'[;+S_]_ i H1+ = + i +ot gh

1 E - 'E.—ll.l'.rﬁ
L) = -+ 5+ 2 Z =

=1

Takmg irversze laplace transform

|£-IEI|'|-':|'-|+"

—_ i

elt—nw), Nw<t<(N+1LwN=

1,23
Laplace Decomposithon MMethod:

Example

a%u [ V=1 -
——ult—w) =1, T w
at
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Laplace Transform And Laplace Decomposition Method For Of Order (4,1)... ....

ult) =14 2%, t>w

“dTulr) et 2ee - = . g ~vEs
g radr+— e —1]—e ™| ultle " =
o g g

dt 0
Zﬂ.a_—'ﬂ-‘.‘.‘ Zﬂ' , B_—'rl-'.'.'
s"LlIuI:z}:l — 1" — —— + 2" L () =
E 5
1 zaa — T Eu. ] — s a_—i'l-'.'n'
|'.'.|:E|!I:I::I:| :;_ E':”'] +E'I+] + P Ll:“"-[-.r}:l-l-s.a-rl
Z 2 'IEH-'.'-'L.EE::“ {E ::I:I'
n=0
1 Zﬂ. zaa—'l'l-'i a_'i'l-'.'n' 'E.—'I-I.'ﬁ
:;+SE+]_ g+l +SE-I'| + g “I“':":T”
= -E'_IEH:ITLI:I! B ::l
_l_z _ -1
5
r=3
D e L ()
=i
1 2a (—2a+1lle™ g™
:E+E.-:r+l+ gl + 2T L|:1.-I-||I:I:::I:|
- g " L, )
et
; 5
=2
Takmg
Liu(t)) = Z e TELLy (£)]
n=a
=4
l 2
g gtk
=]
(—2a+1] 1 .1 2
i +'.'={s+.'."”'}
—2a+ 1) 1 2o
g+ ga+1 +E.E|:r-|-l
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Ingeneral forn = 2

(—2x+1) 1 1'2“: 2a

Latl g+l +S_|:r g2
n=2
Therefore
letrﬂ[t}jl =
1 2@ (—2a+1] 1 o EETTVNE
:+.'."H'I + -l +_.|.:+I + :Eﬂ=] g T+
Therefore
2at®  (—2a+ 1)e®  tT — (& — nu )t
ult)=1+ + +—+ 2a
ol ()t ol — (een+ 1)1
Puta =1
N St 1 .
ult) = 1+2T+EEEL=LW-NW£ = (N + 13t
Non linear Fractional differential difference Equation
adTu u( >
=viult—wlt>w
dt

wth=a+bt*0<t<w

Multiply by & ° and integrate betwaan w to oo

“dTu -
sz‘ vlult —w))
W I
Changmg the vanable
“d%  ball —e™™) s -
Fra . = j v[:e[t}}l
o o
“d®uw  bae™ Do _mj‘“" ()
—— =g ™ rlult
g gt s 5 0

n—1

£TL[u(e)] — Z g1 08 ]

=l
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s Llu(t)] — s ‘a + bore ™" _ ba E'_"I'ﬁL[LJl:trI:r}]]

Satl atl e
~ boe ™™ b e "™ L[wlul(t)]]
Luit) = s 'a— ez +3"”+ SEE :I

The laplace decomposition for LI::eI:t}:I = Yp=n® " LIu,(t)}
The decompo=ition of L[w{u(t))] 12 grven by L[z:liu[t}:l] = L{r;lzz:.;.[r}:l +

E—u-.:L{Il[_DI:”&}:I'” = uy| o+ _JII”L{I:[:TE-’{HET}”H = uy|

- m ta )+

iy EE } +

(Eeirperee) ., f(Greoh=s)
a =

Z! 1!

+.

2! 3!

[[ﬁ u[u(t}:l|u = Hn:lll-hln'-':ll-i:”-':l} . [[%:. FEH':T}']'|H = ﬂu:-:hﬂ-"lﬂ

[=p]

L{u()) = ) e ™ L{d,(e))

n=0
Which 1z the Laplace decompozition
Aalt) = viuglel)

([% v[:e[t}}|u = tr,:.]'
1!

Aty ={ ()
Andn = 2,4,0t)
Ay lt)
a
~ {[H 1:-[::[1‘}}|:|e = tr"]I
B 1!

()]

([— z:{m:r}}|u = uy)

+ [Z

Mow the mamn 1dea of laplace decompozion 1= to set

LD ug @ ) e, (0]
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[ 1

L(u(®)= ) e ™ Liun (2}

=0
ber . (_ b +L[ADEE¢}])E_H.,

—_ a1
=5 ot e a+l

£ g o

l [r e
FL ) e MTLLA, (1))
P
=1

a Dba
'I'-"Eu'lll:t}} = ; + E'{r+|'

b L[A
Liu (61} = _E.;fl N [ :Iiz}]

L (e} = 2t

Therefore

u(t) = Z U, [t —nwle(t — nw)
=il
Where ¢t — nw ) 1z umt step funcheon

L m-l.'}

et —nw) = {1, t = nw

Hence the Exact solution for sach mterval 12 given by

ult) = Zuu[t — W), Nw<t<(N+ 1w

=i
N=01.2,..
Applications
Example 1
a®u
dt
With mitial condition

=ult—will—ult—w) . t>=w

1
uwt)=—, O0=t<w
10

Ans
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Taking the laplace tranzform

The given Equation 1=

aTu
?zu[t—w}—tr‘?[r—w:l =W
L Iid::::} =g "L |:u I:E}:I — e " L{u*(e))

s“L(u[t}] —g*! i

5= & Llule)) — e LA (e))

1 1 1
LI:uI:E}:I -zt o = S—aa""'""'.'.'.[::[r}:l — S—Es WL ()

1 a"‘"".!.liz:[t}zl g " Lu(t))
10 - g B s

1
L{w(t) = N

The laplace decompozihon

L(ufe)) = ) & L{ug ()

=l

Therefore

u(t) = Z Uyt —nwle(t — nw)

=l

.
ult) = z unlt—nw), Nw<t<(N+1w, N=0,12

=0
Mow Laplace decompozsition of
L[u®(t)] = L[uy®] + e *L[2uguy ]+e " * L[2upus + u,%]
+ & ¥ L[2uqty + 2uua] + -
+ &8 ML [uguy, + iy + - F gy ] + -

= i g ™ L{AL ()]}

n=dl

A; " 15 Adomian polynomaal

Ag(t) = up*(t)
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Laplace Transform And Laplace Decomposition Method For Of Order (4,1)... ....

An(t) = uy* (1)

D e L (1))
r=0
S DY e @) ) e LA ()
g10 g° — SEF,
Fom=0.12
n={
11 1
L{uo(t)} = — = = walt) =
n=1

1 1
Ly (90} = — L{a(£)} — — L{Au(e)}

111 1 .
LE“l':*}]=S_.=;E_E_.=L{“" )
111 1 11
M0} = 20T " = 1o0s
g =
L{HLEE}]=W='HLE¢}=EE

=

1 1
Ll (£} = — L (9} — S LA (2))

1 g 1 1 9 t©
Lt} = o o ~ =2 o0 o
1@ 11 1 9
LE“:UH-FW_E_EEEH{EEIBU}
1 72 72 ¢
Lo (81} = o Topg! = 2 = Tooo za,

Therefore for 2w < ¢ < 3w
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Laplace Transform And Laplace Decomposition Method For Of Order (A,1)

z
ult) = Ztrn{t — nw)
=0
1 9 (t—wl® T2 (t—2w)*"
ult) =— + +
10 100 @l 1000 (2a)!
Fora =1
1 9 (t—w 72 (t—2w)®
ooty 2w 72 @-2w)
10 100 11 1000 (2}

So our proved Resultz 1z alsovahd fore = 1

Letting w — 0
1 a it 72 ()?
wu (L) :—+—I: :I+—l[:I
10 100 13 1000 {28
Example 2)
au -
o =sin{u(t—w) ,t>w
With mutial condition
7
:I!I:[‘-::I::r Dt w
Ans
Takmng the laplace tranzform
The ziven Equation 1=
a%u _ -
dt-;m[u(t Wil Lt w
; d"u} —
(dr =g |:E'.1‘1HI:I:::I:|

s"LI{tr[E}:I — a‘"'lg = E"""L[siazuﬂz}:l

L(T”:I}j_ g

LCu(t) = %g N er""*""LII.ﬂ'm:[r}:I

1
= s_"E : Llismtr[r}zl

3| H

E,-EI'

The laplace decomposition
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Lufe)) = D e Liun())

=il

And L[sinu(t)] at & = uy 15 as follows
.L[Ein |:u [z}:l]
= L[slulz:u"[t} :I] + 8 "L [trl[t} :u:rsli::.;. () :I]

+ E-:HI’L{HEETI}WEEHDI:E}:I —éifl'zl:r::l Einlztr.:.lit}']}

=

+ s'H“".!.{u_;[t}mslztr,:.[z}:l - z:l[z}:ez[t}sln[u"[t}]

~ u)cosug(0)] + b= ;s-ﬂw'-vzgsn{z}}

Where Adomian polynomial B, £ given below
Byt = sluI:u"I:t}:l
By (t) = uy (£} {'E'El:“lll:t}:l

B.(t) = {HEI:T::I-E{IEEHE.I:E}] —éz:ﬁ[r} 5inlztr,:.|:z}:|}

1
Bz(t) = {uy(t) EEIEEH."I:T }:I — uq (£ (t) 5i]‘.|.|z1:r|:. [z}:l ~z wy * (theosug (e}

And

(=] (=]
—HW3E

1
Z e L ()} = ;g + :E Z e TELIR ()]

=il =il

Comparmeg the cosfficient on both sides

n=) Liuo (£} = -5 = wolt) =

n=-1 L{u, (£)} = = L{Ba(£)} = = L[sin(ug(£))] = = L [sin [E}] = <L[1] =

L3

L [-.-"%] = “L[:E::I _——

!
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1 1
n=2L{u:(t)} = FL{EIET}} =z [trl[t}cnslzzt.;.[r} = —L [r EEIE,FJ
= Ei_u.[.[ﬂl] =L[0] = uzit) =10

1
n=3,Lus(t)} = Z L{Ba(t}}

1 I,
=—L [tr; (£) cos(ug(t)) — Eurl:t}?lﬂ(“u':t}]]

1 [u 1 2 }] 1 . 1 g 1 L 1 e
=— —=—utit)| =—L|—= =—L|—
g9 2! i 2 (@} =% |al2al

[i - ! ]::I uz(th = —i o

ol g® gial el (3!

i

=

=

1
n =4, L{uy(t)} = S—ELEE.aET}}
1
= S_EL [uH[t} EﬂElIEt.:.I::‘-'}:I — 2y (EJualt) 51n[u,,[t}]

1 1
— —uy H{t)cosuy [t}] = — L[] = uyit) =0
& £

Therefore

ult) = Z U, ([t —nwis(t — nw)

1=l
Henca
(e —w)%elt —w } 1 (t—3w)* et —3w)
:e[t}_—
! al (3ol
Fora=1
{z —wlelt — '.-m]l 1(t— 3w et —3w)
ulit}— 1t 1 (3

S0 our proved Fesultz 1z also vahd fore = 1
Lettimg w — 0

DOI: 10.9790/0661-2101010429 www.iosrjournals.org 28 | Page



Laplace Transform And Laplace Decomposition Method For Of Order (4,1)... ....

3 Conclusions : so our proved method for fractional diffarentizl diffarence
equation with given condrtion holds good for ordinary differential difference
equation.
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