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Abstract:

This paper investigates sum perfect cube graphs, defined as a graph G = (V, E) with p vertices and g edges is
said to admit sum perfect cube labeling if there exists a bijection f:V(G) — {0,1,2,3, ... ,p — 1} such that for
each edge e =uv the induced map f*:E(G) » N is defined by, f*(uv)=fw)?+3fwfw)?+
3f(W)?%f(v) + f(v)3. All edge labels are distinct. The graph which attains such labeling is termed as a sum
perfect cube graph. The study focused on identifying graphs where all edges permit such labeling termed sum
perfect cube graphs. This paper explores the study of various sum perfect cube graphs.
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. Introduction
All the graphs in this paper are finite and undirected. The symbols V(G) & E(G) denotes the vertex set and
edge set of a graph G. An excellence reference on this subject is the survey by J. A. Gallian [2]. The definitions
which are useful for the present investigation are below. We refer Gross and Yellen [3], for all kinds of definitions
and notations.

Definition 1: A graph G = (V, E) with p vertices and g edges is said to admit sum perfect cube labeling if there
exists a bijection f: V(G) — {0,1,2,3, ... ,p — 1} such that for each edge e = uv the induced map f*: E(G) - N
is defined by, f*(uv) = f(u)® + 3f(W)f ()% + 3f(W)?f(v) + f(v)3. All edge labels are distinct. The graph
which attains such labeling is termed as a sum perfect cube graph. [4]

I1.  Some Existing Results
S. G. Sonchhatra, D. D. Pandya and T. M. Chhaya [4] proved that
«+Path B, is a sum perfect cube graph.
«»Star is a sum perfect cube graph.
+»+Cycle with a chord is a sum perfect cube graph.
K, ,n < 4isasum perfect cube graph.
«»Every tree is a sum perfect cube graph.
Definition 1.1: The middle graph M (G) of a graph G is the graph whose vertex set is V(G)UE (G) and in which
two vertices are adjacent if and only if either they are adjacent edges of G or one is a vertex of G and the other is
an edge incident on it.[5]
Definition 1.2: The ladder graph L,, is defined by L,, = B, X P,.[3]
Definition 1.3: The total graph T(G) of G has the vertex set V(G)UE (G) in which two vertices are adjacent
whenever they are either adjacent or incident in G. [5]
Definition 1.4: Square of a graph G is denoted by G? has the same vertex as of G and two vertices are adjacent
in G2 if they are at a distance of 1 or 2 apart in G. [3]
Definition 1.5: A triangular snake T,, is obtained from a path v, v, ..., v, by joining v; &V, t0 @ NneW
vertex u;,1 <i <n — 1. That is every edge of path is replaced by a triangle.[8]
Definition 1.6: A quadrilateral snake Q,, is obtained from a path u,, u,, ..., u, by joining u; and u;,, to a new
vertex v; and w; respectively and then joining v; and w;.That is every edge of a path is replaced by a cycle C,.[8]
Definition 1.7: Let B, be a path with consecutive vertices u,, u,, ..., u,. An irregular triangular snake graph
is obtained from the path B, and new vertices v;, v,, ..., v,,_, and edges w;v;, v;u;,,,1 < i < n — 2. Itisdenoted
as I(T,). [8]
Definition 1.8: HOK, is a graph obtained from H by attaching triangle to each vertex of the H. [5]
Definition 1.9: Let L, = P, X P, be the ladder graph with vertex set u, & v, ,k = 1,2,...,n. The alternate
triangular belt is obtained from the ladder by adding the edges u,x41Vok+2, VK =0,1,2,..,n—1and
VorUzks1, Vk = 1,2,...,n — 1.This graph is denoted by ATB (n). [6]
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Definition 1.10: A pentagonal snake graph PS,, is obtained from the path B, by replacing every edge of a path
by a cycle Cs. [3]

I11.  Main Results
Theorem 1 The middle graph of a path B, is a sum perfect cube graph.
Proof: Let G = M(PR,).
V(G) ={upvj:1<k<n,1<j<n-1}and
EG) = {(vgvps1 ): 1 <k <n—2YU{(wvp): 1 <k <n— BU{(ugs1 )i 1 <k <n—1}
So, [V(G)| = 2n— 1 & |E(G)| = 3n — 4.
Define f:V(G) — {0,1,2,3, ...,2n — 2} as follows.

flug) =2k -2 1<k<n
f) =2k—-1 1<k<n-1
We define edge function f*: E(G) — N as follows.
f*(uvy,) = (4k — 3)3 1<k <n-1
F*(Upyrvy) = (4k — 1)3 1<k<n-1
f*(Wpvrsr) = (4k)3 1<k<n-2

All edges are distinct. f* is injective function. Hence middle graph of a path P, is a sum perfect cube graph.
Ilustration: A Sum perfect cube labeling of M (P,) is shown in Figure-1.

Figure-1 M(P,)

Theorem 2 The ladder graph L,, is a sum perfect cube graph.
Proof: LetG = L,,.
V(G) = {uy, v, : 1<k <n}and
E(G) = {(upups1):1 <k <n—1JU{(vvpe): 1 <k <n—1JU{(uevy): 1 < k < n}.
So, [V(G)| = 2n & |E(G)| = 3n — 2.
Define f:V(G) - {0,1,2,3, ..., 2n — 1} as follows.

flu) =2k—-1 1<k<n
flv) =2k -2 1<k<n
We define edge function f*: E(G) — N as follows.
F*(upugsr) = (4k)3 1<k <n-1
f(u,vy) = (4k — 3)3 1<k <n
(W vgsr) = (4k — 2)3 1<k <n-1

All edges are distinct. f* is injective function. Hence Ladder graph is a sum perfect cube graph.
Ilustration: A sum perfect cube labeling of Lj is shown in Figure-2.

512 216

729
5 @———@4

Figure-2 Ly

Theorem 3 The total graph of a path B,, T (B,) is a sum perfect cube graph.
Proof: Let G = T(B,).
V(G) ={uk,vj 11<k<n-1,1 San}and
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E(G) = {(ugugsr),:1<k<n-— 2}U{(vjvj+1): 1<j<n- 1}U{(ukvj): 1<kj<n-
BU{(ugvj1): 1< k,j <n-—-1}

So, [V(G)| = 2n — 1 & |[E(G)| = 4n — 5.

Define f:V(G) — {0,1,2,3, ..., 2n — 2} as follows.

flu)=0
fv))=1
f(v) =2 .
n—
fugi) = 4k 1<k<|—
2
f(uopyq) =4k +2 1<k< 3
n—1
f(Vaper) =4k -1 1<k< >
n—2
f(Vapsr) =4k +1 1<k< >

We define edge function f*: E(G) — N as follows.
fr(uup) = 64
fruv) =1
f vesr) = @k +1)% k=12
fruwy) = (4k—2)3 k=12
f*(Ug1Upsz) = (4k + 6)3 1<k<n-3
f*(Uks1Vis2) = (4k + 3)3 1<k<n-2
f*(Uks2Vis2) = (4k + 5)3 1<k<n-3
[ (ks2Viss) = (4k + 4)3 1<k<n-3
All edges are distinct. f* is injective function. Hence total graph of a path B,, T(B,) graph is a sum perfect cube
graph.
Ilustration: A sum perfect cube labeling of T(P,) is shown in Figure-3.

1 27 2 125 3 512 5

343
1N\ Y21 729 1331

0o 64 4 1000 6
Figure-3 T(P,)

Theorem 4 The P,%graph is a sum perfect cube graph.

Proof: Let G = P,°.

V(G) ={u,:1<k<n}and

E(G) = {(upugs1):1 <k <n—1JU{(ugups2): 1 <k <n -2}
So, [V(G)| =n & |E(G)| = 2n — 3.

Define f:V(G) — {0,1,2,3, ...,n — 1} as follows.

f) =k-1 1<k<n
We define edge function f*: E(G) — N as follows.
Fr(upugs,) = 2k —1)3 1<k<n-1
-1
F(erttannn) = @ =2)° 1<ke< [P
-2
[ i) = @0F 1<k< [

All edges are distinct. f* is injective function.
Hence the graph P,? is a sum perfect cube graph.
llustration: A sum perfect cube labeling of P,? is shown in Figure-6.
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8 64

0 1 1 27 2 125 3

Figure-4 P,*

Theorem 5 The triangular snake T;, is a sum perfect cube graph.
Proof: Let G =T,
V(G) ={uk,vj 11<k<n-1,1 San}and
EG) = {(ugvps): 1 <k <n—1JU{(w v ): 1 <k <n—1JU{rwp:1<k<n-1}.
So, [V(G)| =2n—1 &|E(G)| =3n—3
Define f:V(G) — {0,1,2,3, ..., 2n — 2} as follows.

flu) =2k—-1 1<k<n-1
fv,) =2k—-2 1<k<n.
We define edge function f*: E(G) — N as follows.
(W vgsr) = (4k — 2)3 1<k <n-1
F(ugvpyr) = (dk — 1)3 1<k <n-1
f*(uvy) = (4k — 3)3 1<k <n-1

All edges are distinct. f* is injective function. Hence triangular snake T,, is a sum perfect cube graph.
Ilustration: A sum perfect cube labeling of T; is shown in Figure-7.

1 3

1 27 125 343

0 8 2 216 4
Figure-5 T;

Theorem 6 The quadrilateral snake @,, is a sum perfect cube graph.

Proof: Let G = Q,

V(G) ={u,vywj:1<k<n,1<j<n-1}and

E(G) = {(upups1): 1 <k <n—1JU{(rewy): 1 <k <n— 1JU{(wevp): 1 < k <n— DJU{ (Wi )i 1 < k
<n-1}

So, [V(G)| =3n—2 &|E(G)| = 4n — 4.

Define f:V(G) — {0,1,2,3, ..., 3n — 3} as follows.

fu) =0
n—1
fugpsr) =6k —1 1<k< lT
Fuz) = 6k — 4 1Sks[g]
fv,)=3k—-2 1<k<n-1
f(wy) =3k 1<k<n-1
We define edge function f*: E(G) — N as follows.
fruuy) =8
fruv) =1
F*(UpprUpar) = (6k +1)3 1<k <n-2
f* (Ui1Vis1) = (6k)° 1<k sn-2
f* Uk Wies1) = (6k — 1)° 1<k sn-1
f*(vewy) = (6k —2)3 1<k <n-1

All edges are distinct. f* is injective function.
Hence quadrilateral snake Q,, is a sum perfect cube graph.
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Ilustration: A sum perfect cube labeling of Q5 is shown in Figure-6.

1 64 3 41000 6
1 125 216 1331
0 8 2 343 5
Figure-6 Q3

Theorem 7 The irregular triangular snake IT,, is a sum perfect cube graph.

Proof: Let G = IT,.
V(G) ={uy,v; :1<k<n,1<j<n-2}and

E(G) = {(upups1):1 <k <n—1JU{(upv): 1 <k <n—2JU{(ugs2vr):1 <k <n-2}.

So, [V(G)| =2n—2 &|E(G)| =3n—5..
Define f:V(G) — {0,1,2,3, ..., 2n — 3} as follows.

Case 1 nis even.

f(u))=0 ,
n_
fuy) =4k —2 l1<k<—
n—2
fugrsr) =4k —1 1<k< >
f(un)=2n_3
n—2
fap-1) = 4k =3 l<k<—
n—2
f(vai) = 4k 1<k<—
Case 2 n is odd.
f(u))=0 )
fug) =4k —2 1sksn2
-1
fugpsr) =4k —1 ISksnz
-1
f(Waroy) = 4k — 3 1Sksn2
-3
f(va) = 4k 1SkSn2
We define edge function f*: E(G) — N as follows.
When n is even.
fruu,) =8
fruyr) =1

f*(unvn—z) = (4n— 7)3
[ Uppatper2) = (4k + 1)3
f*(Up_qu,) = (4n—8)3

1<k<n-3

n—2
f*(Ugps1V2k-1) = (8k — 4)° 1<k< >
n—4
*(Ugps2V2r) = (8k + 2)3 1<k< >
n—2
[ Uz var) = (8k — 2)° 1<k< >
n—4
f*Waks1Vak41) = (8k)? 1<k< >
When n is odd.
fr(uu,) =8
) =1
[ Upprtperz) = (4k + 1)° 1<k<n-2
n—1
f*(Ugps1V2k-1) = (8k — 4)° 1<k< >

DOI: 10.9790/0661-2101020109

www.iosrjournals.org

5 | Page



Sum Perfect Cube Labeling Of Various Graphs

n—3
f*(Ugks2Var) = (8k + 2)3 1<k< 5

n—3
f*(uarvar) = (8k — 2)3 1<k< >

n—3
[ (Uaks1V2i41) = (8Kk)? 1<k< >

All edges are distinct. f* is injective function.
Hence irregular triangular snake IT,, is a sum perfect cube graph.
Ilustration: A sum perfect cube labeling of IT, is shown in Figure-7.

1 4

216 64 729

0 8 2 125 3 512

w

Figure-7 IT,

Theorem 8 H (© K, graph of a path B, is a sum perfect cube graph.
Proof: Let G = H © K, graph of a path B,.
V(G) ={uk,vk,Tk,Sk,tk,Wk 01 < k Sn}

EG) ={uptpqr 1 <k <n—-1JU{nwi 1 <k <n—-1JU{urn : 1<k <n}U{uyt:l1<k<
njU{vesy 1<k <niU{vw, 1<k <niUntel <k <n}U{sw,: 1<k <
n }U{un+1vn+1:n odd} OR

2 2
EG) ={uptpyr 1<k <n—-1JU{nwpi 1 <k <n—1JU{un : 1<k <n}U{uytl<k<
njU{vesy 1<k <niU{vw, 1<k <niUntel <k <n}U{sw,: 1<k < n}U{ugva:n even}.
So, [V(G)| =6n & |E(G)] =8n—1.
Define f:V(G) — {0,1,2,3, ..., 6n — 1} as follows.
Case 1 nis even.

n
f(ugp-1) = 6k — 4 1Sk$§
n
f(ug) = 6k —2 1<k<-
n
f(Wak—1) =3n—4+ 6k 1<k<-
n
fou) =3n—-2+6k 1<k<z
f(n) =3k -3 1<k<n
n
f(tap—1) = 6k =5 1<k<s
n
fto) =6k —1 1<k<-
f(s) =3n+3k—3 1<k<n
n
fWa-1) =3n—5+6k 1<k<-
n
fwy) =3n—-1+6k 1<ks<s
Case 2 n is odd.
n+1
f(uge_1) =6k —4 1<k< 5
n—1
f(uzy) = 6k —2 1<k<—
n+1
f@War1) =3n—5+6k 1<k<——
n—1
foy)=3n—-14+6k 1<k< 5
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We define edge function f*: E(G) — N as follows.

When n is even.

When n is odd.

f(r) =3k -3 1<k<n
n+1
f(tap-1) =6k —5 1sks<—
n—1
f(ta) =6k —1 1<k<—
f(s)=3n+3k—-3 1<k<n
n+1
fWaems) =3n—4+6k 1<k<—
n—1
fWy) =3n—-2+6k 1<k< >
[ (upugs1) = (6k)3 1<k<n - 1
f*(Uak-1T2k-1) = (12k — 10)3 1<k< >
n
*(UppTzr) = (12k — 5)3 l<k<s
n
f*(rak-1tar-1) = (12k — 11)? 1<k< >
n
[ (raxtan) = (12k — 4)3 1<k< >
[ (ugty) = (6k — 3)3 1<k<n
f <u2+1vz) = (6n)°
2 2
f*(Wvisr) = (6n + 6k)° 1<k<n-1
n
f*(Vap_1Sok—1) = (bn — 10+ 12k)® 1<k < >
n
f*(WakSz2) = (6n — 5+ 12k)* 1<k< >
n
F*Wapo1Spp—q) = (6n—11+12k)® 1<k < 2
n
f*(Wapsyp) = (6n — 4 + 12k)3 1<k<s
f*(ewy) = (6n — 3 + 6k)* 1<k<n
[ (ugtt41) = (6k)3 1 <n-— %
n+
[ (Uak-1T2k-1) = (12k — 10)3 1<k< >
n—1
f*(ugrrax) = (12k — 5)3 1<k< >
n+1
f*(rogortan—1) = (12k — 11)3 1<ks—
n—1
[ (raxtar) = (12k — 4)3 1<k< >
f*(uty) = (6k — 3)3 1<k<n
f (un_HVn_H) = (6n)°
2 2
f*(Wyvgs1) = (6n + 6k)3 1<k -1
n+1
F*Wane1Sop—1) = (6n—114+12k)3 1<k < >
n—1
*(VaS2p) = (61 — 4 + 12k)3 1<ks—
n+1
f(War—1S2k-1) = (6n —10 + 12k)* 1<k < 5
f7(Warsar) = (6n — 5+ 12k)° 1<k<—0o
vewy) = (bn — 3 + <k<n
*(vewy) = (6n — 3 + 6k)3 1<k

All edges are distinct. f* is injective function. Hence H © K, graph of path B, is a sum perfect cube graph.
Ilustration: A sum perfect cube labeling of H O K, graph of path P; is shown in Figure-8.
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Figure-8 H © K, graph of a path P;

Theorem 9 An alternate triangular belt ATB (n) is a sum perfect cube graph.
Proof: Let G = ATB(n).
V(G) ={up:1 <k <n}U{yv,:1 <k <n}and

E() = (s 1 < k <= BU{Wi): 1<k < 1= BUw): 1< k < mpU{Qageov)i 1 <
k< g} u {(u2k+1172k)1 1<k< nz;z}’ n is even.

E(G) = {(uittip): 1 S k <1 — BU{0ves): 1 < k <1 — BU{ev): 1< k < U {uaievai)i 1 <
k< nT_l}U {(u2k+1172k)1 1<k< nT_l}' n is odd.

So, [V(G)| =2n & |E(G)| = 4n — 3.
Define f:V(G)UE(G) - {0,1,2,3, ..., 2n — 1} as follows.

flu,) =2k—2 1<k<n
fv)=2k—-1 1<k<n
We define edge function f*: E(G) — N as follows.
Fr(upupsr) = (4k —2)3 1<k<n-1
Fr(VeVpsr) = (4K)3 1<k<n-1
Fruvy) = (4k — 3)3 1<k<n
f* (aiervai) = Bk = 5)° 1<ks< |
n—1
F* arerrv) = (B — 1) 1sks|—

All edges are distinct. f* is injective function. Hence alternate triangular belt ATB(n) graph is a sum perfect
cube graph.
Ilustration: A sum perfect cube labeling of ATB(3) is shown in Figure-9.

o 8 2 216 4
125
1 >7 343 729
1 64 3 512 5

Figure-9 ATB(3)

Theorem 10 The Pentagonal snake PS,, graph is a sum perfect cube graph.
Proof: Let G = PS,
V(G) ={u,v;wj,x;: 1<k<n,1<j<n-1}and
EG) = {(upups1):1 <k <n—1JU{(wex): 1 <k <n— 1JU{(weve): 1 <k < n — 1JU{(ugeawi): 1 < k
<n—1U{(xew):1 <k <n-1}
So, [V(G)| =4n -3 &|E(G)| =5n—5.
Define f:V(G) - {0,1,2,3, ..., 4n — 4} as follows.
flu) =4k — 4 1<k<n
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f(v) =4k -3 1<k<n-1
Fw) = 4k — 1 1<k<n-1
flx) =4k -2 1<k<n-1
We define edge function f*: E(G) — N as follows.
f*(ugugs1) = (8k — 4)3 1<k<n-1
f*(uvy) = (8k — 7)3 1<k<n-1
f*(Ugsawy) = (8k — 1)3 1<k<n-1
f*(uex) = (8k — 5)3 1<k<n-1
f*(xpwy) = (8k — 3)3 1<k<n-1

All edges are distinct. f* is injective function. Hence pentagonal snake PS,, is a sum perfect cube graph.
Ilustration: A sum perfect cube labeling of PS5 is shown in Figure-10.

0 64 4 1728 8

Figure-10 PS;

IV.  Conclusion
We have investigated sum perfect cube labeling of Ladder graph, Total graph of a path B,, Alternate

triangular belt graph, Middle graph of a path P,, P,* graph, Triangular snake graph, Quadrilateral snake graph,
Irregular triangular snake graph, H © K, graph of a path B,, pentagonal snake graph. We can discuss more
similar results for various graphs.
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