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Abstract:

A sum divisor cordial labeling of a graph G with vertex set V(G) is a bijection f from V(G) to {1,2, 3, ..., |V(G)|} such
that an edge uv is assigned the label 0 if 2 divides f(u)+f(v) and the label 1 otherwise, if it satisfies the condition |er (0)
— e (1) | < 1 Then the graph with a sum divisor cordial labeling is called a sum divisor cordial graph. In this paper
we introduce the concept of the sum divisor cordial labeling for cycle of join zero divisor graphs.
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I. Introduction

Let G = (V (G), E(G)) be a simple, finite and undirected graph. Different types of graphs labeling techniques
have been investigated and over to 2000 papers have been published in this area. A graph labeling is an assignment
of labels traditionally represented by integers to edges or vertices or both. Beck [6] introduced Zero-divisor graph.
Then Anderson and Livingston [7] modified it. Tamizh Chelvam et al [13] proposed graph labeling related to
Zero-divisors in a commutative ring. obtained certain labeling for certain class of Zero-divisor graphs
corresponding to finite rings. Let R be a commutative ring with non-zero identity, Z(R) it’s set of all zero devisors
inRand

Z"(R) = Z(R) \ {0}. the Zero-divisor graph of R is the simple undirected graph I'(R) with vertex set Z*(R)
and two distinct vertices x and y are adjacent if x y =0. [11] S. Sajana and D. Bharathi studied the Intersection
graph of zero-divisors of a finite commutative ring. [12] D. Eswara Rao and D. Bharathi studied the Total zero
divisor graph of a commutative ring. All graphs consider in this paper are finite, simple and undirected. This
graph product was introduced by Frucht and Harary [3]. After that A. Lourdusamy [10] introduced sum divisor
cordial labeling of graphs. Here, we are interested in the sum divisor cordial (SDC) labeling for cycle of join zero
divisor graphs. Based on these concepts we give several results on SDC labeling for Zero-divisor graphs. Here
we study the cycle of join Zero-divisor graphs.

II. Preliminaries:
Definition 2.1
Let G = (V (G), E(G)) be a simple graph and f: V(G)— {1, 2, .., V(G)|}be the bijection. For each edge uv,
assign the label 0, if 2/f(u)+f(v) and the label 1 otherwise. The function f is a sum divisor cordial (SDC) labeling if it
satisfies the condition | ef (0)-er (1) | < 1. where ef(0) is the number of edges labeled with 0 and e (1) is the number of
edges labeled with 1.Then a graph which admits sum divisor cordial (SDC)labeling is called as a sum divisor cordial
(SDC) Graph.

Definition 2.2

The join of two graphs G; and G is denoted by G; +G, and whose vertex set is V (G1 +G2) = V(G1)
UV(G,) and edge set is
E (G1 +Gy) = E(G1) UE(G2) U {uv: u eV(Gy), v EV(G2)}.

Definition 2.3
A Graph G is said to be complete if every pair of its distinct vertices are adjacent.

Definition 2.4
A bipartite graph is a graph whose vertex set V (G) can be partitioned into two subsets V1 and V such
that every edge of G has one end in V1 and the other end in V.. (V1, V>) is called a bipartition of G.

Definition 2.5

A complete bipartite graph is a bipartite graph with bipartition (V1 V2) such that every vertex of Vy is
joined to all the vertices of V». It is denoted by Kmn, where [V = m and |V2|=n.
A star graph is a complete bipartite graph Ky, .
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Definition 2.6
The complement G of the graph G is the graph with vertex set V (G) and two vertices are adjacent in G
if and only if they are not adjacent in G.

Definition 2.7

For a cycle Cy, each vertex of Cy, is replaced by connected graphs Gi, G, ..., Gnand is known as cycle
of graphs. We shall denote it by C (Gy, G, ..., Gn). If we replace each vertex by a graph G, i.e. G1= G=Go- ...,
Gn, such cycle of a graph G is denoted by C (n.G).

Definition 2.8
A cycle graph is a graph that contains a single cycle, or a closed chain of vertices connected by edges.
A cycle graph with n vertices is denoted by Ci.

Definition 2.9

Let R be a finite ring. An element a= 0 € R is called a zero divisor if there exists a non-zero element b
€ R such that
a.b=0orbh.a=0.

Definition 2.10
A star graph is a Tree with a single internal node and multiple leaves.

Definition 2.11
Cordial labeling is a way to assign labels to vertices and edges using only the numbers 0 and 1. The
labels are assigned so that the number of vertices and edges labeled 0 and 1 differ by at most 1.

I11.  Main Results
In this section, we obtain cycle of join zero-devisor graphs which admits a SDC labeling.

Theorem 3.1. For any prime number p>2, cycle of join zero-devisor graphs I'(Zzp) + I'(Zs) where n>3 is a SDC
graph.

Proof: LetG= C (n. (I'(Zp) + I['(Z4)), V n>3

Let the vertex set and edge set of the graph G are

V(G)= {U1,1, U2, ...u1 p, X1, U21, U22, ..., U2, p, X2, ..., Un1, Un2, ... Up, p}, Y n>3

E(G)= {uj,iUj, p, Uj, iXj, Uj, pXj, Uz, pU2, p, U2,2U31, ..., Un,pU11:1 < 1 <p—1,1 < j <n},Vn>3

Therefore |[V(G)|= n(p+1) and
IE(G)|= n(2p-1) +n = 2np

Define f: V(G) — {1,2, 3, ..., n(p+1)}, v n>3 by
f (U, p) =1, f (U2, p) =p+2, f (U3, p) = 2p+3, ..., f (Un,p) = (N-1) p + n, ¥ n>3

f(up=i+tlfori1<i <p-1,
fuyi)=p+2+ifor1<i<p-1,

+(Un,i)=(n-l)p+n+iforls i<p-1
f(x1) =p+1, f (x2) =2p+2, ..., f(xn)= np+n.

Then the induced edge labeling is as follows f*: E(G) — {0, 1} is given by

f*(u__u_)_{OifL'L’s evenand 1 £i< p—-1,1<j<n

WAPP= ' 1ifiisoddand 1 <i < p—1,1<j < n

f*(U_X_)_{Oifiis oddand 1 <i< p—-1,1 <j<n
WY ifiisevenand 1 <1< p—1,1 < j < n
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f*(Uj, pxj) =1, f*(Uj,p Uj+1,p) =0,1 <j<n-—-1

*(Un, p Us, p) =O0.

we note that

e (0) = n(p-1) +n=np and es (1) = n(p)

then |es (0) -es (1) I< 1

Hence G is a SDC graph. o

Example 3.2:

A SDC labeling for G= C (4. (I'(Z2p) + I'(Z4)), is given in figure 1 where n=4, p=3
V(G) = {u11, U12, U3, X1, U21, Uz2, U3, X2, U3 1, U3 2, U33, X3, Usa 1, Us2, Usz}, V n>3
E(G)= {uj,iUj3, Uj ,iXj, Uj3X;, U1,3U23, UgpU33s, ..., Wapl1zl < 1 < 2,1 < j <4},
Therefore, | V(G)|=16 and | E (G) |= 24

Here ef ) =12 and ef (1) =12

Hence |er (0) - er (1) |< 1 then C (4. (T'(Z2p) + I'(Z4))), is a SDC graph.

X2

Figure 1. C (4. (I'(Zzp) + T'(Z4)))

Theorem 3.3. For any prime number p>2, cycle of join zero-devisor graphs I'(Zzp) + I'(Zs) where n>3 is a SDC
graph.

Proof: LetG = C(5. (I'(Zzp) +I'(Zs)))

Let the vertex set and edge set of the graph G are

V(G)= {u1,1, U2, ...u1, p, X1, Y1, Z1, U22, ... U2, p, X2, Y2, Z2,Un,1, Un2, ... Un, p, Xn, Yn, Zn}

and E(G)= {u;itjp, UjiXj, Uj,pXj, Uj,iYj, UjpYi, UipZi, Xi¥is YiZis Urp Uzp, UzpUzp, ..., UnpUr1;1 <1 <p—-1,1 < j <n}

Therefore |[V(G)|=n(p+3) and
|[E(G)|=n(4p+1) +n =4np+2n =2n(2p+1)

Define the vertex labeling

f:V(G) — {1, 2,3...n(p+3)} by
f(u,)=i+tlforl<i <p-1,
f(uyi) =p+d4+ifor1 < i <p-1,
f(usi)=2p+t7+ifor1<i <p-1,

f(uni)=(n-1)p+@3n-2)+ifor 1< i <p—1,
f(uyp) = 1, f (Uz,p) =p+4, T (Us,p) = 2p+7, ..., T (Un p) =(n-1) p+(3n-2),
f(x1) = p+1, f(x2) =2p+4, f(x3) = 3p+7, ..., f{(Xn)= Np+3n-2,
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f(y1) = p+3, f(y2) =2p+6, f(ys) =3p+9, ..., f(yn)= np+3n,
f(z1) = p+2, f(z2) =2p+5, f(z3) =3p+8, ..., f(zn)= np+3n-1.

Then the induced edge labeling is as follows f*: E(G) — {0, 1} is given by

(U )_{0, if iisevenand 1 <i < p—-1,1 <j<n
WP, if iisodd and 1 <1< p—1,1 <j < m
f*(u--x-)—{o' ifiisoddand 1 <i< p—-1,1<j<n
WWT, if iisevenand 1 <1< p—1,1 <j < n;
(Ui _)_{1, ifiisevenand 1 <i < p—1,1 <j<n
Y= o, ifiisoddand 1 <i < p—-1,1<j < n
f*(u--z-)—{l' ifiisevenand 1 <i< p—-1,1<j <3
WATL0, if iisoddand 1 <1< p—1,1<j <3

£ pxi) = 1, FUipys) = 1, F(Ujpz)) = 0, F(xiy5) = 0, F(yjz) = 1, (U pUjr1p) =0,1 < j < n—1

f*(Un-lY pUlv p) = 0
we observe that ef (0) =2np+n=(2p+1) n and e; (1) = n(2p+1) then |es (0) - es (1) |I< 1
Hence G is a SDC graph. ]

Example 3.4.

A SDC labeling of the C(5.'(Zs) + I'(Ze)) is given in figure 2 where n=5, p=3.

Let G=C (5. T'(Zes) + I['(Ze))

V(G) = {uy1, U1z, Us3, X1, Y1, Z1, Uz,1, U2,2, U2;3, X2, Y2, Z2, U3 1, U3 2, U33, X3, Y3, Z3, Us1, Us2, Us3, X3, Y3, Z3, Us 1, Us2, Us3,
X5, Vs, 25}, and

E(G) = {uj,iUj3, Uj, iX;, Uj.3Xj, Uji¥ij, Uj.aYi UjsZi, XiVi, YiZj, U13 U3, U23U33, ..., Uszl11:1 <1 <2,1 < j <5}
Therefore, | V (G) |[=30 and | E (G) |= 70

Here ef ) =35 and ef () =35

Hence |er (0) - e (1) [< 1 then C (5. (I'(Zs) + T (Zs)) is a SDC graph.

Figure 2. C (5. I'(Zs) + I'(Zs))

Theorem 3.5. For any prime number p>2, cycle of join zero-devisor graphs I'(Zz) + I'(Zo)
where n > 3 does not admit SDC labeling.
O
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Example 3.6:

A SDC labeling of the C (4. (I'(Ze) + I'(Zy)) is given in figure 3 where n=4, p=3.

Let G=C (4. (I'(Ze) + T'(Zy))

V(G) = {us1, U1z, U1a, X1, Y1, U2,1, U2,2, U2,3, X2, Y2, U31, U32, U3, X3, Y3, Us 1, Us2, Us3, Xa, Ya,} and
E(G) = {uj,iUj3, Uj, iX;j, Uj,3Xj, Uj,i¥j, Uj3YiXYj, Ur,3 U23, U23U33, ..., Usaln;1 < i <2,1 < j <4}
Therefore, | V (G) |=20 and | E (G) |= 40

Here e ) =16 and ef 1y =24

Hence |er (0) - e: (1) |[£ 1 then C (4. (I'(Zs) +T" (Zs)) is not a SDC graph.

Figure 3. C (4. (T(Zs) + T'(Zs))

Theorem 3.7. For any prime number p >2, cycle of I (Z,,2) does not admit the SDC labeling.
O

Example 3.8:

A SDC labeling of the C (4. T (Zs2)) is given in figure 4 where n=4, p=5.

Let G=C (4. T (Zg2)),

V(G) = {u13, U12, U3, U4, U2, U2,2, U23, U2,4, U3 1, Us2, U3, U4, Us1, Us2, Us3, Usas} and
E(G) = {uj1 Uj2, Uj1 Ujs, Uja Uj2, Uja Ujs, Uj2 Uiz, Uja Uja; 1 < j < 4}

Therefore, | V (G) |=16 and | E (G) |= 28

Here ef ) =12 and ef 1) =16

Hence |er (0) - er (1) |[&£ 1 then C (4. (I" (Zs2))) is not a SDC graph.

uss

Figure 4. C (4. (Zs2))
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Theorem 3.9. For any prime number p>2, cycle of join graph, C (3. (I'(Z,2)+ I (Z4))) is a SDC graph.
O

Theorem 3.10. For any prime number p>2, cycle of join graph, C (3. (I'(Z,2) +T (Ze)) is a SDC graph.
Proof: Let G = C (3. (I'(Zp2) +T (Zs))

Then vertex set of the graph G is

V(G)= {uy1, U2, ..., Uz, p1, X1, Y1, Z1, U2,1, Uz2, ..., U2, p1, X2, Y2, Z2, U3 1, U3, ..., U3 p1, X3, Y3, Z3}

And the edge set of the graph G is

E(G) = {uj, iXj, Yj,i¥i, Yiizi» Xi¥;, Yjzj, U11U2,1, Uz1U31, UsiU1; 1 < i< p—1land 1 <j < 3}

Therefore [v(G)|= 3p+6 and

IE(G)I=9p

Define the vertex labeling f: V(G)— {1, 2, ...3p+6}
By f (uy,i) =i for 1<i< p—-1,

f(uyi) =p+2+iforl <i < p—1,

f(us i) =2p+4+iforl <i <p-1,

f(x1) = p, f(ys) = p+2, f(z1) = p+1

f(x2) = 2p+2, f(y2) =2p+4, f(z2) =2p+3, f(x3) = 3p+4, f(y3) =3p+6, f(z3) =3p+5.
then the induced edge labeling is given by f*: E(G) — {0, 1} is given by

£ __X__{Oifiisoddandl <i<p-11<j<3
(uji J)_1ifiisevenand1 <i<p-11<j<3
(U __{Oifiisoddandl <i<p-11<j<3
(ujiyi)= lifiisevenandl < i< p—11<j < 3,
£ __Z__{l ifiisoddand1l <i< p—-1,1<j<3
Ui2)=0 if iisevenandl < i< p-1,1<j <3,

£ (xjy;)=0, f"(yjz;)=1, f'(u11u21) =1, f'(U21U31) =1, f*(Us1u11) =0.

we note that er (0) =3 (E=)+1 =Z—and e (1) =3 (Z=)+2 =2

2
Thus |er (0)-er (1) < 1
Hence G is a SDC graph. m]
Example 3.11:
A SDC labeling of the C (3. (I'(Z49) + I'(Zg))) is given in figure 5 where n=3, p=7.
Let G=C (3. (I'(Z49) +T'(Zs)))
V(G)={u11, U1z, ..., Ut 6, X1, Y1, Z1, U213, U22, ..., Uz, 6, X2, Y2, Z2, U1, Us2, ..., Uz, X3, Y3, Z3}
E(G) = {uj, X, U, iV, Uj, iZj, Xj¥j, YjZj, U1,1U2,1, U21U31, Uil 1 < i< 6and 1 <j < 3}
Therefore, | V (G) |=27 and | E (G) |= 63
Here ef ) =31 and ef ) =32
Hence |es (0)-er (1) |< 1then C (3. (I'(Z49) + I'(Ze))) is a SDC graph.

Figure 5. C (3. (I'(Z49) + I'(Zs)))

Theorem 3.12.
For any prime number p>2, cycle of join graph I'(Z,,2) + I'(Zo) is a SDC graph when n >3.
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Proof:

LetG=C(n. (I'(Zp2) + T (Zo)))

The vertex set of the graph G is

V(G)= {u11, U2, ..., U1, p1, X1, Y1,U2,1, U2, ..., U2, p-1, X2, Y2, ..., Un,1, Un2, ... Un, p-1, Xn, Yn, }
E(G)={u; X, Ujiyi, Xy, UiiUj+1i: 1 < i <p—1,1 <j <n}

Therefore [V(G)| = n(p+1) and

[E(G)| =n (2p-1) +n=2np

Define the vertex labeling.

f.V(G) — {1, 2,3, ...,n(p+1)} by
f(u,)=iforl<i<p-1,
f(uyi)=p+tl+ifor1 < i <p-—-1,
f(usi)=2p+2+ifor1<i <p-1,

i‘(un,i):(n-l)p+(n-1)+i forl<i<p-1,

f(x1) = p, f(x2) = 2p+1, f(x3) = 3p+2, ..., f(xn)= Np+(n-1),
f(y1) = p+1, f(y2) =2p+2, f(ys) =3p+3, ..., f(yn)= np+n.

Then the induced edge labeling is given by

F __X__{ 0, ifiisoddand 1 <i< p—-1,1<j<n
(ujix))= 1, if iiseven and 1 <i < p—-1,1<j < n
F ____{0, ifiisevenand 1 <i < p—1,1 <j<n
W)= 1, if i is odd and 1 < i< p-11<]<m

F(xiyi)=1, F'(ujnuje1, 1) =0, " (Untuiaz) = 0.

we observe that e (0) =n(p-1) +n=np and es (1) =np Thus |e (0) - es (1) |[< 1
Hence G is a SDC graph.

Example 3.13:

A SDC labeling of the C (4. (I'(Z,5) + I'(Zo))) is given in figure 6 where n=4, p=5.
Let G=C (4. (I'(Z,5) + T'(Zg))

V(G)= {uw1, U2, ..., U1, 4, X1, Y1, U1, U22, ..., U2, 4, X2, Y2, ... Usa 1, Usp, ..., Usa, X4, Y4, }
E(G)= {uj,ixj, Ujiyj, Xi¥j, Ujaljrag, Usalr 11 < 1 < 4,1 < j <4}

Therefore, | V (G)|=24 and | E (G) |- 40

Here ef ) =20 and ef 1) =20

Hence |er (0)-er (1) |< 1 then C (4. (I'(Z,5) + T'(Zo))) is a SDC graph.

Y34

Figure 6. C (4. (I'(Z,3) + I'(Z9)))
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Remark: In join graphs we used only paths in zero-divisor graphs, Zs, Zs, Zs.

IV.  Conclusion
The cycle of graphs are
o C(N. T(Zzp) +T'(Z4))),n =3 and p > 2 is a SDC graph.
e C(N. T'(Zzp) +T'(Ze))),n = 3 and p > 2 is a SDC graph.
o C(n. (I'(Zp) + T'(Zg))), n = 3 and p > 2 is not a SDC graph.
e C(n. I'(Z,2)),n=3andp>2isnotaSDC graph.
C(n. (I'(Zpz) +I'(Z4))),n=3and p > 2 isa SDC graph.
C(n. (I'(Zp2) +I'(Zg))),n=3and p > 2 is a SDC graph.
e C(n.(I'(Zy2) +I'(Zy))),n=3and p >2isaSDC graph.
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