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Abstract: Let G = (V, E) be a simple graph. A set S < V is a dominating set of G, if every vertex in V-S is
adjacent to atleast one vertex in S. LetCﬁ be the square of the Cycle C_ and let D(an, i) denote the family of
all dominating sets of C? with cardinality i. Letd (CZ,i) =|D(C?,i)|. In this paper, we obtain a recursive

formula ford (CZ, i) . Using this recursive formula, we construct the polynomial,

D(C?,x) = zrzmd (CZ2,i)x", which we call domination polynomial of C? and obtain some properties of
this polynomial.
Keywords: domination set, domination number, domination polynomials.

l. Introduction
Let G = (V,E) be a simple graph of order |[V| = n. For any vertex veV, the open neighbourhood of v is
the set N (v) = {ueV/uveE} and the closed neighbourhood of v is the set N[v] = N (v) U{v}. ForasetS c V,
the open neighbourhood of S is N(S) = U, s N (v) and the closed neighbourhood of S is N[S] = N(S) U S. A set
S ¢ Vs a dominating set of G, if N[S] =V, or equivalently, every vertex in V-S is adjacent to atleast one vertex
in S. The domination number of a graph G is defined as the minimum size of a dominating set of vertices in G

and it is denoted asy(G) A cycle can be defined as a closed path, and is denoted by C .

1.1. Definition

The square of a graph: The 2™ power of a graph with the same set of vertices as G and an edge
between two vertices if and only if there is a path of length atmost 2 between them.

Let an be the square of the cycle C, (2" power) with n vertices. Let D(an, i) be the family of dominating sets

of the graph C?  with cardinality i and let d(C?,i) =| D(C?,i)|. We call the polynomial

D(C?,x) = ZLMd (CZ,i)x' the domination polynomial of the graph C?.

In the next section, V\S/e construct the families of the dominating sets of the square of cycles by recursive method.
As usual we use |_XJ for the largest integer less than or equal to x and |_X—| for the smallest integer

greater than or equal to x. Also, we denote the set {1, 2... n} by [n], throughout this paper.

1. Dominating Sets Of Square Of Cycles
Let D(C?,i) be the family of dominating sets of C? with cardinality i. We investigate the
dominating sets of an . We need the following lemma to prove our main results in this section.
Lemma.2.1

1(C)= m

By Lemma2.1 and the definition of domination number, one has the following lemma:
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Lemma.2.2
D(C?,i) = @ ifandonlyifi = nori < (ﬂ

A simple path is a path in which all its internal vertices have degree two, and the end vertices have degree one.
The following lemma follows from observation.

Lemma 2.3 [2]
If a graph G contains a simple path of length 5k -1, then every dominating set of G must contain at least
k vertices of the path.

In order to find a dominating set of C2 with cardinality i, we only need to consider

D(CZ,,i-1),D(C’,,i—1),D(C?,,i-1),D(C?,,i—1)and D(C?,,i—1) .The families of these

dominating sets can be empty or otherwise. Thus, we have eight combinations, whether these five families are
empty or not. Two of these combinations are not possible (Lemma 2.5 (i), & (ii)).
Also, the combination that

D(Cn l’ 1) D(Cn 2’ 1) D(Cn 3' 1) D(Cn 4’ 1) D(Cn 5’ 1) =0

does not need to be considered because it implies that D(Pnz, i) =® (See lemma 2.5 (iii)). Thus we only need
to consider five combinations or cases. We consider those cases in theorem (2.7).

Lemma 2.4
If Y e D(CZ,,i—1), and there exists x e [n] such that Y U {x} € D(C’,i) ,
then Y e D(CZ,,i-1).
Proof:
Suppose that Y ¢ D(Cn 5 1=1) .

Since Y ¢ D(C?,,i—1), Y contains at least one vertex labeled n—6, n—7 or n-8.
Ifn—6¢c Y, thenY ¢ D(CZ,,i—1), a contradiction. Hence n —7 or n—8  , but then in this case,
Y U {x} ¢ D(CZ,i) , for any xe [n], also a contradiction.

Lemma 2.5
i) IfD(C2,,i—1) =D(CZ2,,i 1) = ® then D(C2,,i 1)= )
i) IfD(C? 1,I—l) #®,D(C%,,i—-1) =® then D(C’,,i-1) =D,

iii) IfD(Cn Li—-D)=®, D(CZ,,i 1) ®,D(C?,,i-1) =®, D(C2,,i-1) =0,
D(C%,,i—-1) =®, then D(CZ,i) =

Proof

i) Since D(C?,,i—1) =D(C?,,i—1) = ®, bylemma22,i-1 > n-1(or)i-1< {n?_?’—l

ii) In either case, we have D(C,f_z,i—l) =0.
n-2
iii) Suppose that D(C? ,,i—1) =®, soby Lemma 2.2, we havei—1 = n—2ori—1 < (T—l .

Ifi-1 = n—2theni—1 > n—3. Therefore D(C’ ,,i—1) = @, a contradiction.

iv) Suppose that D(C’,i) =@, Let Y e D(C?,i) ). Thus, atleast one vertex labeled norn —1 or n— 2 is
in Y. Ifn e Y, then by Lemma 2.3, at least one vertex labeledn—-1,n—-2,n-3,n—-4orn-5isinY.
Ifn—1eYorn-2eY,thenY—{n} e D(C?,,i—1),a contradiction. fn—3 ¢ Y,
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then Y — {n} e D(Cn ,,1—1), a contradiction. Now, suppose that n — 1 Y. Then, by Lemma 2.3, at least
one vertex labeledn-2,n-3, n—-4, n-5orn-6isinY.Ifn-2eYorn-3eY, then
Y —{n -1} e D(C’,,i—1) a contradiction. Ifn —4 € Y, then Y — {n — 1} ¢ D(C?,,i-1), a

contradiction. If n—5 € Y, then Y — {n -1} e D(C? ,,i—1) , a contradiction. Ifn -6 ¢ Y, then
Y -{n-1} ¢ D(C?,i—1), acontradiction. Therefore, D(C’,i) =®

Lemma 2. 6

If D(CZ,i) = @ then

i) D(C%,,i-1) = D(C’,,i—-1) =D(C?,,i-1) =D(C%,,i-1) = ® and D(C’,,i-1)
# ® ifand onlylfn 5k and i= kfor some k € N;

i) D(C2,,i-1) =D(C’,,i—1) = D(C’,,i—1) = D(C’,,i—1) = @ then D(C’,,i—1) =® if
and only if i=n;
i) D(C%,,i-1) =®,D(C’,,i-1) =®,D(C’,,i-1) #®,D(C’,,i-1) =,
5k +2
D(C%,,i—-1) =®,ifandonlyif n=>5k+2andi= 5 for some keN;
iv) D(Cn ,i—1) 2®, D(C?,,i-1) =®,D(C’,,i-1) =®,D(C?,,i-1) =®, and

D(CZ,,i—-1)= ®ifandonlyifi=n-3.

V) D(CZ,,i-1) #® D(C,,i-1) #®, D(C2,,i-1) #®, D(C2,,i-1) #®, and

n3’

D(CZ,,i—1) = ® ifandonlyif (n_S_l—l +1<i<n-4

Proof
) =)
Since D(C’ ,,i—1))=D(CZ2,,i-1) = D(C?,,i-1) = D(C’,,i—1) =®, by lemma 2.2,
. . (n—21
i-1 >n-1lori-1<|——
5
Ifi—1 > n—1,theni > nand by lemma 2.2, D(C?,i) =@, a contradiction.

n-2

n-2 : n
Soi < (T—l +1,and since D(CZ,i) = @, we have {g—‘ <i< ( —I+ 1, which implies that n = 5k

and i = k for some keN.
() Ifn= 5k and i = k for some keN, then by Iemma 2.2,

D(CZ,,i-1) = D(C’,,i-1) = D(Cn 5i—1) = D(Cr1 ,1—1) = @, and D(Cn -1 =D,
ii) (=)SinceD(C?,,i—1) = D(CZ,,i-1) =D(C’?,,i—1) = D(C’,i—1) =®, by lemma 2.2,

i-1>n-2o0ri—-1< Afi—-1< | —— |, theni—1 < | —— | and hence
5 5 5

D(CZ,,i—1) =®, a contradiction. Soi -1 > n—2. Also, D(C?,,i-1) =®.
Therefore i >n-1.Therefore i=n.Buti < n. Hencei=n.

iii) (=) Since D(C?,,i—1) =@, bylemma2.2,i-1> n— 10r|—1<( ;1—1

Ifi—1 >n-1theni—-1>n-2 byLemma22
D(CZ,,i-1) = D(C?,,i-1) = D(C?,,i—-1) =D(C’,,i—1) = @, a contradiction.
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Therefore i < (n?—l +1. Buti-1 2> {n—gz—l Jbecause D(C’ ,,i—1) =®.

. n-2
Therefore i > c +1.

<)
Hence, +1 < i< |—| +1.
5 5
5k +2

Thisholds only if n =5k +2 and i = k+1 = ( 5 —l ,for some keN.

5k +2
(<) Ifn=5k+2andi= 5 for some keN, then by lemma 2.2,

D(CZ,,i 1) =®, D(C?,,i-1) #®,D(C’,,i-1) =®, D(C’,,i—-1) =® and
D(C%,,i-1) =®.
n-5

iv) (:>)S|nceD(Cn 5 1—1) =@ bylemma22,i-1 >n-50ri-1< {T—‘

. n n->5
Since D(C’_,,i—1) #®, by lemma 2.2, ( —l+ 1<i<n-1 Thereforei -1 < (T—‘ is not

possible. Therefore i —1 > n —5. Therefore i > n-4.Therefore i>n-3.

Since D(C’ ,,i—1) =®, i-1<n-4. Therefore i < n-3. Hencei=n—3.

(<) if i =n — 3 then by lemma 2.2, D(C 2, i-1)=®  D(C2,,i-1) #d,D(C?,,i-1) =,
D(C%,,i-1) #® andD(C2,,i-1)= ®.

V) (=) Since D(C?,,i—-1) #®,D(C%,,i-1)=® , D(C?,,i-1) #d, D(C?,,i-1) =®

n
and D(C’ ,i—1) # @, then by applying lemma 2.2, (?

(n—zl _ (n—ﬂ _ (n—ﬂ _
—|<i-1 <n-2|— | Li-1£(n-3),| — |<i-1< (n-4)and
5 5 5

— | £i-1<n-58S0— | £i-1< (n-5)andhence
5 5 5

—lg i-1<n-1,

—I+1S i< n-4

(<) If {n
5

—I+ 1 < i £ n—4, then the result follows from lemma 2.2.

Theorem 2.7

n
Foreveryn > 6andi > [g—‘

i) If D(C 2 i-1)= D(C?,,i-1) =D(C?,,i—1) = D(C?,,i-1) =® and

D(CY,i—1) #® then D(C?,i) ={ {1,6.ccccruunee n-43{2,7,....c....... n-3}%,

3,8, e, n—24{4,9, oo, n-13{5 10, ..ccccrrr.... n} |,

iy 1fD(C?,,i-1)=D(C?,,i-1) =D(C?,,i-1) =D(C2,,i-1) = ® andD(C?,,i-1) =®
then D(CZ,i) :{ [n] }
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i) |fD(Cn Li—1)=®, D(C?,,i-1) #»®,D(C,,i-1) #®, D(C2,,i-1) #® and
D(CZ,,i—1) = ® then

D(CZi) ={ 6o n—43},02, 7, n-33,{3,8cccinn ... n-2},
{4,9......... N1 345,10, n} },Xu{n} X,u{n-1},
{n-2} if2e X ,
X, U -3 if 26 X, Xse D(C2,,i—-1), Xse D(C2,,i—-1) , Xse D(CZ,,i-1)}..... ... @.1)

iv) IFD(C?,,i—-1)= @, D(C2,,i-1) #®, D(C?,,i—1) #®, then

D(CYi) ={ - {x¥xeln] }.

v) |fD(Cnl, -1) #®,D(C2,,i-1) #® , D(C’,,i-1) =®,D(C?,,i-1) =d,
D(CZ,,i—1) = ®then

D(C?i) = { Xiu{n} X.ufn- 1} X3 {n-2}, X4u{n 3}, Xsu {n-4} X;e D(CZ,,i-1),

Xoe D(CZ,,i—1), Xse D(CZ,,i—-1), Xe D(CZ,,i—-1) , Xse D(CZ5,i-1) } .ccoovvvinne e 2.2)

Proof

i) Since, D(C Z,i-1)=D(C?,,i-1)= D(C?,,i-1) =D(C,,i-1) =@ and
D(CZ,,i—1) = ® bylemma (2.6) (i) n = 5k, and i=k for some keN.

Theset { {1,6,.cccccnnn =432, 7,0, n-33{3,8 . .. n-2},

{ L6 N A2 T, n L3, 8, n},

(4,9, i, n 45,10, e, n} |

Clearly, all these are not dominating sets. Therefore { {1,6, i, n-4}%
(2, 7peeiiii, n—33{3,8, ... n-2}

(4,9, i, n—13,45,10,cccccieennn n} |

is the only dominating set of cardinality g =k=li.

i)  We haeD(C?,,i-1)= D(C%,i-1) = D(C),i-1) = D(Cli-1) =@
andD(C2,,i-1) = D. Bylemma (2.6) (ii). We have i =n. So, D(C ) = { [n] }

i)  Wehave D(C?,,i-1)=®, D(C2,,i-1) # ®, D(C,,i-1) =@, D(C?,,i-1) #® and
D(C%,,i-1) =®.

5k +2
By lemma (2.6). (iii), n =5k+2 and i = 5 = k+1 for some keN.

We denote the families Y, = { {1,6,......, 5k-4 5k+1},42,7,......, 5k-3 ,5k+2 },
(3,80, 5k-2 ,5k+3},{4,9......5k-1, 5k+4 },{5, 10,............ 5k5k+53} | and
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{5k} if2eX,

Xoe D(CZ,,i-1),
(5k—1) it 2 x, o= Dot 7D

Yzz{ X3U{5k+2}X4U{5k+1} 1X5U{

Xse D(CY,,i-1)  XeD(CY;,i-1) |}
We shall prove that D(CZ,,,,k +1) =Y, UY, Since D(C5 k) ={ {1.6........5k-4 ,5k+1},

(2, 7,.., 5k3 ,5k42 1,3, 8,...... 5k-2 ,5k+3),{4, 9......5k-1, 5k+4 145, 10,............ 5k,5k+5 )} then
Y, < D(CZ.,,,k+1) .Also it is obvious that Y, < D(CZ, ,,,k +1).
Therefore Y, WY, © D(C2 5 K +1) coooiiiiiiieic e (2.3)

Now let Y € D(CZ,,,k+1). Then 5k + 2, 5k+1or 5k isin Y. If 5k+2 €Y, then by lemma (3), atleast one
vertex labeled 1,2 or 3 and 5k+1, 5k or 5k-1isin Y. If 5k+1 or 5k isin Y, then
Y - {5k+2} ¢ D(C.,,,K), acontradiction; because D(CZ,,,k) = @ . Hence 5k—1 ¢ Y, 5k Y and
5k+1e.
Therefore, Y = X U {5k+2} for some Xe D(CZ k) .Hence Y €Y,. Now suppose that 5k + 1 €Y and 5k+2
¢Y. BY lemma (2.3) at least one vertex labeled 5k,
5k_1lor 5k-2 is in Y. If 5ke then Y—{5k+1}e D(C.k) - { {1,600, 5k4 Skt ], {2, 7,......, 5k-3 5k+2

13,8, 5k-2 ,5k+3},{4,9...... 5k-1, 5k+4 },{5, 10,............ 5k,5k+5 } } a contradiction because 5 k ¢

X forall X e D(CZ k) .
Therefore 5k — 1, or 5k — 2 isin Y, but 5keY.
Thus Y= X U {5k+1} for some of X ¢ D(CZ ,,K) . So

D(C2 ,, K+1) CY, Y e (2.4)
From (2.3) and (2.4),
D(CZi) ={ L6 n—43,02, 7, n-31,43, 8, .. n-2},
{4,9......... n=1 3,5 10, n} }.%u{n} X,u{n-1},
(n-2} if2e X, -
X, U {n—3} it 2 X, , Xge D(Cn 2 1—=1), X,e D(Cn »1-1)  XseD(Cl i1}
iv) IfD(CZ,,i-1)=® ,D(C2,,i-1) D ,D(C%,,i-1) #® , bylemma (2.6) (iv)i=n-3.

Therefore D(P?,i) = {[n] - {x} / x[n]}.
For example D(P?,5) = {[6] - {x} / x[6]}.
{ {1.23456}-{1,23456}/6¢[6]} }.
={ {12345}{{1234 6}-{{1.2 4,56}-{{1,345 6}—{{2 3456} |
V) D(Cn Li—1) #®,D(C2,,i-1) #®,D(C?,,i-1) #®,D(CZ,,i-1) =,
D(Cn s 1—1) #D . LetX; e D(Cn _,,1—1) ,s0 atleast one vertex labeled n-1, n—2 or n—3 s in X;.
If n-1, n-2 or n-3 eXL then X, u{n} D(Cf, i) .
Let X,e D(Cn ,i—1),thenn—-2orn-3orn—-4isin X,

Ifn-2,n-30rn-4 € X, then X, U {n—1} = D(Cf, i) . NowletX; e D(Cf_B, i—1) thenn-3,
n—4orn->5isin Xs.

Ifn—3orn—4o0orn—-5e Xg,then Xsu {n—2} = D(C 1) . Now let X, e D(Cn LHi=1
thenn—-4,orn-5o0rn—-6isin X,.

If n-4 X, ,then Xa{n-3}e D(Cf, i) , for X € {n, n-1}. If n-5 € X5 ,then X5 U {n-4}¢ D(Cf, i) .
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Thus we have{ XU {n}, X;u{n - 1} Xz u{n-2}, X, u{n 3}, Xsu {n-4} X;e D(Cn . 1-1),

X,e D(CY,,i-1), Xse D(C},,i—1), Xe D(CZ,,i—-1) , Xse D(CZ,,i-1) } < D(C.,i) ...(25)
Now suppose that n-1€ Y, n € Y then by lemma (3), atleast one vertex labeled n-2, n-3 or in Y. If n-2 €Y then
Y=(Xs) U {n-2} for some, X;e D(C? ,,i—1) .

Now suppose then, n-5 €Y & n-4 € Y, then by Iemma (3) one vertex labeled n-6, n-7,in Y.

If n-4eY, then Y = (X;)u {n-1} for X, e, D(CZ,,i-1) ,

soD(C,i) < { Xiu{n}, qu{n 1}, Xz u{n-2}, X4u{n 3}, Xsu {n- 4}/ X;e D(C2,,i-1),
Xoe D(CY,,i-1), Xse D(CZ,,i—1), X,e D(CZ,,i-1) , Xse D(C24,i-1) } .o, (2.6)
From (2.5) & (2.6)

D(CZi) ={ Xiu{n} Xeufn -1} Xsu{n-2}, X4u{n 3}, Xsu {n-4} X;e D(CZ,,i-1),

Xoe D(CZ,,i—1),X;e D(C?,,i-1), Xse D(CZ,,i—-1) , Xse D(CZ,,i-1) }.

1. Domination Polynomial Of A Square Cycle (C?)
Let D(C?,X) = zln:m d(CZ,i)x' be the domination polynomial of a cycle C?. In this section, we study
5
this polynomial.

Theorem 3.1
i) IfD(C?,i) isthe family of dominating sets with cardinality i of C?, then

d(Cy.i)=d(Cr,,i-1)+d(Cr,,i-1)+d(Cr,,i-D)+d(Cr, i-1)+d(Crs.,i-1)

ii) For everyn > 6,

D(C?,x) =X D(C? 1, %)+ D(CZ ,,X)+D(C? 5, %)+ D(C? ;, ) + D(CZ 5, X) | with the initial values
D(CZ,x) =X, D(CZ,x) =x*+2x, D(C,x)=x>+3x*+3x ,

D(C?,x) = X* +4x° +6x2 +4x, D(CZ,x) = x° +5x* +10x* +10x? +5x

Proof

i) It follows from theorem 2.7
ii) It follows from part (i) and the definition of the domination polynomial.

Using Theorem 3.1, we obtain d(C?,i) for 1<n<15 as shown in table 1.
Table 1:d(CZ,i) , the number of dominating set of C with cardinality i.

i |12 |3 4 5 6 Il 8 9 10 11 | 12 | 13 |14 |15
n

111

2 12]1

31331

4141641

5 [5]10]10] 5 1

6 |0[15/20| 15 | 6 1

710]14]35]3 |21 7 1

8 [0[12]45] 70 | 56 | 28 8 1

9 10| 9 |57]115|114| 82 36 9 1
100534126126 | 196 | 118 | 45 10 1
1110 0 | 27150 | 328 | 402 | 314 | 163 | 55 11 1
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12 /0| 0 | 18| 159 | 462 | 723 | 715 | 477 | 218 | 66 12 1

13/0[ 0 |10 /150 | 588 | 1164|1431 | 1191 | 695 | 284 | 78 | 13 | 1

14 /0| 0| 4 |126 | 678 | 1698 | 2567 | 2614 | 1885 | 979 | 362 | 91 | 14 | 1
15/0[ 0| 1|93 | 711 | 2262 | 4183 | 5145 | 4490 | 2863 | 1341 | 453 |105]15| 1

In the following Theorem, we obtain some properties of d(C?,i) .
Theorem 3.2
The following properties hold for the coefficients of D(C?, X) ;

i) d(CZ2,n)=5 for everyn e N.

i) d(C?,n)=1 for everyn e N

i) d(C>,n—-1)=n foreveryn> 2

iv) d(C?,n—2)=nC, foreveryn > 3

v) d(C?n-3)=nC, for everyn > 4
vi) d(C%,n—4)=nC, foreveryn > 5

vii) d(RZ,,n)=n fori=1,...c.ccccc..... =Ly,

Proof

i) D(CZ.n) ={ {L6.ccoees n—43,02, 7, n=33,43,8 e n-2}
{4,9...n—1},{5,10...n} } , we haved (CZ,n) =5.

i) Since D(C’,i) = { [n] },We have the result.

iii) Since D(P?,i)= {[n] - {x} /x[n]}, we have d(C?,n-1) =n.

iv) By induction on n

The result is true forn =3
L.H.S. = d(CZ,1) =3 (from table)

Eslzj
RHS= |— | =3
2

Therefore, the result is time for n = 3
Now suppose that the result is true for all numbers less than ‘n’ and we prove it for n.
By theorem (3.1),

d(C?,n-2)=d(C’,,n-3)+d(C%,,n-3)+d(C?,,n-3)+d(C?,,n-3)+d(C’,,n-3)

—(n—l)z(n—Z) +(n-2)+1
n-3n+2+2n—-4+2

2

n°—n
2
n(n-1)

2

V) By induction on n
The result is true forn=4

L.H.S= d(CZ,1) = 4 (from table)

RH.S=d(C;,1) = %
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Therefore the result is true forn = 1
Now suppose the result is for all natural numbers less than n.
By theorem 3.1,

d(C2,n-3)=d(CZ,,n—-4)+d(C%,,n—4)+d(CZ,,n—4)+d(CZ,,n—4)+d(CZ,,n—4)
_(n-H(n-2)(n-3) N (n-2)(n-3)
6 2

- %[(n—l)(n—Z)(n—3)+3(n—2)(n—3)+ 6(n—3)+6 ]

+(n-3)+1

= Z[(-D(-2)(n-3)+3(-D)(n-3)+6(1-3+1) ]
:%[(n—n(n—2)(n—3)+3(n—2)(n—3)+6(n—2) ]
:%[(n_n(n—zxn—3)+3(n—2)(n—3+2) ]
:%[(n—1)(n—2)(n—3)+3(n—2)(”—1) ]
-<[(-D(n-2)(n-3+3) ]

1
=—|In(h-1)(n-2
6[ (n-H(n-2) ]
Vi) By induction on n
Letn=5
LH.S=d(CZ,1) =5 (from table)
n(n-1)(n—-2)(n-3)
1234
5432

1.2.34
=5
Therefore the result is true for n =1
Now suppose that the result is true for all natural numbers less than or equal to n.

d(C2,n-4)=d(C?,,n-5)+d(C%,,n-5)+d(CZ,,n-5)+d(CZ,,n-5)+d(CZ;,n-5)
_ n(n—l)(n—2)(n—3)(n—4)+ (n—2)(n—3)(n—4)+ (h—-3)(n—-4)
24 6

%[(n -D(n-2)(n-3)(n—4)+4(n-2)(n-3)(n—4)+12(n—-3)(n—4)+24(n—4) + 24 ]

R.H.S=

+(n—-4)+1

2—14[(n ~1)(n—2)(n-3)(n—4) +4(n-2)(n-3)(n—4) +12(n-3)(n-4) 24(n-4 4) ]
:2—14[(n—1)(n—2)(n—3)(n—4)+4(n—2)(n—3)(n—4)+12(n—3)(n—4)+24(n_3) ]
:2—14[(0—1)(n—2)(n—3)(n—4)+4(n—2)(n—3)(n—4)+12(n—3)(n_4+2) ]
:2_14[(”‘1)(”—2)(“—3)@—4)+4(n—2)(n—3)(n—4)+12(n—3)(n_2) ]

:2—14[(n ~D(n-2)(n-3)(n—4)+4(n-2)(n-3)(n-4+3) ]
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:2_14[(n ~D(n-2)(n-3)(n-4)+4(n-2)(n-3)(n-1) ]

1
=ﬂ[(n—1)(n—2)(n—3)(n—4+4) ]
— l —_— -_ -

- _24[n(n D(n-2)(n-3) ]

Theorem 3.3

) > d(Cln)=5y. " d(Cn-1)

i) Foreveryjz[2], d(Cl,,j +1) = d(C2 ,j+1) =d(C,j) - d(Cls i)

iy 1S =Y [ Wd (02 j), then for every n = 6, Su= Spa+ Sna+ Suat Snat Sns  With initial values
5

S1=1, S;=3, S5=7,S,=15and S; = 31

Proof

i) Proof by induction on n
First suppose that n =2 then,

> d(C?2)=75=5Y d(C21)

Y d(C2 k)= d(ClLk=1) +> " d(CZk-1)+ Y d(Clyk-1)+ " d(C2, k1)
+> " d(Clk-1)

=5y 0 d(C k=2) +5 0 Vd(C2, k—2)+5> 7 d(CZ k—2)+5) " Vd(CE, k-2)

5> 0 Vd(Cs k-2)
=5y " d(C? k1)

We have the result.
i) By Theorem 3.1, We have

d(Crpy J+D—d(Cy, j+1) _
d(Cy. ) +d(Cry, i) +d(Cop, ) +d(Cry, ) +d(Cry, 1) +d(Coy §)
d(Cy, ) +d(Cyy 1) +d(Cry ) +d(Crs, ) +d(Cry, D+A(Cry )
d(Crys 1) —d(Coz, ) -d(Crs, ) -d(Cry, 1) -d(Cls, 1)

d(Cr.p, J+D-d(Cy, j+D =d(C7, J)-d(C7s. })

Therefore we have the result
iii) By theorem 3.1, we have
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S, = Zlmd (c2. i)
Sn:ZLM[ d(CZl’J 1)+d(C =D +d(CE,, j-D)+d(Cl,, j-D)+d(Cs, j-1) |

LGRS RO WHICI G VD WL ICICRI R
PHLKICREEDWIRICIES

Sn - Sn—1 + Sn—2 + Sn—3 + Sn—4 + Sn-S
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