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Abstract: This paper is concerned with the determination of the distribution of temperature and displacement
in a thin semi-infinite elastic rod when its free end is subjected to periodic heating. It has been pointed out by
P.Chadwick(1960) that the rigorous approach,i.c. the approach by way of the coupled equations, to the thermal
boundary value problem. In this paper the one dimensional problem of the periodic heating of the free surface
of a semi-infinite rod has been solved by a perturbation procedure, approximations upto the first order being
retained.

l. Introduction
Approach of solving the coupled thermoelastic boundary value problems meets with severe analytical
difficulties till 1960, only one partial solution® had been published. It has been possible to study the behavior
of transient solutions, only for very small or very large values of the tome. In view of this, Lessen .M.(1956)
Suggested a procedure to study the approximate solutions of the coupled thermoelastic equations. This one
dimensional coupled problem of the periodic heating of the free surface of a semi- infinite rod has been solved
by perturbation procedure. Approximations upto the first order being retained.

1. Method Of Solution.

Coupled thermoelastic equations in one dimensional case(?) is taken in the form
0%0 20 0%u

ax2 = ot T @
d%u 0 0%u
9x2 ox  Yore

2 2 2
When a=(L),f=&g=aEl b= o
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ut kt kt

L being the unit of length,t the unit of time, T the reference temperature,

. . . E .
¢ being the unit of temperature ,E ,the unit of stressandV = \//; , U, t,x,0 have usual meaning.

Let 8(x,t) = By(x,t) +bO;(x,t) + b%6,(x,t)+ . e et et e e e . )
ulx,t) = uy(x,t)+ bu(x,t) + b2uy(x,t) + . I 3)
Making use of (2) into (1) and equating to zero, the dlfferent powers of b
We get
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The boundary and initial conditions are
0(0,t) = ¢, sinnt H(t)

U,(0,t)=0
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u(x,0) = 6(x.0) = u,(x,00= 0 5)
Ux,t) » 0 asx -
6(x,t) » 0 as x —»

These are satisfied if 6;(x, t), u;(x,t),( i = 0,1,2,..............) satisfy the following conditions
0,(0,t) = ¢, sinnt H(t)
gi (0, t) = 0

ui,x(oit)z ui,t(xlo) = ui,(xlo)z ei(xlo) =0
w;(x,t) » 0, 0;(x,t) > 0 asx - o (i=1,23)

The terms

0y (x,t) and uy(x, t) in the series (2)form the so — called unperturbed solution of the problem

while 0;(x,t),u;(x,t) give the ith order perturbation solution if b is considered to be the perturbation
Parameters. From the table*?) values of b for Al, Pb, Fe, and Cu are seen to be less than 0.01 in each case.
This shows that the solution containing terms upto the first power of b will give a fairly accurate approximate
results to the exact solution.

1. Unperturbed Solution.
The unperturbed solutions u, (x, t), 6, (x, t) are the solution of

*uy 9%y,
axz %o
And
926, 96, 9%u,
= — 4+ g
0x? ot O0xot

Respectively, Subject to the initial and boundary conditions
uO,x(OJ t) = uO(x: 0) = uO,t('xJ 0) = 90(75' 0) =0
0,(0,t) = ¢@sinnt H(t)
ug(x, t) » 0, 0y(x,t) - 0, asx — o
Taking Laplace transforms(?) on these equations and on the boundary conditions give with the help of the

other conditions

dzlfo

— = ap? Uy ; Upr(0,0) = 0 et e et e et 6)
dzéo dﬁo Qo n
oz = fpo + gp -5 bolop) = T @)

Where 1, , 8, denote Laplace transform of u, , 6, .

The solution of the differential equation (6), subject to the condition that iy (x,p) — 0 asx — o, is

Ty = CLeVIPE o e e et et et et et et et e s e e s (8)
The boundary condition  #,,(0,p) = 0 gives
g =20 9
Hence @, (x,p) = 0
Taking inverse , uy(x,t) = 0 (10)

Substituting from (9) in the differential equation of (7), the solution of the equation with the boundary condition
of (7) is

60(0,p) = poy eI (11)

Taking inverse Laplace transform of (11) ®

2 o . ZrL
60,(0,x) = % %J{ sinn(t — Z#—Z) e *du (12)
V. First Order Perturbation.

The first order perturbation is the solution of

92 a2 26
axuz1 -a 6tuzl = a_xo (13)

2 2

a 91 — aﬂ + g a uq (14)

] ax2 1 o oxat
Subject to the boundary conditions
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ul,x (O’ t) = ul,t (.X', 0) = U (x, 0) = 91 (x, 0) =0

uy(,t) - 0as x » © (15)
6,(0,t) -» 0, 6,(xt) - 0, as x —-w® (16)
Laplace transform of the equation (13) and of the boundary conditions give with the help of the other conditions

d@ _ do _

5~ aptl = %,0,p) = 0 (17)

Substituting from (11) in the differential equation of (17) and solving , we obtain , on using the condition that
U (x,p) » 0 asx - o,

; eTrx

i, = ceVar 4 =

¢ J_(p— —)(p + n?)

Whel’e BO = Tl(po\/?
The boundary condition i,,(0,p) = 0 gives

Bo
= 1
Vaf(p—g)(p2+n2) ( 9)

Using the results (5,9) , the inverse Laplace transform of (18) is obtained as

uy (x, t) =
["OH(t Vax) (t Vax) _ f sinn(t— \/’a) - COSTl(t_ \/CE)] -
2+_2_2 an
1 ft\/’ eferfc( \f \/7>—e\/—erfc< \[ ()}—xff cosn
R i
zf e—i? fi x2f) e#
w) i o s (e -32) u_zd“] o

On taking Laplace transforms of the equation (14) and of the boundary condition (16), we obtain with the help
of (18) and (19)

28 _ fpo, = N _ gBoVf peVIv

dx? Lo

* vf (p— £>(p2 rn2y  Va (p— 5) @ + n?)
And 6,(0,p) = 0, H;(x,p) » 0asx - o
The solution of the above equation subject to these boundary conditions is
— —Fpx Vpe—VIrx B o —Vapx
0, (x, =9_ﬁo_z—pe _ gBox _Vpe TP _uﬁ_p 21
1) aVf (r-L) @2+n2) wa (p-D)p?m?)  aVf (r-L) @2 +n2) )

Taking inverse Laplace transform, we obtain from (21),

0,(x,t) = le)jf cosn(t —u)efTu (u— — )€ \/a erfe l_\/:_ \/—
Vax_ fx x |f  |fu
—)e aerfc E\/;_I_ - du

- Z‘?/[Z) fcosn(t—u)ef; - \/a erfc l_\/: — \/fiu‘

- ¢€ “ e’”fC —\/: + \/7 ﬁogHElt — \/_x) cosn(t—u— ax)ue%udu

0, t< 0
1,t> 0 (22)

Where H(t)
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V. Discussion.
Lo . . .
It is observed that a factor of the form  ec®V*) js presentin  u,;(x,t) andin 6;(x,t) . Hence the

Lo
perturbation solution is valid only so long as beatVe) < 1,

This appears to be a characteristic of the one- dimensional problem.
The equations (10) and (12) and (20) and (22), where

u(x,t) = uy(x, t) +bu,(x,t)
0(x,t) = 6y(x,t) + bO;(x1t)

Will give the required approximate solution for the displacement and temperature. Also if g = 0, we obtain the
solution of the uncoupled equations of thermoelasticity.
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