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Abstract: This paper is concerned with the determination of the distribution of temperature and displacement 

in a thin semi-infinite elastic rod when its free end is subjected to periodic heating. It has been pointed out by 

P.Chadwick(1960) that the rigorous approach,i.c. the approach by way of the coupled equations, to the thermal 

boundary value problem. In this paper the one dimensional problem of the periodic heating of the free surface 

of a semi-infinite rod has been solved by a perturbation procedure, approximations upto the first order being 

retained. 

 

I. Introduction 
Approach of solving the coupled thermoelastic boundary value problems meets with severe analytical 

difficulties till 1960, only one partial solution(8) had been published. It has been possible to study the behavior 

of transient solutions, only for very small or very large values of the tome. In view of this, Lessen .M.(1956)(9) 

Suggested a procedure to study the approximate solutions of the coupled thermoelastic equations. This one 

dimensional coupled problem of the periodic heating of the free surface of a semi- infinite rod has been solved 

by perturbation procedure. Approximations upto the first order being retained. 
 

II. Method Of Solution. 

     Coupled thermoelastic equations in one dimensional case(10)  is taken in the form 

𝜕2𝜃

𝜕𝑥2
=  𝑓

𝜕𝜃

𝜕𝑡
 + 𝑔

𝜕2𝑢

𝜕𝑥𝜕𝑡
                                                                                                                          1  

 

𝜕2𝑢

𝜕𝑥2
  − 𝑏 

𝜕𝜃

𝛿𝑥
    =    𝑎

𝜕2𝑢

𝜕𝑡2
                                                                                                        

 

When     𝑎 =    
1

𝑢𝜏
 

2

  ,     𝑓 =   
𝜌𝑐 𝑙2  

𝑘𝜏
 ,   𝑔 =   

𝛼𝐸 𝑙2  

𝑘𝜏
  ,     𝑏 =   𝛼𝑇                     

      

𝐿 𝑏𝑒𝑖𝑛𝑔 𝑡𝑕𝑒 𝑢𝑛𝑖𝑡 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡𝑕, 𝜏 𝑡𝑕𝑒 𝑢𝑛𝑖𝑡 𝑜𝑓 𝑡𝑖𝑚𝑒 , 𝑇 𝑡𝑕𝑒 𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒,

𝑐 𝑏𝑒𝑖𝑛𝑔 𝑡𝑕𝑒 𝑢𝑛𝑖𝑡 𝑜𝑓 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 , 𝐸 , 𝑡𝑕𝑒 𝑢𝑛𝑖𝑡 𝑜𝑓 𝑠𝑡𝑟𝑒𝑠𝑠 𝑎𝑛𝑑 𝑉 =   
𝐸

𝜌
  , 𝑢, 𝑡, 𝑥, 𝜃 𝑕𝑎𝑣𝑒 𝑢𝑠𝑢𝑎𝑙 𝑚𝑒𝑎𝑛𝑖𝑛𝑔. 

  

𝐿𝑒𝑡 𝜃 𝑥, 𝑡     =   𝜃0 𝑥, 𝑡  + 𝑏𝜃1 𝑥, 𝑡 +   𝑏2  𝜃2  𝑥, 𝑡 + ……………………………                      .           (2) 

𝑢 𝑥, 𝑡  =   𝑢0 𝑥, 𝑡 +   𝑏 𝑢1 𝑥, 𝑡  +  𝑏2𝑢2 𝑥, 𝑡 + ……………………………… ..                          (3)         
Making use of (2) into (1) and equating to zero, the different powers of b,  

We get 

     
𝜕2𝜃0

𝜕𝑥2
     =   𝑓 

𝜕𝜃0

𝜕𝑡
 + 𝑔 

𝜕2𝑢0

𝜕𝑥𝜕𝑡
                                                                                             

𝜕2𝑢0

𝜕𝑥2
    =   𝑎 

𝜕2𝑢0

𝜕𝑡2
                                                                                                           

                                  
𝜕2𝜗1

𝜕𝑥2      =   𝑓 
𝜕𝜗1

𝜕𝑡
 +   𝑔 

𝜕2𝑢1

𝜕𝑥𝜕𝑡
                                                                                               (4)  

𝜕2𝑢𝑖
𝜕𝑥2

  −   𝑏 
𝜕𝜃𝑖−1

𝜕𝑥
 =   𝛼 

𝜕2𝑢𝑖
𝜕𝑡2

    ,         𝑖 = 1,2,3,……… . .                              

 
The boundary and initial conditions are 

𝜃 0, 𝑡 =   𝜑0 sin 𝑛𝑡𝐻 𝑡                                                                            
         

                                     𝑈,𝑥 0, 𝑡 = 0    
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𝑢 𝑥, 0 =  𝜃 𝑥. 0  =   𝑢,𝑡 𝑥, 0 =   0                                                                                                             (5)  

                                   U(x ,t)   →    0     𝑎𝑠  𝑥 →  ∞                
𝜃 𝑥, 𝑡    →    0     𝑎𝑠   𝑥   →      ∞                                                                   

 

These are satisfied if 𝜃𝑖 𝑥, 𝑡 , 𝑢𝑖 𝑥, 𝑡 ,    𝑖 =   0,1,2,………… . .   𝑠𝑎𝑡𝑖𝑠𝑓𝑦 𝑡𝑕𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠         
𝜃0 0, 𝑡 =  𝜑0 sin𝑛𝑡 𝐻 𝑡                                                                               
𝜃𝑖 0, 𝑡   =    0                                                                                                 

      𝑢𝑖,𝑥 0, 𝑡 =   𝑢𝑖,𝑡 𝑥, 0  =    𝑢𝑖, 𝑥, 0 =   𝜃𝑖 𝑥, 0   =    0                            
                  𝑢𝑖 𝑥, 𝑡   →    0  ,      𝜃𝑖 𝑥, 𝑡   →    0   𝑎𝑠  𝑥  →   ∞     𝑖 = 1,2,3                          

 

The terms 

 𝜃0 𝑥, 𝑡  𝑎𝑛𝑑 𝑢0 𝑥, 𝑡  𝑖𝑛 𝑡𝑕𝑒 𝑠𝑒𝑟𝑖𝑒𝑠  2 𝑓𝑜𝑟𝑚 𝑡𝑕𝑒 𝑠𝑜 − 𝑐𝑎𝑙𝑙𝑒𝑑 𝑢𝑛𝑝𝑒𝑟𝑡𝑢𝑟𝑏𝑒𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑕𝑒 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 

𝑤𝑕𝑖𝑙𝑒 𝜃𝑖 𝑥, 𝑡 , 𝑢𝑖 𝑥, 𝑡  𝑔𝑖𝑣𝑒 𝑡𝑕𝑒 𝑖𝑡𝑕 𝑜𝑟𝑑𝑒𝑟 𝑝𝑒𝑟𝑡𝑢𝑟𝑏𝑎𝑡𝑖𝑜𝑛 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑓 𝑏 𝑖𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑒𝑑 𝑡𝑜 𝑏𝑒 𝑡𝑕𝑒 𝑝𝑒𝑟𝑡𝑢𝑟𝑏𝑎𝑡𝑖𝑜𝑛 

Parameters. From the table(11)  values of b for Al, Pb, Fe, and Cu are seen to be less than 0.01 in each case. 

This shows that the solution containing terms upto the first power of b will give a fairly accurate approximate 

results to the exact solution. 

 

III. Unperturbed Solution. 
 The unperturbed solutions 𝑢0 𝑥, 𝑡 , 𝜃0(𝑥, 𝑡) are the solution of 

 

𝜕2𝑢0

𝜕𝑥2
  =   𝑎 

𝜕2𝑢0

𝜕𝑡2
                                                                         

And 

𝜕2𝜃0

𝜕𝑥2
  =   𝑓 

𝜕𝜃0

𝜕𝑡
 +   𝑔 

𝜕2𝑢0

𝜕𝑥𝜕𝑡
                                                  

Respectively, Subject to the initial and boundary conditions 

𝑢0,𝑥 0, 𝑡 =   𝑢0 𝑥, 0 =   𝑢0,𝑡 𝑥, 0  =   𝜃0 𝑥, 0  =   0 

𝜃0 0, 𝑡  =   𝜑 sin 𝑛𝑡  𝐻 𝑡                                                    
𝑢0 𝑥, 𝑡   →    0, 𝜃0 𝑥, 𝑡   →   0, 𝑎𝑠 𝑥 →  ∞  

Taking Laplace  transforms(12) on these equations and on the boundary conditions give with the help of the 
other conditions 

                                                   
𝑑2𝑢 0

𝑑𝑥2   =   𝑎𝑝2  𝑢 0  ;     𝑢 0,𝑥 0, 𝑝 =   0 …………………………….                    6           

 

                                          
𝑑2𝜃 0
𝑑𝑥2

  =   𝑓𝑝𝜃0  +   𝑔𝑝 
𝑑𝑢 0

𝑑𝑥
  ;     𝜃0 𝑜, 𝑝 =  

𝜑0  𝑛

𝑛2 +  𝑝2
 ………………      (7) 

Where 𝑢 0  , 𝜃 0  denote Laplace transform of 𝑢0  , 𝜃0 . 

 

The solution of the differential equation (6), subject to the condition that 𝑢 0 𝑥, 𝑝   →   0  𝑎𝑠 𝑥  →  ∞, 𝑖𝑠 

𝑢 0   =     𝑐1𝑒
− 𝑎𝑝𝑥     ……………………………………………………………… ..                                  8  

The boundary condition     𝑢 0,𝑥 0, 𝑝  =   0  gives 

𝑐1  =   0                                                                                                                                                         (9) 

Hence  𝑢 0   𝑥, 𝑝 =    0 

Taking inverse , 𝑢0 𝑥, 𝑡  =   0                                                                                                                  (10) 

Substituting from (9) in the differential equation of (7), the solution of the equation with the boundary condition 
of (7) is 

                              𝜃 0 0, 𝑝  =   
𝑛𝜑0

𝑛2+ 𝑝2  𝑒− 𝑓𝑝𝑥                                                                                                       (11) 

Taking inverse Laplace transform of  (11) (3) 

                                  𝜃0 0, 𝑥  =   
2𝜑0

 𝜋
    sin 𝑛(𝑡 −

𝑥2𝑓

4𝜇2) 𝑒−𝜇
∞
𝑥

2
 
𝑓

𝑡

𝑑𝜇                                                               (12) 

 

IV. First Order Perturbation. 
The first order perturbation is the solution of 

                                       
𝜕2𝑢1

𝜕𝑥2  – 𝑎 
𝜕2𝑢1

𝜕𝑡2   =   
𝜕𝜃0

𝜕𝑥
                                                                                            (13) 

                                         
𝜕2𝜃1

𝜕𝑥2  =    𝑓 
𝜕𝜃1

𝜕𝑡
   +    𝑔  

𝜕2𝑢1

𝜕𝑥𝜕𝑡
                                                                                    (14) 

Subject to the boundary conditions 
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𝑢1,𝑥 0, 𝑡 =  𝑢1,𝑡 𝑥, 0 =   𝑢1 𝑥, 0 =  𝜃1 𝑥, 0 =   0           

 𝑢1 𝑥, 𝑡       →       0   𝑎𝑠    𝑥  →    ∞                                                                                                            (15) 

  𝜃1 0, 𝑡     →      0 ,      𝜃1 𝑥, 𝑡     →    0  ,     𝑎𝑠   𝑥    → ∞                                                                          (16) 

Laplace transform of the equation (13) and of the boundary conditions give with the help of the other conditions 
𝑑2𝑢 1

𝑑𝑥2   −   𝑎𝑝2𝑢 1   =   
𝑑𝜃0

𝑑𝑥
 ;                               𝑢 1,𝑥 0, 𝑝   =    0                                                                     (17) 

Substituting  from (11)  in the differential equation of (17) and solving , we obtain , on using the condition that 

        𝑢 1 𝑥, 𝑝   →   0   𝑎𝑠  𝑥  →   ∞, 
        

𝑢 1  =   𝑐 𝑒− 𝑎𝑝𝑥  +   
𝛽

𝑎
  

𝑒− 𝑓𝑝𝑥

 𝑝 𝑝 − 
𝑓
𝑎
  𝑝2 + 𝑛2 

 

                Where 𝛽0  =   𝑛 𝜑0 𝑓 

The boundary condition                        𝑢 1,𝑥 0, 𝑝  =    0      gives 

 

               𝑐 =  
𝛽0

 𝑎𝑓 𝑝− 
𝑓

𝑎
 (𝑝2+ 𝑛2)

                                                                                                                    (19) 

Using the results (5,9) , the inverse Laplace transform of (18) is obtained as 
 

𝑢1 𝑥, 𝑡 =

  
𝛽0𝐻 𝑡− 𝑎𝑥 

 𝑎𝑓  𝑛2+ 
𝑓2

𝑎2 
   𝑒

𝑓

𝑎
 𝑡− 𝑎𝑥   −  

𝑓

𝑎𝑛
 sin 𝑛 𝑡 −  𝑎𝑥 − cos𝑛 𝑡 −  𝑎𝑥  −

 
𝛽0

𝑎 𝑛2+ 
𝑓2

𝑎2 
   

1

2
𝑒
𝑓𝑡

𝑎   
𝑎

𝑓
  𝑒

−
𝑓𝑥

 𝑎  𝑒𝑟𝑓𝑐 
𝑥

2
  

𝑓

𝑡
−  

𝑓𝑡

𝑎
 − 𝑒

𝑓𝑥

 𝑎  𝑒𝑟𝑓𝑐   
𝑥

2
  

𝑓

𝑡
+    

𝑓𝑡

𝑎
  −  𝑥 

𝑓

𝜋
  cos𝑛  𝑡 −

∞

𝑥

2
 
𝑓

𝑡

 
𝑥2𝑓

4𝜇2 
𝑒−𝜇

2

𝜇2  𝑑𝜇   +   
𝑓

3
2

𝑎𝑛 𝜋
   sin 𝑛  𝑡 −

𝑥2𝑓

4𝜇2
  

𝑒−𝜇
2

𝜇2  𝑑𝜇
∞
𝑥

2
 
𝑓

𝑡

                                                                                (20) 

On taking Laplace transforms of the equation (14) and of the boundary condition (16), we obtain with the help 

of (18) and (19) 
 

𝑑2𝜃 1
𝑑𝑥2

 −   𝑓𝑝𝜃 1  =    
𝑔𝛽0

 𝑓
 

𝑝2𝑒− 𝑎𝑝𝑥

 𝑝 − 
𝑓
𝑎
 ( 𝑝2 +  𝑛2)

 −  
𝑔𝛽0 𝑓

 𝑎
  

𝑝𝑒− 𝑓𝑝𝑥

 𝑝 − 
𝑓
𝑎
 (𝑝2  +   𝑛2)

 

And                𝜃 1 0, 𝑝  =   0 ,     𝜃 1 𝑥, 𝑝   →   0  𝑎𝑠  𝑥  →   ∞ 
The solution of the above equation subject to these boundary conditions is 

 

𝜃 1 𝑥, 𝑝 =   
𝑔𝛽0

𝑎 𝑓
  

𝑝𝑒− 𝑓𝑝𝑥

 𝑝− 
𝑓

𝑎
 

2
(𝑝2 + 𝑛2)

 −  
𝑔𝛽0𝑥

2 𝑎
  

 𝑝𝑒− 𝑓𝑝𝑥

 𝑝− 
𝑓

𝑎
 (𝑝2 +𝑛2)

 −   
𝑔𝛽0

𝑎 𝑓
  

𝑝𝑒− 𝑎𝑝𝑥

 𝑝− 
𝑓

𝑎
 

2
(𝑝2+𝑛2)

                                            (21) 

 

Taking inverse Laplace transform, we obtain from (21), 

 

𝜃1 𝑥, 𝑡 =  
𝛽0𝑔

2𝑎 𝑓
   cos𝑛 𝑡 − 𝑢 𝑒

𝑓𝑢
𝑎   𝑢 − 

 𝑎𝑥

2
 𝑒

− 
𝑓𝑥

 𝑎
 
𝑒𝑟𝑓𝑐  

𝑥

2
 
𝑓

𝑢
−  

𝑓𝑢

𝑎
 +  (𝑢

𝑡

0

+
 𝑎𝑥

2
)𝑒

𝑓𝑥
𝑎 𝑒𝑟𝑓𝑐  

𝑥

2
 
𝑓

𝑢
+   

𝑓𝑢

𝑎
  𝑑𝑢 

−  
𝑥𝑔𝛽0

4 𝑎
  cos𝑛 𝑡 − 𝑢 𝑒

𝑓𝑢
𝑎  

𝑎

𝑓
 𝑒

− 
𝑓𝑥

 𝑎
 
𝑒𝑟𝑓𝑐  

𝑥

2
 
𝑓

𝑢
 −   

𝑓𝑢

𝑎
  

𝑡

0

− 𝑒
𝑓𝑥
𝑎 𝑒𝑟𝑓𝑐  

𝑥

2
 
𝑓

𝑢
+    

𝑓𝑢

𝑎
  𝑑𝑢 −  

𝛽0𝑔𝐻(𝑡 −  𝑎𝑥)

𝑎 𝑓
   cos𝑛 𝑡 − 𝑢 −  𝑎𝑥 𝑢𝑒

𝑓𝑢
𝑎 𝑑𝑢

𝑡− 𝑎𝑥

0

 

Where   H(t)       =  0 ,   t  <   0 

                           =  1 ,   t   >    0                                                                                                                         (22) 
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V. Discussion. 

It is observed that a factor of the form    𝑒
𝑓

𝑎
(𝑡− 𝑎𝑥)

  is present in     𝑢1(𝑥, 𝑡)  and in   𝜃1(𝑥, 𝑡) .  Hence the 

perturbation solution is valid only so long as   𝑏𝑒
𝑓

𝑎
(𝑡− 𝑎𝑥)   <    1. 

 
This appears to be a characteristic of the one- dimensional problem. 

The equations (10) and (12) and (20) and (22), where 

 

𝑢 𝑥, 𝑡  =   𝑢0 𝑥, 𝑡  + 𝑏 𝑢1 𝑥, 𝑡                                            
𝜃 𝑥, 𝑡  =   𝜃0 𝑥, 𝑡    +    𝑏 𝜃1 𝑥, 𝑡                                      

Will give the required approximate solution for the displacement and temperature. Also if g = 0, we obtain the 

solution of the uncoupled equations of thermoelasticity. 
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