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l. Introduction
In recent years, the theory of impulsive differential equations had obtained much attention and a number of
papers have been published in this field. This is due to wide possibilities for their applications in Physics,
Chemical technology, Biology and Engineering [1,2].The asymptotic behavior of solutions of various impulsive
differential equations are systematically studied (see [4,7-10]). In [10] the authors investigated the asymptotic
behavior of solutions of following nonlinear impulsive delay differential equations with positive and negative
coefficients

[X(t)+REX(t—1)] " POf (x(t—p))— Q) f(x(t—0)=0, t=ty,t=t,
t t
X(t,) =bx(t, )+ (1-b)| | Ps+p)f (x(s))ds— | Q(s+0)f (x(s)ds | fork=12,...
ty—p ty—0
In this paper, we adapt the same technique applied in [10] and obtain the asymptotic behavior of solutions
of nonlinear neutral delay forced impulsive differential equations with positive and negative coefficients

I1.  Preliminaries
Consider the nonlinear neutral delay forced impulsive differential equations with positive and negative
coefficients

[X()+ ROX(t—1)] + PO (x(t—p)—Q(1) f (x(t—o)=e(t), t=1ty L=, 6

X(6,) =D (6 ) +(1-D,) | P(s+p)f (x(&)ds
_ Q(s+o)f (x(s))ds+(bk—1)Te(s)ds, k=1,2,... (2)

where t> 0, p>0>00<t, <t < ---<tk---Withlim t, =+, fe C(RR), R(t) € PC([to,»),R), P(t),

Q(t).e(t) € C([to,),[0,:0)) and byare constants k =1,2,3..., X(t, ) denotes the left limit of x(t) at t = t,. With
equations (1) and (2), one associates an initial condition of the form
X(tot+s) = @(s), s€[-6,0], 8 = max{t,p} ?3)
where @ePC([-3,0],R)={¢ : [-6,0]>R such that ¢ is continuous everywhere except at the finite number of
points y and ¢(y") and @(y") exist with @(y") = ¢(y)}.
A real valued function x(t) is said to be a solution of the initial value problem (1)-(3) if
(1) x(t) = @(t-to) for t5-8 <t <to, x(t) is continuous for t > toand t #tx , k=1,2,3,...
(i) [x(t)+R()x(t —7)]is continuously differentiable for t > to, t # t t # ttt, t # tebp, t # teto,
k=1,2,3,...and satisfies (1).

www.iosrjournals.org 63 | Page



Asymptotic behavior of solutions of nonlinear neutral delay forced impulsive differential equations

(iii) for t =t X(t 7 ) and X(t, )existwith x(t, )= X(t, ) and satisfies (2).

A solution of (1)-(2) is said to be nonoscillatory if this solution is eventually positive or eventually
negative. Otherwise this solution is said to be oscillatory. A more general form of (1)-(2) was considered in [5-
6] in which the existence and uniqueness of solutions and stability was studied. The main purpose of this paper
is to obtain the sufficient conditions for every solution of (1)-(2) tends to constant as t—oo. Our results
generalize the results of [10].

1. Main results
Theorem 1. Assume that the following conditions hold
(A1) there is a constant C > 0 such that | x |<| f (x) [<C| x|, xeR, xf(x) >0 for x0; (4)

(A2) t-t is not an impulsive point, 0< b, <1 for k= 1,2,3,... and 2(1— b,) < ;
k=1

(A3) !im|R(t)|:u<1, R(t,)=b, R(t;) and je(s) ds—0 asto; (5)
t

(A4) Ht) = P(t) - Q(t+ o —p) >0 for t >t* = ty+p-c (6)
t-o

(A9) lim jQ(s+ c)ds =0 @)
t-p

(A6); Qt+0) | Ht+t+p))|_2 ®

lim sup{tj'P H(s+p)ds+ i p) t_LH(s+2,o)du+u 1+ et ) |°C

then every solution of (1)-(2) tends to a constant as t—»oo.
Proof. Let x(t) be any solution of (1)-(2) we shall prove that lim X(t) exists and is finite. From (1) and (6)
t—>o

r

{x(t) +RU)x(t—-7)— j' H(s+ p) f (x(s))ds —TQ(S +o0)f (x(s))ds+Te(s) ds:l +H(t+ p) f(x(t))=0 )
From (2) - ’
Xt )=bx{t )+ (1—bk){ j. P(s+p)f (X(s))dS—L kJ_-pQ(S + o) f(x(s))ds + Jk. Q(s+o)f (X(S))dsﬂ
+ (b, —l)T e(s)ds,
= b x(t,)+ (1—bk)[ j Q(s+o) f (x(s))ds + j H(s+ p) f (x(s))ds ]
t—p t—p
+(b, —1) j e(s)ds, k=123,.., (10)
f

From (5) and (8) we can choose an & > 0 sufficiently small that u+ € <1 and
lim sup TH(S+p)d 54 2(+0) j H(s+ 2p)ds+(u +¢) 14 FEFTEP )| 2 (11)
to0 o H{t+p) ., H(t+p) C
also we select T > t, sufficiently large such that [R(t)|<p+& for t>T (12)
From (4) and (12) we have
|R(t)|X2(t—T)S(,u+8)fz(X(t—T)),tZT (13)

Let we introduce three functional

W, (t) :lix(t) +R()x(t—7)-— j‘ H(s+ p) f (x(s))ds —TQ(S + o) f(x(s))ds + 'Te(s) ds }
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W, (t) = tf H(s+ 2p)_|t'Q(u +0) f?(x(u))duds

t—p

W, (t)= jH(s+2p)jH(u+p)f (X(s)) duds+(y+5)IH(s+r+p)f (x(s)) ds

-2 j e(s) j H(u+ p) f (x(u))duds,

Using (9) and the inequality 2ab<a’+b?
dw,

—e < H (t+p)[2x(t) f(x() = [ROX*(t—7) = [RO)| F2(x(©) — [ H(s+p) F2(x(1))ds

_ j H(s+ p)f 2(x(s))ds—TQ(s+a) £2 (x(t))ds—t]FQ(s+o-) £2 (x(s))ds:l

—2H (t+ p) f(x(1)) Te(s) ds

MW Q(t+0) F2(x(0) [ H(s + 205~ H(t+p) Qs +0) 1(x(5))s

<Q(t+o)f 2(x(t))j’ H(s+2p)ds—H(t+ p)TQ(s +o)f2(x(s))ds

%: H(t+ p) £2(x(1) j H(S+2p)ds—H(t+p)j H(s+p)f%(x(s)) ds

t—p t—p

+(,u+g)H(t+T+p)fz(X(t))—(,u+$)H(t+p)f2(X(t—‘r))+2]2e(S) H (t + p) f (x(t))ds.

Set W(t) = W (t) +W,(t) +W;(t); and then using (12) and (13), we obtain
dw

S H(t+p){2x(t)f(x<t)) (n+e) f2(x(®) - F2(x() [ H(s + p)ds

—f?2 (x(t))j H (s + 2p)ds— f 2 (x(t))TQ(s +o)ds

t-p t-p

H(t
K (t»tIpH (s+2p)ds —(u+e)f (x(t))%}

—H(t+ p)fz(x(t)){ fz(’;((tt))) ~ [H(s+p)ds (H?((tt*“) j H(s+2p)ds

iy H(t+1t+p)
_ tLQ(S +o)ds — (u+ s)(1+ THirp) JTF S ﬂ

From (4) and (7), we have

%’t\/< H@t+p)f? (X(t))|:—7(IH(S+p)dsf

Q(t+o)
Ht+p) 2

+(H+8)(1 +MJH <0 (14)

J- H(s + 2p)ds

H(t+p)
As t =t, we have

t {-o

X(t, )+ R(t)x(t, —7) - j H(s+p) f (x(s))ds - j Q(s+a)f(x(s))ds+Te(s)ds]

t—p t—p

W(tk):
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+j H(s+2p)jQ(u+a)f (x(u))duds + j H(s+2p)jH(u+p)f (x(w) duds

t—p t—p

+u+e) _[ Hs+t+p)f? (x(s)) ds — ZI e(s) IH(u + p) f(x(w)) du ds

- [ I

t—p Y—p

=b?| x(t,)+R(t )X, —7)— tj H(s+p)f (x(s))ds — j Q(s+o)f (x(s))ds+Te(s)ds}

+ j H(s+2p)jQ(u+c)f (x(u))duds + j H(s+2p)IH(u+p)f (x(u)) duds

t—p -P

+Hu+e) j H(s+7+p)f2(x(s)) ds-2je(s)jH(u+p) f (x(u))duds

t—7 t t

=W (tki) (15)
Which together with (7), (8) and (14) we get H (t + p) f 2(x(t))e L *(t,, ) (16)

t
and hence for any h > 0 we have |im I H(s+p)f?® (x(s))ds =0 17)
t—oowo
t-h
On the other hand by (8), (14), (15) we see that W(t) is eventually decreasing.
0<W,(t)= j [H(s+2p)IQ(u +6) f 2(x(u))du jds

—-

-p

t
jH(s+p)f (x(u))du — 0 as t—oo

t-p

O|N

Also, J.H(S+2p)J.H(u+p)f (x(u)) duds+(u+5)IH(s+r+p)f (x(s)) ds

t—-p t—7

j (u+p)f2(x(u))du+2jH(s+p)f2(x(s))ds —>0 as t— oo

t—p

and je(s)j H(u+ p) f (x(u))duds < Te(s)T H(u+ p) f (x(u))duds — Oast— oo

Hence limW, (t) = limW (t) =n, which is finite. That is
t—o t—o

OII\J

!Eﬁ l:x(t)+ RE)X(t —7) — j H(s+p) f (x(s))ds — j Q(s+0) f (x(s))ds+_[e(s)ds:| —7 (18)

t—-p t—-p
Next we shall prove that

!Eﬁ {x(t)+ R(X(t—7)— j H(s+p)f (x(s))ds — j Q(s+0o) f (x(9)) ds+je(s)ds:| exists and is finite.

t-p t-p

Let y(t) =x(t)+Rt)X(t—7) - j H(s+p)f (x(s))ds - j Q(s+0) f (x(s))ds + j e(s)ds

t—-p t-p

From (9) we have Y'(t) + H (t + p) f (x(t)) =0 and from (10) we have

y(t,)=b, [x(tk)+ R(t)x(t, —17) - ]k. H(s+p) f (X(s))ds +th‘GQ(s+a) f (X9 )ds+Te(s) ds}

t—p t—p
=b y(t,)
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Therefore system (9)-(10) can be rewritten as Y'(t)+H(t+p)f (X(t )) =0, t>t,,t=t,

y(t, ) =b, y(t,) k=1,2,... (19)
In view of (18) we have lim y?(t) =7 . (20)

If 7 =0, thenlim y?(t) =0.
t—o0

If n > 0, then there exists a sufficiently large T such that y(t) # 0 for any t>T;.Otherwise there is a sequence
Ty, Ty T3y Ty With limz, =+ o0 such that y(t) = 0 so y2(1)=0 as k—oo .This is contradiction to n >
k

—>0

0.Therefore for t, >T; , te[ty,tkr1) We have y(t) > 0 or y(t) < 0 because y(t) is continuous on [ty,t.1). Without loss
of generality we assume that y(t) > 0 on te[titk.), it follows that y(t.:) =b, ;Y (t,,,) >0, thus y(t) > 0 on

[t+1,tks2). By induction, we can conclude that  y(t) >0 on [ty,).
From (20) we have

limy(t)=lim | x)+ Retyx(t—) - j H(s+p) f (x(s))ds —TQ(s+o)f (x(s))ds +Te(s)ds -2 (21)

t=p t-p

where A = /77 and is finite.

Inview of (19) we have [ H (s + o) F(x(5))ds =y(t—p)-y(® + ¥ [y(t) - (&)

—yit-p) -y + 3 [yt - yto)]
=y(t-p)-yt) - > @-b)y(t,)
Lettawi(l_bk)<oo,wehave lim [H(s+ p)f(x(s))ds =0 (22)

By condition |im je(s) ds =0 and from (21), we have
t—
t

lim {x(t) +RAX(t—17) - TQ(S +o)f (x(s))ds} =1 (23)

t-p

Next we shall prove that !im [X(t)+ R(t)x(t — r)] exists and is finite. To prove this, first prove that |X(t)| is
—m

—o0asn—ooand

bounded. If |X(t)| is unbounded then there is a sequence {s,} such that s, — o, ‘X(Sn—)

X(s )

= Sup | X(t)| where if s, is not an impulsive point then X(s-) = X(S,) . Thus from (7) we have

to<ts<s,

(s, )+ R(5, XG5, —)— [ Qs +0) f (x(9))s

Sn—pP

> |x(s;)

{1—(p+g)—MSUI((FQ(s+c)dsJ —>00 as N—» o

Sn—P

which contradicts (23). So |X(t)| is bounded. Also by (7) we obtain

0< IGQ(s +0) F(x(s))ds |< ]GQ(s +0)| F((9))[ds <M ]GQ(sm)\ X(s)|ds >0 s t o0
which together with (23) gives !En [x(®)+RMx(t-7)]=2 (24)

Next we prove that lim x(t) exists and finite .
t—>o
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If p=0thenlim x(t) =A which is finite.
t—o
If 0< p < 1 then R(t) is eventually positive or negative and also we can find a sufficiently large T, such that
IR(t)| <1 for t > T,. Set !im supx(t) =L, !im inf X(t) =1, then we can choose two sequences {an}
—>00 —0
and {b,} such that a, - , b, as n—x and lim x(a,) =L, lim x(b,) =1. Since |R(t)| <1l fort>T,
n—o n—o0

we have the following two possible cases.
Case 1. If 0<R(t) <1 for t>T, then lim [x(a,)+ R(a,)x(a, —7)]> L+ ul and
n—oo

wghmg+mmymvwﬂg+ﬂL

Therefore L+ul < I+uL.i.e). L< 1. ButL>1,itfollowsthatL =1. Hence L =1 = X/(1+p).
which shows that lim x(t) exists and finite.
t—w

Case 2. If -1<R(t) < 0 for =T, then lim x(a,) = lim [x(a, )+ R(a, )x(a, —7) — R(a,)x(a, —7) |

therefore |=A+ul.ie 1= (1- ).
similarly lim x(b,) = lim [x(b, )+ R(b, )x(b, — ) — R(b, )x(b, — 1) ]

Therefore L =A+uL i.e.) L=M(1-p).Finally we get, L=1=2A/(1-p). This shows that

lim x(t) exists and finite.

t—w

Theorem 2. Assume that the conditions in theorem (1) hold, then every oscillatory solution of (1)-(2) tends to
zeroast — oo.

Theorem 3. The conditions in theorem (1) together with
(i) for any a > O there exists B > 0 such that | f(x) | > [ for | X| >a and (25)

(ii) j H(t)dt =00
to
(26) imply that every solution of (1) —(2) tends to zero as t—o.
Proof. By theorem (2) we only have to prove that every nonoscillatory solution of (1) tends to zero as t—oo.Let
X(t) be an eventually positive solution of (1). We shall prove lim x(t)=0 . By theorem (1) we rewrite (1)-(2)
t—owo

in the form y'(t) + H (t + p) f(x(t))=0 .
Integrating from t, to t on both sides we get

[HE+p) F(x(s)ds = y(t,) - O - D (L-b)y(t,)

to<ty <t

Using i(l— b, ) <o and (21) we get I H (t +p) T (x(s))ds< oo
ket f

which together with (26) we get !'_[2 inf f (x(t)=0.we shall prove that !I_r)lgo inf x(t) =0 .Let {Sm }be such
that sp — o0 as m—»o0 and rLi_r]linf f (X(S,,))=0we must have [Li_r]linf X(s,)=M =0. In fact, if M > 0,
then there is a subsequence {s,, }such thatx(s, ) > M /2 for sufficiently large k. By (25) we have
f(x(sp, ) =& for some & > 0 and sufficiently large k, which yields a contradiction because
liﬂlinf f (x(Sy, ))=0 Therefore by Theorem 1, !'_[2 inf x(t) =0 holds and hence !'_[2 x(t) =0.

Remark 1. When e(t) = 0 the results of this paper reduce to the results of [10].
Remark 2. When R(t) = 0,Q(t) = 0 and e(t) = 0 the results of the present paper reduce to the results of [9].

www.iosrjournals.org 68 | Page



Asymptotic behavior of solutions of nonlinear neutral delay forced impulsive differential equations

Remark 3. When all by, = 1 and f(x) = x, equation (1)-(2) reduced to the differential equation without impulses
whose asymptotic behavior of solutions discussed in [3]

IV. Example
Consider the following impulsive differential equation

x(t)+(i)x(t—%) + ﬁ [1+sin2x(t—2)]x(t—2)—t£2[1+sin2x(t—1)]x(t—1)=e“, t22,t2k

k2-1) . _ 1Y 5 2 ., L1 -,
x(K) = - x(tk)+(P) k&W[usm x(s)]x(s)ds—k[lm[usm X(s)]x(s)ds

—%je(s)ds for k=1,2,3,...
k

Here P(t) 2 Q(t) L R(0) L ®) = [1+siN®X] X, t=%,p=2,6=1b k*-1
= =, =, = ,T=72,p=42,06= 1,0 =
(t-1) t? 8k k>
The above equation satisfies all the conditions of Theorem 1. Therefore, every solution of this equation tends to
constant as t—o.
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